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Preface

Scientificandengineeringcomputinghasbecomea key technologywhich will play
animportantpartin determining,or at leastshaping,futureresearchanddevelopment
activities in many academicandindustrialbranches.Theincreasingprocessingspeed
andexpandedstoragecapacityof modernhigh-performancecomputers,togetherwith
new advancednumericalmethodsand programmingtechniques,have significantly
improved theability to solve complex scientificandengineeringproblems. In order
to efficiently tacklethosecomplex scientificandengineeringproblemswe arefacing
today, it is verynecessaryto recourseto parallelcomputing.

Theapplicationof parallelanddistributedcomputerstonumericallyintensiveprob-
lemsbringstogetherseveralissuesthatdonotappearin conventionalcomputing.New
algorithms,codesandparallelcomputingtechniquesarerequiredin order to effec-
tively exploit theuseof thesenovel computerarchitecturesandachieve very modest
improvementof performanceonvectorandparallelprocessors.

Theworkshop,Frontiersof ParallelNumericalComputationsandApplications,is
organizedin theIEEE7thSymposiumontheFrontiersonMassively ParallelComput-
ers(Frontiers’99)at Annapolis,Maryland,February20-25,1999. Themainpurpose
of this workshopis to bring togethercomputerscientists,appliedmathematicians
andresearchersto present,discussandexchangenovel ideas,new results,work in
progressandadvancingstate-of-the-arttechniquesin theareaof parallelanddistributed
computingfor numericalandcomputationaloptimizationproblemsin scientificand
engineeringapplications.

This bookcontainsall paperspresentedat theabove workshopwith someinvited
papersfromtheleadingresearchersaroundtheworld. Thepapersincludedin thisbook
cover a broadspectrumof topicsonparallelnumericalcomputationwith applications
suchasdevelopmentof advancedparallelnumericalandcomputationaloptimization
methods,novel parallel computingtechniquesand performanceanalysisfor above
methods,applicationsto numericalfluid mechanics,materialsciences,applications
to signal and imageprocessing,dynamicsystems,semiconductortechnology, and
electroniccircuitsandsystemsdesignetc.

Theeditoris gratefultoall authorsfor theirexcellentcontributionsandAlex Greene
of KluwerAcademicPublishersfor hispatienceandsupporttomakethisbookpossible.

ix
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Wehopethisbookwill increasetheawarenessof thepotentialof new parallelnumerical
computationandapplicationsamongscientistsandengineers.

TIANRUO YANG, LINKÖPING, SWEDEN, 1999
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4 PARALLELNUMERICALCOMPUTATIONWITHAPPLICATIONS

of sparsedirect solversdueto several differentcomplex stepsinvolved in the process.
In this paper, we describePSPASES,one of the first efficient, portable,and robust
scalableparallel solvers for sparsesymmetricpositive definite linear systemsthat we
have developed. We discussthe algorithmicandimplementationissuesinvolved in its
development;andpresentperformanceandscalabilityresultsonCrayT3EandSGIOrigin
2000.PSPASEScouldsolvethelargestsparsesystem(1million equations)eversolvedby
a directmethod,with thehighestperformance(51 GFLOPSfor Cholesky factorization)
ever reported.

1.1 INTRODUCTION
Solving large sparsesystemsof linear equationsis at the heartof many engineering
andscientificcomputingapplications.Therearetwo methodsto solve thesesystems
- direct and iterative. Direct methodsarepreferredfor many applicationsbecause
of variouspropertiesof the methodandthe natureof the application. A wide class
of sparselinearsystemsarisingin practicehave a symmetricpositive definite(SPD)
coefficient matrix. The problemis to computethe solution to the system���
	���

whereA is a sparseand SPD matrix. Sucha systemis commonlysolved using
Cholesky factorization. A direct methodof solution consistsof four consecutive
phasesviz. ordering,symbolicfactorization,numericalfactorizationandsolutionof
triangularsystems.Duringtheorderingphase,apermutationmatrix � is computedso
thatthematrix ������� will incuraminimalfill duringthefactorizationphase.During
the symbolic factorizationphase,the non-zerostructureof the triangularCholesky
factor � is determined.The symbolicfactorizationphaseexists in orderto increase
the performanceof the numericalfactorizationphase. The necessaryoperationsto
computethevaluesin � thatsatisfy ����� � 	���� � , areperformedduringthephase
of numericalfactorization. Finally, the solutionto ����	�� is computedby solving
two triangularsystemsviz. ����	���� followed by � � ����	�� , where ����	���� and� ��	!�"� . Solving the former systemis called forward elimination and the latter
processof solutionis calledbackwardsubstitution. Thefinal solution, � , is obtained
using �#	$� � � � .

In this paper, we describeoneof the first scalableandhigh performanceparallel
directsolversfor sparselinearsystemsinvolving SPDmatrices.At theheartof this
solver is a highly parallelalgorithmbasedon multifrontal Cholesky factorizationwe
recentlydeveloped[2]. Thisalgorithmis ableto achieve highcomputationalrates(of
over 50 GFLOPSon a 256 processorCray T3E) andit successfullyparallelizesthe
mostcomputationallyexpensive phaseof thesparsesolver. Fill reducingorderingis
obtainedusingaparallelformulationof themultilevel nesteddissectionalgorithm[5]
thathasbeenfoundto beeffective in producingorderingsthataresuitedfor parallel
factorization.For symbolicfactorizationandsolutionof triangularsystems,we have
developedparallel algorithmsthat utilize the samedatadistribution as usedby the
numericalfactorizationalgorithm. Both algorithmsareableto effectively parallelize
thecorrespondingphases.In particular, our parallelforwardeliminationandparallel
backwardsubstitutionalgorithmsarescalableandachieve high computationalrates
[3].
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Wehave integratedall thesealgorithmsinto asoftwarelibrary, PSPASES( Parallel
SPArseSymmetricdirEctSolver). It usestheMPI library for communication,making
it portabletoawiderangeof parallelcomputers.Furthermore,highcomputationalrates
areachievedusingserialBLAS routinestoperformthecomputationsateachprocessor.
Variouseasy-to-usefunctionalinterfaces,andinternalmemorymanagementareamong
otherfeaturesof PSPASES.

In the following, first we briefly describethe parallel algorithmsfor eachof the
phases,andtheir theoreticalscalabilitybehavior. Then,we describethe functional
interfacesandfeaturesof the PSPASESlibrary. Finally, we demonstrateits perfor-
manceandscalabilityfor a widerangeof matricesonCrayT3EandSGIOrigin 2000
machines.

1.2 ALGORITHMS
PSPASESimplementsscalableparallelalgorithmsin eachof thephases.In essence,
the algorithmsare driven by the elimination tree structureof � [8]. The ordering
phasecomputesan orderingwith the aimsof reducingthe fill-ins andgeneratinga
balancedeliminationtree.Symbolicfactorizationphasetraversestheeliminationtree
in abottom-upfashiontocomputethenon-zerostructureof � . Numericalfactorization
phaseis basedon a highly parallelmultifrontalalgorithm. This phasedeterminesthe
internaldatadistribution of � and � matrices. The triangularsolve phasealsouses
multifrontalalgorithms.Followingsubsectionsgivemoredetailsof eachof thephases.

1.2.1 Parallel Ordering
We useour multilevel nesteddissectionbasedalgorithmfor computingfill-reducing
ordering.

Thematrix � is convertedto its equivalentgraph,suchthateachrow % is mapped
to a vertex % of thegraphandeachnonzero&('*),+-%�.	0/21 is mappedto anedgebetween
vertices % and / . A parallel graphpartitioningalgorithm [5] is usedto computea
high quality 3 -way partition,where3 is thenumberof processors.Thegraphis then
redistributedaccordingto this partition. This pre-partitioningphasehelpsto achieve
high performancefor computingtheordering,which is doneby computingthe 4652783
levelsof theeliminationtreeconcurrently. At eachlevel, multilevel paradigmis used
to partitiontheverticesof thegraph.Thesetof nodeslying at thepartitionboundary
forms a separator . Separatorsat all levelsarestored. Whenthe graphis separated
into 3 parts,it is redistributedamongtheprocessorssuchthateachprocessorreceivesa
singlesubgraph,whichit ordersusingthemultipleminimumdegree(MMD) algorithm
. Finally, aglobalnumberingis imposedonall nodessuchthatnodesin eachseparator
andeachsubgrapharenumberedconsecutively, respectingtheMMD ordering.

Detailsof themultilevel paradigmcanbefoundin [5]. Briefly, it involvesgradual
coarseningof a graphto a few hundredvertices,thenpartitioningthis smallergraph,
andfinally, projectingthe partitionsbackto the original graphby graduallyrefining
them. Sincethefiner graphhasmoredegreesof freedom,suchrefinementsimprove
thequalityof thepartition.
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Figure1.1 Orderingasystemfor 4processors. (a)Structureof areorderedmatrix,(b)Separator
treecorrespondingto it.

Whenamatrixis reorderedaccordingto theorderinggeneratedby abovealgorithm,
it hasaformatsimilarto thatshown in Figure1.1(a).Theseparatortreecorresponding
to thereorderedgraphhasa structureof theform shown in Figure1.1(b).

1.2.2 Parallel Numerical Factorization
Wewill firstdescribetheparallelnumericalfactorizationphase,becausealgorithmused
heredecidesthe datadistribution of L, andhencedrivesthe symbolicfactorization
algorithm. We useour highly scalablealgorithm[2] that is basedon themultifrontal
algorithm[9].

Givenasparsematrixandtheassociatedeliminationtree,themultifrontalalgorithm
canberecursively formulatedasfollows. Consideran _a`�_ matrix � . Thealgorithm
performsa postordertraversalof the eliminationtreeassociatedwith � . Thereis a
frontal matrix b�c andanupdatematrix dec associatedwith any node f . Therow and
columnindicesof b�c correspondto theindicesof row andcolumn f of � , thelower
triangularCholesky factor, in increasingorder. In thebeginning, b�c is initialized to
an +hg�i�j�1�`k+hg�i�j�1 matrix, where g�i�j is the numberof non-zerosin the lower
triangularpartof column f of � . Thefirst row andcolumnof this initial b�c is simply
theuppertriangularpartof row f andthelowertriangularpartof column f of � . The
remainderof b�c is initializedto all zeros.

After the algorithmhastraversedall the subtreesrootedat a node f , it endsup
with a +mlni$jo1p`�+6l8iqj�1 frontalmatrix b�c , wherel is thenumberof non-zerosin the
strictly lower triangularpart of column f in � . The row andcolumnindicesof the
final assembledb c correspondto lniqj (possibly)noncontiguousindicesof row and
column f of � in increasingorder. If f is a leaf in theeliminationtreeof � , thenthe
final b�c is thesameastheinitial bec . Otherwise,thefinal b�c for eliminatingnode f
is obtainedby merging the initial b�c with theupdatematricesobtainedfrom all the
subtreesrootedat f via anextend-addoperation.Theextend-addis anassociativeand
commutative operatoron two updatematricessuchthe index setof the result is the
unionof theindex setsof theoriginalupdatematrices.Eachentryin theoriginalupdate
matricesis mappedontosomelocationin theaccumulatedmatrix. If entriesfrom both
matricesoverlapon a location,they areadded. Empty entriesareassigneda value
of zero. After b�c hasbeenassembled,a singlestepof thestandarddenseCholesky
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Figure 1.2 (a). An examplesymmetricsparsematrix. The non-zerosof v areshown with
symbol“ w ” in theuppertriangularpartandnon-zerosof x areshownin thelowertriangularpart
with fill-ins denotedby thesymbol“ y ”. (b). Theprocessof parallelmultifrontal factorization
using8 processors.At eachsupernode,thefactoredfrontal matrix,consistingof columnsof x
(thick columns)andupdatematrix (remainingcolumns),is shown.

factorizationis performedwith node f as the pivot. At the endof the elimination
step,thecolumnwith index f is removedfrom b�c andformsthecolumn f of � . The
remainingl�`zl matrix is calledtheupdatematrix d�c andis passedonto theparentoff in theeliminationtree.
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A collectionof consecutivenodesin theeliminationtree,eachwith only onechild,
is called a supernode. Nodesin eachsupernodeare collapsedtogetherto form a
supernodaleliminationtree , which correspondsto theseparatortree[Figure1.1(b)]
in thetop 465{783 levels.

The serialmultifrontal algorithmcan be extendedto operateon this supernodal
treeby extendingthe singlenodeoperationsperformedwhile forming andfactoring
the frontal matrix. The frontal matrix correspondingto a supernodewith | nodesis
obtainedbymergingthefrontalmatricesof theindividualnodes,andthefirst | columns
of this frontalmatrixarefactoredduringthefactorizationof thissupernode.

In ourparallelformulationof themultifrontalalgorithm,weassumethatthesupern-
odaltreeisbinaryin thetop 46527}3 levels1. Theportionsof thisbinarysupernodaltreeare
assignedto processorsusingasubtree-to-subcubestrategy illustratedin Figure1.2(b),
whereeight processorsareusedto factor the examplematrix of Figure1.2(a). The
subcubesof processorsworkingonvarioussubtreesareshown in theform of a logical
meshlabeledwith P. The frontal matrix of eachsupernodeis distributedamongthis
logical meshusinga bitmaskbasedblock-cyclic scheme[2]. Figure 1.2(b) shows
sucha distribution for unit blocksize. This distribution ensuresthat the extend-add
operationsrequiredby the multifrontal algorithmcanbe performedin parallelwith
eachprocessorexchangingroughlyhalf of its dataonlywith its partnerfrom theother
subcube.Figure1.2(b)showstheparallelextend-addprocessby showing thepairsof
processorsthat communicatewith eachother. Eachprocessorsendsout the shaded
portionsof the updatematrix to its partner. The parallel factor operationat each
supernodeis a pipelinedimplementationof thedensecolumnCholesky factorization
algorithm.

1.2.3 Parallel SymbolicFactorization
During thesymbolicfactorizationphasethenon-zerostructureof thefactormatrix �
is determined.Theserialalgorithmto generatethestructureof � performsapostorder
traversalof theeliminationtree.At eachnode f , the � indicesof all its childrennode
(excludingthechildrennodesthemselves)andthe � indicesof f aremergedtogether
to form the � indicesof nodef .

This algorithmcanbe effectively parallelizedusingthe samesubtree-to-subcube
mappingusedby the numericalfactorizationalgorithm. The basicstructureof the
algorithmis illustratedin Figure1.3. Initially, matrix � is distributedsuchthat the
columnsof � of eachsupernodearedistributedusingthesamebitmaskbasedblock-
cyclic distributionrequiredby thenumericalfactorizationphase2. Now, thenon-zero
structureof � is determinedin a bottom-upfashion. First the non-zerostructureof
the leaf nodesis determinedandit is sentupwardsin the tree,to the processorsthat
storethenext level supernode.Theseprocessorsdeterminethenon-zerostructureof
their supernodeandmerge it with thenon-zerostructurereceived from their children
nodes.For example,considerthecomputationinvolvedin determiningthestructure

1Theseparatortreeobtainedfrom the recursive nesteddissectionparallelorderingalgorithmusedin our
solveryieldssuchabinarytree(Fig. 1.1(b).
2Thisdistribution is performedaftercomputingordering.
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of � for the supernodeconsistingof the nodes~ 6,7,8� which aredistributedamong
a 2 ` 2 processorgrid. First, theprocessorsdeterminethenon-zerostructureof � by
performingaunionalongtherowsof thegrid to collectthedistinctrow indicesof the
columnsof � correspondingto thenodes~ 6,7,8� . Theresultis ~ 6,8� and ~ 7 � at the
first andsecondrow of processors,respectively. Now the non-zerostructureof the
childrennodesarereceived (excluding the nodesthemselves). Sincethesenon-zero
structuresarestoredin the two 1 ` 2 sub-gridsof the 2 ` 2 grid, this information is
sentusinga similar communicationpatterndescribedin Section1.2.2,however only
theprocessorsin thefirst columnof thesubgridsneedto communicate.In particular,
processor0 splits the list ~ 6,7,8� into two parts ~ 6,8� and ~ 7 � , retains ~ 6,8� and
sends~ 7 � to processor2. Similarly processor2 splitsthelist ~ 6,7,8,18� into two parts~ 6,8,18� and ~ 7 � , retains ~ 7 � andsends~ 6,8,18� to processor0. Now processors0
and2 merge theselists. In particular, processor0 merges ~ 6,8� , ~ 6,8� and ~ 6,8,18�
andprocessor2 merges ~ 7 � , ~ 7 � and ~ 7 � .
1.2.4 Parallel Triangular Solve
During thephaseof solvingtriangularsystems,a forwardelimination ����	���� , where����	��"� , is performedfollowedby a backwardsubstitution� � � ��	t� to determine
the solution �0	!� � � � . Our parallel algorithmsfor this phaseare guidedby the
supernodaleliminationtree. They usethesamesubtree-to-subcubemappingandthe
sametwo-dimensionaldistribution of the factor matrix � as usedin the numerical
factorization.
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Figure1.4(a)illustratestheparallelformulationof theforwardeliminationprocess.
Therighthandsidevector��� , isdistributedtotheprocessorsthatownthecorresponding
diagonalblocksof the � matrix asshown in theshadedblocksin Figure1.4(a). The
computationproceedsin a bottom-upfashion. Initially, for eachleaf node f , the
solution � c is computedandis usedto form the updatevector ~o|6' c � c � (denotedby
"U" in Figure1.4(a)). Theelementsof this updatevectorneedto besubtractedfrom
the correspondingelementsof ��� , in particular |6' c � c will needto besubtractedfrom���' . However, our algorithmusesthe structureof the supernodaltreeto accumulate
theseupdatesupwardsin thetreeandsubtractthemonly whentheappropriatenodeis
beingprocessed.For exampleconsiderthecomputationinvolvedwhile processingthe
supernode~ 6,7,8� . First the algorithmmergesthe updatevectorsfrom the children
supernodesto obtainthecombinedupdatevectorfor indices ~ 6,7,8,18� . Notethatthe
updatesto thesame��� entriesareaddedup. Thenit performsforwardeliminationto
compute��� , ��� and ��� . This computationis doneusinga two dimensionalpipelined
denseforwardeliminationalgorithm.At theendof thecomputation,theupdatevector
on processor0 containsthe updatesfor for ��� � � due to � � , � � and � � aswell as the
updatesreceived from supernode~ 5 � . In general,at the endof the computationat
eachsupernode,the accumulatedupdatevectorresideson the columnof processors
thatstorethelastcolumnof the � matrixof thatsupernode.Thisupdatevectorneeds
to besentto the processorsthat storethe first columnof the � matrix of the parent
supernode.Becauseof thebitmaskbasedblock-cyclic distribution, this canbedone
by usingat mosttwo communicationsteps[3].

Thedetailsof the two-dimensionalpipelineddenseforwardeliminationalgorithm
areillustratedin Figure1.4(b)for a hypotheticalsupernode.Thesolutionsarecom-
putedby theprocessorsowning diagonalelementsof � matrix andflow down along
a column.Theaccumulatedupdatesflow alongtherow startingfrom thefirst column
andendingat the last columnof the supernode.The processingis pipelinedin the
shadedregions and in other regions the updatesareaccumulatedusinga reduction
operationalongthedirectionof theflow of updatevector.

Thealgorithmfor parallelbackwardsubstitutionis similar, exceptfor two differ-
ences.First, thecomputationproceedsfrom thetopsupernodeof thetreedown to the
leaf. Second,thecomputedsolutionthatgetscommunicatedacrossthe levelsof the
supernodaltreeinsteadof accumulatedupdatesandthis is achievedwith at mostone
communicationperprocessor. Referto [3] for details.

1.2.5 Parallel Runtime and Scalability Analysis
Analyzingageneralsparsesolverisadifficultproblem.Wepresenttheanalysisfor two
wide classesof sparsesystemsarisingout of two-dimensionalandthree-dimensional
constantnode-degreegraphs.We refer to theseproblemsas2-D and3-D problems,
respectively.

Let a problemof dimension_ besolvedusing 3 processors.Define | asa level in
thesupernodaltreewith |n	�� for thetopmostlevel. Thus,thenumberof processors
assignedtoalevel | supernodeis 3s�2��� . With anesteddissectionbasedorderingscheme,
it hasbeenshown thattheaveragesizeof afrontalmatrixat level | is � +�_��2�{� � 1 for 2-D
problems,and � +�_��������{��� � 1 for 3-D problems.Also, thenumberof nodesin a level-|
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Figure 1.4 Parallel TriangularSolve. (a). Entire processof parallel forward elimination
for the examplematrix. (b). Processingwithin a hypotheticalsupernodalmatrix for forward
elimination.

supernodeis on anaverage� +�� _��2� � 1 and � +�+�_��2� � 1������o1 for 2-D and3-D problems,
respectively. Thenumberof non-zerosin � is _�46527�_ for 2-D problems,and _������
for 3-D problems.Usingthis information,theparallelalgorithmspresentedearlierin
thissectionhave beenanalyzedfor theirparallelruntime.For details,referto [1, 3].

Table1.1showstheserialruntimecomplexity, paralleloverhead,andisoefficiency
functions [7] for all four phases. It can be seenthat all the phasesare scalable
to varyingdegrees.Sincetheoverall time complexity is dominatedby thenumerical
factorizationphase,theisoefficiency functionof theentireparallelsolveris determined
by thenumericalfactorizationphase,andit is ��+�3 �� *¡ 1 for both2-D and3-D problems.
As discussedin [7], the isoefficiency function of the denseCholesky factorization
algorithmis also ��+�3 �� *¡ 1 . Thusour sparsedirect solver is asscalableasthe dense
factorizationalgorithm.

1.3 LIBRAR Y IMPLEMENT ATION AND
EXPERIMENT AL RESULTS

We have implementedall the parallelalgorithmspresentedin previous section,and
integratedtheminto alibrarycalledPSPASES[4]. Thislibrary usesMPI call interface
for communication,andBLAS interfacefor computationwithin a processor. This
makesPSPASESportableto a wide rangeof parallelcomputers.Furthermore,using
BLAS, it isabletoachievehighcomputationalperformanceespeciallyontheplatforms
with vendor-tunedBLAS libraries.
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Table1.1 Complexity Analysisof variousphasesof our parallelsolver for ¢ -vertex constant
node-degreegraphs. Notations: £¥¤ = SerialRuntimeComplexity, £s¦ = Parallel Overhead=§ £,¨�©ª£ ¤ , where£,¨ is theParallelRuntime. IsoEff is theisoefficiency functionindicatingthe
rateat which theproblemsizeshouldincreasewith thenumberof processorsto achieve same
efficiency.

2-D constantnode-degreegraph 3-D constantnode-degreegraph
Phase £ ¤ £ ¦ IsoEff £ ¤ £ ¦ IsoEff

Order «�¬-¢®­�¯�°±¢�² «�¬ §,³ ­�¯�° § ² «�¬ §,³ ­�¯�° § ² «�¬-¢®­�¯�°�¢�² «�¬ §,³ ­�¯�° § ² «�¬ §,³ ­�¯o° § ²
SymFact«�¬-¢®­�¯�°±¢�² «�¬-´ ¢ § ­�¯o° § ² «�¬ § ­�¯�° § ² «�¬-¢zµ�¶h·o² «�¬-¢ ³ ¶-· ´ § ² «�¬ § ²
NumFact «�¬-¢ ·�¶ ³ ² «�¬-¢ ´ § ² «�¬ § ´ § ² «�¬-¢ ³ ² «�¬-¢ µ�¶-· ´ § ² «�¬ § ´ § ²
TriSolve «�¬-¢®­�¯�°±¢�² «�¬ ´ ¢ § ² «�¬ § ³o¸ ­�¯�° § ² «�¬-¢ µ�¶h· ² «�¬-¢ ³ ¶h· § ² «�¬ § ³ ²
WehaveincorporatedsomemorefeaturesintoPSPASEStomakeit easy-to-use.The

library providessimplefunctionalinterfaces,andallowsuserto call its functionsfrom
bothC andFortran90programs.It usestheconceptof acommunicatorwhichrelieves
theuserfrom managingthememoryrequiredby variousinternaldatastructures.The
communicatoralsoallows to solve multiple systemswith samesparsitystructure,or
samesystemfor multiplesetsof righthandsidematrix, ¹ . PSPASESalsoprovidesthe
userwith usefulstatisticalinformationsuchasthe load imbalanceof thesupernodal
eliminationtree,numberof fill-ins (bothof which canbeusedto judgethequalityof
ordering),operationcountfor factoroperation,andestimationof memoryfor internal
datastructures.

We have testedPSPASESon a wide rangeof parallelmachines,for a wide range
of sparsematrices.Tables1.3, 1.4, 1.5 and1.6 give experimentalresultsobtained
ona32-processorSGIOrigin 2000anda256-processorCrayT3E-1200,respectively.
We usednative versionsof both theMPI andBLAS libraries. Thenotationsusedin
presentingtheresultsaredescribedin Table1.2. We give numbersfor thenumerical
factorizationand triangularsolve phasesonly. The parallel orderingalgorithmwe
useis incorporatedinto a separatelibrary calledParMetis[6], andPSPASESlibrary
functionsjust call theParMetislibrary functions.ParMetisperformancenumbersare
reportedelsewhere[6]. The symbolic factorizationtook relatively very small time,
andhence,wedonot reportthosenumbershere.

It shouldbenotedthattheblocksizeof distributingsupernodalmatricesandtheload
balanceof thesupernodaltreeplayedimportantrolesin determiningtheperformanceof
thesolver. Also, sincemostof today’sparallelcomputershave bettercommunication
performancefor larger databeing communicated,blocksizeoptimal for numerical
factorizationneednotbeoptimalfor triangularsolvephase,whichhasrelatively small
datacommunicationper computationalblock. For the resultspresented,blocks of
1024or 4096doubleprecisionnumbersworkedbestfor numericalfactorizationphase.
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Table1.2 Notationsusedin thepresentedresults

N : Dimensionof A.
NNZ LowerA : Numberof non-zerosin Lower triangular

partof A (includingdiagonal).
np : Numberof Processors.
NNZ L : Numberof non-zerosin L.
Imbal : ComputationalLoadImbalancedueto

supernodaltreestructure.
FAC OPC : Operationcountfor NumericalFactorphase.
Ntime : NumericalFactorTime (in seconds).
Nperf : NumericalFactorPerformance(in MFLOPS).
Ttime : Redistributionof b andx + TriangularSolve

Time for nrhs= 1.

It canbeseenfrom Tables1.3, 1.4, 1.5and1.6thatnumericalfactorizationphase
demonstrateshigh performanceandscalabilityfor all thematrices.Triangularsolve
phasealsoyieldsaveryhighperformance,but for largernumberof processorsit tends
to show anunscalablebehavior. We profiled variouspartsof the codeto seewhere
the unscalabilitywasappearingandfound that it wasin the part where � and � � are
beingpermutedin parallel( ���s	���� and ��	�� � � � ). Analyzingit furthershowedthat
badperformanceof all-to-all operationsof underlyingMPI library for largechunksof
databeingexchangedamonglargenumberof processorscausedsucha behavior. The
basicalgorithmsfor both forward eliminationandbackwardsubstitutionperformed
scalably.

Thehighestperformanceof 51 GFLOPSwasobtainedfor numericalfactorization
for the 1-million equationsystemCUBE100,on 256 processorsof Cray T3E-1200.
To our knowledge,this is the largestsparsesystemever solvedby a direct solution
method,with thehighestperformanceever reported.

WehavemadePSPASESlibraryandmoreexperimentalresultsavailableviaWWW
atURL: http://www.cs.umn.edu/˜mjoshi/pspases.
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Table1.3 Performancefor factorizationandsolvephaseson SGI Origin 2000(1)

np NNZ L Imbal FAC OPC Ntime Nperf Ttime

matrix : MDUAL2, N: 988605,NNZ LowerA: 2.9357E+06

4 1.77e+8 1.29 3.20e+11 685.420 466.56 8.899

8 1.90e+8 1.66 3.98e+11 490.000 811.57 5.151

16 1.96e+8 1.32 4.09e+11 256.588 1592.17 3.217

32 1.92e+8 1.43 3.63e+11 140.110 2590.74 2.399

matrix : AORTA, N: 577771,NNZ LowerA: 1.7067E+06

4 7.64e+7 1.48 7.95e+10 163.648 485.87 4.475

8 7.79e+7 1.74 8.47e+10 92.727 913.89 2.566

16 8.20e+7 2.59 9.46e+10 79.850 1185.14 1.633

32 8.49e+7 2.46 1.02e+11 52.877 1936.23 1.314

matrix : CUBE65,N: 274625,NNZ LowerA: 1.0858E+06

4 1.33e+8 1.11 4.04e+11 737.626 547.68 4.878

8 1.32e+8 1.15 4.04e+11 485.296 832.73 2.550

16 1.36e+8 1.27 4.19e+11 306.904 1363.67 1.423

32 1.40e+8 1.27 4.27e+11 137.730 3100.99 1.379
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Table1.4 Performancefor factorizationandsolvephaseson SGIOrigin 2000(2)

np NNZ L Imbal FAC OPC Ntime Nperf Ttime

matrix : S3DKQ4M2,N: 90449,NNZ LowerA: 2.4600E+06

2 1.90e+7 1.05 8.87e+09 22.418 395.49 0.946

4 1.92e+7 1.10 8.72e+09 12.351 705.93 0.570

8 2.17e+7 1.44 1.29e+10 12.249 1051.67 0.583

16 2.18e+7 1.43 1.25e+10 7.357 1702.44 0.613

32 2.29e+7 1.58 1.36e+10 6.404 2124.37 0.596

matrix : COPTER2,N: 55476,NNZ LowerA: 4.0771E+05

2 9.88e+6 1.01 5.84e+09 14.433 404.61 0.624

4 1.02e+7 1.08 6.47e+09 9.102 710.73 0.438

8 1.06e+7 1.50 6.85e+09 6.960 984.09 0.397

16 1.11e+7 1.39 7.38e+09 4.616 1599.81 0.380

32 1.19e+7 1.39 8.29e+09 4.121 2011.69 0.422

matrix : BCSSTK18,N: 11948,NNZ LowerA: 8.0500E+04

2 6.18e+5 1.35 1.01e+08 0.672 149.58 0.084

4 6.54e+5 1.88 1.17e+08 0.496 234.91 0.051

8 6.71e+5 1.47 1.21e+08 0.272 444.55 0.034

16 8.10e+5 2.30 1.82e+08 0.302 602.09 0.034

32 7.56e+5 1.95 1.45e+08 0.270 537.83 0.051
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Table1.5 Performancefor factorizationandsolvephaseson CrayT3E-1200(1)

np NNZ L Imbal FAC OPC Ntime Nperf Ttime

matrix : CUBE100N: 1000000,NNZ LowerA: 3.9700E+06

256 9.06e+08 1.28 6.03e+12 117.084 51471.67 4.361

matrix : MDUAL2 N: 988605,NNZ LowerA: 2.9357E+06

32 1.64e+08 1.89 2.51e+11 47.787 5247.15 1.062

64 1.64e+08 1.63 2.52e+11 25.044 10073.15 0.896

128 1.64e+08 1.59 2.54e+11 16.180 15699.65 1.258

256 1.63e+08 1.72 2.47e+11 8.501 29035.15 2.267

matrix : AORTA N: 577771,NNZ LowerA: 1.7067E+06

8 7.86e+07 1.65 8.43e+10 60.566 1391.39 1.448

16 7.72e+07 1.92 8.20e+10 33.599 2440.07 0.855

32 7.84e+07 2.33 8.58e+10 26.651 3220.07 0.614

64 7.76e+07 2.08 8.26e+10 11.056 7472.44 0.530

128 7.96e+07 2.11 8.63e+10 7.088 12175.47 0.639

256 7.92e+07 2.03 8.53e+10 3.675 23198.01 1.190

matrix : CUBE65N: 274625,NNZ LowerA: 1.0858E+06

32 1.20e+08 1.18 3.46e+11 49.944 6927.02 0.446

64 1.21e+08 1.16 3.50e+11 27.313 12822.10 0.471

128 1.20e+08 1.13 3.47e+11 14.931 23259.87 0.567

256 1.21e+08 1.20 3.49e+11 8.665 40239.15 1.112
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Table1.6 Performancefor factorizationandsolvephaseson CrayT3E-1200(2)

np NNZ L Imbal FAC OPC Ntime Nperf Ttime

matrix : S3DKQ4M2N: 90449,NNZ LowerA: 2.4600E+06

2 1.81e+07 1.00 7.21e+09 14.910 483.39 0.512

4 1.81e+07 1.01 7.24e+09 7.797 928.73 0.278

8 1.81e+07 1.15 7.22e+09 4.444 1625.43 0.163

16 1.82e+07 1.27 7.27e+09 2.632 2761.03 0.116

32 1.82e+07 1.26 7.31e+09 1.432 5106.93 0.093

64 1.82e+07 1.31 7.24e+09 0.859 8420.89 0.109

128 1.79e+07 1.33 7.05e+09 0.517 13625.52 0.090

256 1.74e+07 1.40 6.81e+09 0.361 18877.46 0.114

matrix : COPTER2N: 55476,NNZ LowerA: 4.0771E+05

2 9.54e+06 1.03 5.43e+09 11.271 482.08 0.431

4 9.46e+06 1.14 5.26e+09 5.912 890.14 0.240

8 9.34e+06 1.32 5.16e+09 3.355 1537.90 0.146

16 9.68e+06 1.44 5.57e+09 2.390 2328.89 0.103

32 9.62e+06 1.38 5.46e+09 1.211 4510.29 0.074

64 9.55e+06 1.46 5.37e+09 0.737 7284.67 0.066

128 9.64e+06 1.59 5.45e+09 0.526 10350.46 0.075

256 9.65e+06 1.68 5.55e+09 0.413 13432.96 0.140

matrix : BCSSTK18N: 11948,NNZ LowerA: 8.0500E+04

2 6.18e+05 1.35 1.01e+08 0.540 186.20 0.076

4 6.54e+05 1.88 1.17e+08 0.411 283.40 0.045

8 6.72e+05 2.04 1.22e+08 0.258 473.10 0.029

16 8.10e+05 2.30 1.82e+08 0.220 824.45 0.023

32 7.84e+05 1.75 1.61e+08 0.125 1288.02 0.022

64 7.08e+05 2.14 1.20e+08 0.101 1191.23 0.020

128 6.80e+05 2.44 1.12e+08 0.087 1282.71 0.024
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Abstract: LU andQR factorizationsarethemostwidely usedmethodfor solving
denselinear systemsof equations,andhave beenextensively studiedandimplemented
on vectorandparallelcomputers.Sinceeachparallelcomputerhasvery differentper-
formanceratiosof computationand communication,the optimal computationalblock
sizes,whichgeneratethemaximumperformanceof analgorithm,aredifferentfrom one
another. Therefore,thedatamatrixmustbedistributedwith themachinespecificoptimal
block sizebeforethe computation. Too small or large block size makesgettinggood
performanceon a machinenearimpossible.In suchacase,gettingabetterperformance
mayrequireacompleteredistributionof thedatamatrix. If theblocksizeis verysmallor
very large,it is impossibleto expectgoodperformanceon themachine.Thedatamatrix
mightbecompletelyredistributedto getthebetterperformance.

In this chapter, we presentparallel LU and QR factorizationalgorithmswith an
“algorithmic blocking” strategy on 2-dimensionalblock cyclic datadistribution. With
thealgorithmicblocking, is possibleobtainingthebestperformanceirrespective of the
physicalblocksize.Thealgorithmsareimplementedandcomparedwith theScaLAPACK
factorizationroutineson theIntel Paragoncomputer.

2.1 INTRODUCTION
In many linearalgebraalgorithmsthedistributionof work maybecomeunevenasthe
algorithmproceeds,for exampleasin LU factorizationalgorithm[8,11], in whichrows
andcolumnsaresuccessively eliminatedfrom thecomputation.Theway in which a
matrix is distributedover the processeshasa major impacton the load balanceand
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communicationcharacteristicsof a parallelalgorithm,andhencelargely determines
its performanceandscalability.

Thetwo-dimensionalblockcyclic datadistribution[9, 14] , in whichmatrixblocks
separatedby a fixed stride in the row and column directionsare assignedto the
sameprocess,hasbeenusedasa generalpurposebasicdatadistribution for parallel
linearalgebrasoftwarelibrariesbecauseof its scalabilityandloadbalanceproperties.
And mostof the parallelversionof algorithmshave beenimplementedon the two-
dimensionalblockcyclic datadistribution[5, 19].

Sinceeachparallelcomputerhasverydifferentperformanceratiosof computation
andcommunication,the optimal block sizes,which generatethe maximumperfor-
manceof an algorithm, are different from one another. The datamatrix must be
distributedwith themachinespecificoptimalblocksizebeforethecomputation.Too
smallor largeblocksizemakesgettinggoodperformanceonamachinenearimpossi-
ble. In suchcase,gettinga betterperformancemayrequirea completeredistribution
of thedatamatrix.

The matrix multiplication , º¼»½º�i�¾�¿sÀ , might be the most fundamental
operationin linear algebra. Several parallel matrix multiplication algorithmshave
beenproposedonthetwo-dimensionalblock-cyclic datadistribution[1, 6,10,13,18].
Theparallelmatrixmultiplicationschemeusingaseriesof rank-Á updates[1, 18] has
beendemonstratedits highperformance,scalability, andsimplicity. It is assumedthat
thedatamatricesaredistributedon thetwo-dimensionalblockcyclic datadistribution
andthecolumnblock sizeof ¾ andtherow blocksizeof À are Á . However getting
a goodperformancewhentheblock sizeis very smallor very large is difficult, since
the computationarenot effectively overlappedwith the communication.The LCM
concept[10,17] hasbeenintroducedto DIMMA [6] to useacomputationallyoptimal
blocksizeirrespectiveof thephysicalblocksizefor theparallelmatrixmultiplication.
In DIMMA, if thephysicalblocksizeis smallerthantheoptimalblocksize,thesmall
blocksarecombinedinto a largerblock. And if thephysicalblock sizeis largerthan
theoptimalblocksize,theblockisdividedintosmallerpieces.Thisis the“algorithmic
blocking” strategy .

Therehavebeenseveraleffortsto developparallelfactorizationalgorithmswith the
algorithmicblockingon distributed-memoryconcurrentcomputers.Lichtensteinand
Johnsson[16] developedandimplementedblock-cyclic ordereliminationalgorithms
for LU andQRfactorizationontheConnectionMachineCM-200. They usedacyclic
ordereliminationonblockdatadistribution,only schemethattheConnectionMachine
systemcompilerssupported.

And P. Bangalore[3] hastried to developa datadistri-bution-independentLU fac-
torizationalgorithm.Herecomposedcomputationalpanelstoobtainacomputationally
optimalblocksize,but followedtheoriginalmatrixordering.Accordingto theresults,
theperformanceis superiorto theothercase,in whichthematrixis redistributedwhen
the block size is very small. He useda tree-typecommunicationschemeto make
computationalpanelsfrom severalcolumnsof processes.However, if possible,using
a pipelinedcommunicationscheme,whichoverlapscommunicationandcomputation
effectively, wouldbemoreefficient.
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The actualalgorithmwhich is selectedat runtime dependingon input dataand
machineparametersis called“polyalgorithms”[4] . Wearedeveloping“PoLAPACK”
(Poly LAPACK) factorizationroutines,in which computersselecttheoptimalblock
sizeat run time accordingto machinecharacteristicsandsizeof datamatrix. In this
paper, weexpandedandgeneralizedtheideain [16]. Wedevelopedandimplemented
parallelLU andQR factorizationalgorithmswith the algorithmicblocking strategy
on 2-dimensionalblock cyclic datadistribution. With PoLAPACK , it is possibleto
havethebestperformanceirrespectiveof thephysicaldata-distributionondistributed-
memoryconcurrentcomputersif all of theprocesseshave thesamesizeof matrices.
ThePoLAPACK factorizationroutinesdoesn’t follow theconventionalcomputational
ordering,andthe solutionvector � (possibleto expandthe vector � to the solution
matrix Â ) which wascomputedwith optimal block sizemay be recomposedto the
samepositionastheright-handsidedvector, � .

The PoLAPACK LU and QR factorizationroutinesare implementedbasedon
ScaLAPACK , but the internalsarevery different. ScaLAPACK usesglobal param-
eters,but PoLAPACK usesboth global andlocal parametersbecauseof the compu-
tationalcomplexity to computeindices,which representthecurrentrow andcolumn
of processes,andthe global sizeof the matrix and local sizesof submatricesto be
computed. Currentlythe PoLAPACK factorizationroutinesare implementedbased
on block cyclic datadistribution,but it is alsoeasyto applythe ideato any matrices
whicharedecomposedwith otherdecompositions.

The PoLAPACK LU andQR factorizationalgorithmsare implementedon Intel
Paragoncomputerat SamsungAdvancedInstitute of Technology, Suwon, Korea,
andtheirperformanceis comparedwith thecorrespondingScaLAPACK factorization
routines.

2.2 POLAPACK LU FACTORIZATION ALGORITHM
We will briefly explain the right-looking versionof the block LU factorizational-
gorithm,whoseparallelimplementationin distributed-memoryconcurrentcomputers
minimizescommunicationanddistributesthecomputationamongprocesses,therefore
it hasgoodload balanceandscalabilityon distributed-memoryconcurrentcomput-
ers[11]. TheLU factorizationappliesa sequenceof Gaussianeliminationsto form�Ã¿��q	��Ä¿od , where� and � are ÅÆ`ª_ matrices,and d is an _Ç`#_ matrix. � is
aunit lowertriangularmatrix, d is anuppertriangularmatrix,and � is apermutation
matrix,which is storedin a ÈªÉ6Ês+-Å0
�_Ë1 vector.

At the f -th stepof the computation( f�	�j�
��,
�¿�¿o¿ ), it is assumedthat the Ì�`®Í
submatrixof �Î+hf 1 ( Ìt	�ÅÐÏÃ+-f"Ï$jo1�ÍÒÑ�
�Í#	0_ÓÏÃ+-f"Ïkj�1�ÍÒÑ ) is to bepartitionedas
follows,

�ÕÔ � ��� � � �� � � � ���ÄÖ 	 Ô � ��� �� � � � ���ÄÖ Ô d ��� d � �� d ���®Ö	 Ô � ��� d ��� � ��� d � �� � � d ��� � � � d � � i×� ��� d ���ÄÖ
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Figure2.1 A snapshotof blockLU factorization.

wheretheblock � ��� is Í Ñ `#Í Ñ , � � � is Í Ñ `Ø+-ÍzÏËÍ Ñ 1 , � � � is +-ÌÙÏÚÍ Ñ 1�`#Í Ñ , and � ���
is +-ÌÛÏkÍ Ñ 1�`
+-ÍÚÏkÍ Ñ 1 . � ��� is a unit lower triangularmatrix, and d ��� is anupper
triangularmatrix. At first, a sequenceof Gaussianeliminationsis performedon the
first ÌÜ`�ÍÒÑ panelof �Î+hf 1 (i.e., � ��� and � � � ). Oncethis is completed,thematrices� ��� , � � � , and d ��� areknown,andwecanrearrangetheblockequations,d � �ÞÝ +h� ��� 1�ß � � � � 
�Î+-f�i�jo1 Ý � ��� Ïà� � � d � � 	$� ��� d ����á

TheblockLU factorizationcanbedoneby recursively applyingthestepsoutlined
aboveto the +-Ì�ÏËÍ Ñ 1�`�+hÍ�ÏËÍ Ñ 1 matrixof �Î+hf�iÃj�1 . Figure2.1showsasnapshotof
theblockLU factorization.It showshow thecolumnpanel,� ��� and � � � , andtherow
panel,d ��� and d � � , arecomputed,andhow thetrailing submatrix� ��� is updated.In
thefigure,theshadedareasrepresentdatafor which thecorrespondingcomputations
arecomplete.Later, row interchangeswill beappliedto ��â and � � � .

In the ScaLAPACK factorizationroutines[8], a columnof processesperformsa
factorizationon its own columnof blocks,andbroadcastsit to others. Thenall of
processesupdatethe restof the datamatrix. The basicunit of the computationis
thephysicalsizeof theblock, with which thedatamatrix is alreadydistributedover
processes.

ThebasicLU factorizationroutineis to find thesolutionvector � afterapplyingLU
factorizationto � from thefollowing linearequation

�Ë�Ã	�� á
That is, afterconverting � to �$¿��t	��ã¿�d , thencompute� from the following

equation

���×	�� â 
 (2.1)
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Figure2.2 Performanceof ScaLAPACK LU factorizationroutineon an äæåçä Intel Paragon

which is definedfrom è�éÙê(ë×ìÓí�ê,î�ìÓî�ï and éÙê(ë�ì�ð . Now it is possibleto
computeë from thefollowingequation

é®ë$ì�ðòñ (2.2)

Mostof LU factorizationalgorithmsincludingLAPACK [2] andScaLAPACK find
thesolutionvector ë aftercomputingthefactorizationof íãê�óôì�èªê�é . Wemeasured
the performancethe ScaLAPACK LU factorizationroutineand its solution routine
with variousblock sizeson the Intel Paragon.Figure2.2 shows the performanceon
an õ"ö÷õ processgrid from ø�ìúù�û�ü2ü2ü to 10,000with blocksizesof ø�ýþìaù�û�ÿòû�õòû��{ü,û
and50. It shows that thebestperformanceis obtainedwhen ø�ý�ì�õ , andalmostthe
samebut slightly slower when ø�ý�ìúÿ . Theperformancedeterioratedto 2-3%whenø�ý�ì��2ü , 13%when ø�ý�ìaÿ{ü , andmorethan45%when ø"ý�ìtù . If thedatamatrix
is distributedwith ø�ýþìaù , it maybemuchmoreefficient to performthefactorization
afterredistributingthedatamatrixwith theoptimalblocksizeof ø��ý ì$õ .

In ScaLAPACK, theperformanceof thealgorithmis greatlyaffectedby theblock
size. However thePoLAPACK LU factorizationis implementedwith theconceptof
algorithmicblockingandalwaysshows thebestperformanceof ø�ý�ìtõ irrespective
of physicalblocksizes.

If a datamatrix ó is decomposedover 2-dimensional��ö�� processeswith block
cyclic datadistribution, it maybepossibleto regardthematrix ó beingdecomposed
alongtherow andcolumndirectionsof processes.Thenthenew decompositionalong
the row andcolumndirectionsarethe sameasapplyingpermutationmatricesfrom
the left andtheright, respectively. Onestepfurther, if we want to computea matrix
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with anew blocksize,wemayneedto redistributethematrix,andwecanassumethat
theredistributedmatrix is of theform í���êoó0ê�í 	
 , where í�� and í 
 arepermutation
matrices.And it maybepossibletoavoid redistributingthematrixphysicallyif thenew
computationdoesn’t follow thegivenorderingof thematrix ó . Thatis, by assuming
thatthegivenmatrix ó is redistributedwith a new blocksizeandtheresultingmatrix
is í � ê�ó�ê�í 	
 , it is now possibleto apply the factorizationto ó with a new optimal
blocksizefor thecomputation.And thisfactorizationwill show thesameperformance
regardlessof thephysicalblocksizesif eachprocessgetsthesamesizeof thesubmatrix
of ó . Thesestatementsareillustratedwith thefollowing equations,� í � óËí 	

� ê � í 
 ë � ìÜí � ê�î�ñ (2.3)

Let ó���ìÆí � óËí 	
 , and ë��qì í 
 ë . After factorizing ó�� to í���ó�� ì í���ê� í � ó�í 	

� ìÐè��þê(é�� , thenwe computethe solutionvector ë . The above equation
Eq.2.3is transformedasfollows:

è���ê�é���ê � í 
 ë � ìÜè���ê�é���ê�ë��#ì�í�� ê � í � î � ì�î���ñ
As in Eq.2.1andEq.2.2, ð�� is computedfromè���ê�ð��#ìÜî���û (2.4)

and ë � is computedfrom é � êoë � ì�ð � ñ (2.5)

Finally thesolutionvector ë is computedfrom

í 
 ê�ëÃì�ë � ñ (2.6)

Thecomputationsareperformedwith ó and î in placewith theoptimalblocksize,
and ë is computedwith í 
 asin Eq.2.6. But wewant í���ê�ë ratherthan ë in orderto
makeë have thesamephysicaldatadistributionas î . Thatis, wecompute

í���ê�ëÃìÜí��eê�í 	
 êoë � ñ (2.7)

Assumethat we have a ���×ö���� block matrix ó is distributed with a block
size of ø�ý over a ��ö�� processgrid as in Figure 2.3. When the optimal block
size is the sameas the physical block size (i.e., ø��ý ì ø�ý ), the computational
ordering of the PoLAPACK is the sameas that of the ScaLAPACK as in Fig-
ure 2.3(a). However, if the optimal block sizeis twice the physicalblock size(i.e.,ø��ý ì��eêoø ý ), thePoLAPACK routinecomputeswith two columnsof blocks, ó ��� û�ü �
and ó ��� û�� � , and two rows of blocks, ó � üòû � � and ó � �òû � � at the first stepas in Fig-
ure 2.3(b). But thosetwo columnsandrows of blocksbelongto the samecolumn
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Figure 2.3 Computationproceduresin progressin PoLAPACK. (a) whenthe optimal block
sizeis thesameasthephysicalblocksize,(b) whentheoptimalblocksizeis twice thephysical
blocksize.

androw of processes,respectively. In this example,the computationalorderingsof
the row and column blocks have beenchanged

� üòû�� � û � ù�û�� � û � � û� � û � ÿòû"! � ûoê�ê�ê , and� ü,û�� � û � ù�û#� � û � �,û�ÿ � û �  ,û#$ � û � !òûoùoü � û�ê�ê�ê , andthe new orderingsareobtainedby multi-
plying í � to ó from the left and í 	
 from the right, respectively. This procedure
doesn’t includeany physicaldataredistribution.

2.3 IMPLEMENT ATION OF POLAPACK LU
FACTORIZATION

ThePoLAPACK LU factorizationroutineis composedof threeparts.
(1) LU Factorization:We implementedtheright-looking versionof theLU factor-

ization algorithmas in Section2.2 We implementedthe LAPACK LU factorization
routines,DGETRF, DGETF2,DLAMAX, DLAPIV, DLASWP, andDGETRSto the
correspondingPoLAPACK LU factorizationroutines,PoDGETRF, PoDGETF2,PoD-
LAMAX, PoDLAPIV, PoDLASWP, andPoDGETRS,respectively. And wepartially
implementedtheLevel 2 andLevel 3 BLAS routines,DGER,DGEMM, andDTRSM,
to the correspondingPolyBLAS routines,PoDGER,PoD-GEMM, andPoDTRSM,
respectively, for thePoLAPACK LU factorization.

Figure2.4showsthecomputationalprocedureof thePoLAPACK LU factorization.
Assumethata matrix ó of ù%�zö�ù%� blocksis distributedover a �zö�� processgrid as
in Figure2.4(a),andthe LU routinecomputes2 blocksat a time (imagine ø�ýzì&�
but ø��ý ìÓõ ). Sincethe routinefollows 2-D block cyclic ordering,the positionsof
thediagonalblocksareregularly changedby incrementingonecolumnandonerow
of processesat eachstep.However, if ó is $zö'$ blocksasin Figure2.4(b),thenext
diagonalblockof ó � ÿ,û� � on ��(*)�+ is ó � !,û�! � on ��(-,�+ , noton ��( � + . Thenthenext blockis
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(a) 12 x 12 blocks on 2 x 3 processes (b) 9 x 9 blocks on 2 x 3 processes
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Figure 2.4 ComputationalProcedurein PoLAPACK. Matricesof .�/�å0.�/ and 1eå21 blocks
aredistributedon /�å43 processeswith 576 and 5986;: /�<%5=6 , respectively.
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Figure 2.5 A snapshotof PoLAPACK solver. A matrix > of 1eå21 blocksis distributedon3æå43 processeswith 576 : . and 5=6 :@? , respectively, while theoptimalcomputationalblock
sizefor bothcasesis 5986;: . .ó � õòû�õ � on ��(BA#+ . Thecomputationalprocedureof thePoLAPACK is verycomplicated,
andit is difficult to implement.

(2) TriangularSolver: We implementedtheLi andColeman’s algorithm[15] on a
twodimensionalprocessgrid in thePolyBLASroutine,PoDTRSM.The2-dimensional
versionof thealgorithmis alreadyimplementedin thePBLASroutine,PDTRSM[7].
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But the implementationof PoDTRSMis muchmorecomplicatedsincethe diagonal
blockmaynot belocatedregularly if � is not equalto � asin Figure2.4.

Evenif � is equalto � , theimplementationis still complicated.Figure2.5(a)shows
asnapshotof theLi andColeman’salgorithm[15] fromprocessespoint-of-view,where$zö'$ blocksof anuppertriangularmatrix C aredistributedover a ��öD� processgrid
with ø ý ìÃø��ý ìúù . Let’s look over thedetailsof thealgorithmto solve ë�ìEC�F�î .

At first, thelastblockat ��(*G�+ computesë � $ � from C � $,û�$ � and î � $ � . Processesin the
lastcolumnupdate2 blocks- actually��(BA#+ and��(BH#+ updateî � ! � and î � õ � , respectively
- andsendthemto their left processes.Therestof î ( î � ù �  � ) areupdatedlater. At
thesecondstep,��(*,�+ computesë � õ � from C � õ,û�õ � and î � õ � , thelatteris receivedfrom��(BH#+ . While ��( � + receives î � ! � from ��(BA#+ , updatesit, andsendsit to ��( ï + , ��(BI#+ updatesa
temporalî �  � andsendsit to ��(*J�+ .

Figure2.5(b)shows the samesizeof the matrix distribution C with ø�ý�ìK� , but
it is assumedthat the matrix C is derived with an optimal block size ø��ý ìÜù . So
thesolutionroutinehasto solve the triangularequationsof Eq. 2.4 andEq. 2.5 withø��ý ìtù . Thefirst two rowsandthefirst two columnsof processeshave 4 rows and4
columnsof C , respectively, while the last row andthe lastcolumnhave 1 row and1
column,respectively. Sinceø��ý ì�ù , thecomputationstartsfrom ��(*,�+ , whichcomputesë � $ � . Then ��( � + and ��(*,�+ updateî � õ � and î � ! � , respectively, andsendthemto their
left. Therestof î ( î � ù �  � ) areupdatedlater. At thenext step,��( ï + computesë � õ �
from C � õ,û�õ � and î � õ � , thelatter is received from ��( � + . While ��(*)�+ receives î � ! � from��(*,�+ , updatesit, andsendsit to theleft ��(BH#+ , ��( ï + updatesa temporalî �  � andsendsit
to its left ��(BA#+ . However ��(LA"+ and ��(BH#+ don’t have their own datato updateor compute
at the currentstep,andhandthemover to their left without touchingthe data. The
PoLAPACK solverhasto complywith this kind of all theabnormalcases.

(3) SolutionVectorRedistribution: It may be neededto redistribute the solution
vector ë with í��"ê�í 	
 ê�ë asin Eq.2.7. However, if � is equalto � , then í�� becomesí 
 , and í��zê,í 	
 ê(ë
ì�ë , therefore,the redistribution is not necessary. But if � is
not equalto � , the redistribution of ë is requiredto get the solutionwith the same
datadistributionastheright handvector î . And if � and � arerelatively prime,then
the problemis changedto all-to-all personalizedcommunication.We arecurrently
implementingtheroutineandthedetailswill bediscussedin a separatepaper.

We implementedthe PoLAPACK LU factorizationroutineandmeasuredits per-
formanceon an õzöËõ processgrid. Figure2.6 shows theperformanceof theroutine
with thephysicalblocksizesof ø ý ìúù�û�ÿ,û�õ,û��2üòû and ÿ2ü , but theoptimalblocksizeofø��ý ì�õ . Asshown in Figure2.6,theperformancelinesareverycloseto theothersand
alwaysshow thenearmaximumperformanceirrespective of thephysicalblocksizes.
Sinceall processesdon’t havethesamesizeof thesubmatricesof ó with variousblock
sizesin somecases,someprocesseshave moredatato computethanothers,which
causescomputationalloadimbalanceamongprocessesandtheresultingperformance
degradation.For example,the line with a smallwhite circle in Figure2.6 shows the
caseof ø�ý�ì�ÿ{ü , in which processesin thefirst half have moredatato computethan
processesin thesecondhalf if thematrixsize ø�ì�!òû�ü{ü2ü or $òû�ü{ü2ü .
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Figure2.6 Performanceof PoLAPACK LU factorizationroutineon an äæå�ä Intel Paragon

2.4 POLAPACK QR FACTORIZATION
TheQRfactorizationis usedto solvetheleastsquaresproblem[12],M2NLOP�Q�RTS óËëVU�î S A ñ (2.8)

Givenan W ö÷ø matrix ó , theQR factorizationis computedby óqì�XZY , whereX is an W öDW orthogonalmatrix,and Y is an W ö÷ø uppertriangularmatrix.
ThePoLAPACK QRfactorizationandits solutionof thefactoredmatrixequations

areperformedin a manneranalogousto the PoLAPACK LU factorizationand the
solutionof thetriangularsystems.Eq.2.8canbechangedas

S óËëVU�î S A ì S � í � óæí 	
�� ê � í 
 ë � U�í � î S A
where í�� and í 
 arepermutationmatrices.Let ó A ìÇí���ê�ó$ê�í 	
 , ë A ì!í 
 ë , andî A ì�í���î . After factorizing ó A ìqí���ó�í 	
 to X A ê%Y A , thenwecomputethesolution
vector ë . Theabove equationis transformedasfollows:

S X A ê[Y A ê � í 
 ë � U � í � î � S A ì S X A ê[Y A ê�ë A U�î A S A ñ (2.9)

If applying X 	 A to î A to form î ) , Eq.2.9is changedasS Y A ê�ë A UKX 	 A î A S A ì S Y A ê�ë A Utî ) S A û
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where î ) ì�X 	 A î A . Then ë A is computedfromY A ê�ë A ì�î ) ñ
Finally thesolutionvector ë is computedfromí 
 ê�ëÃì�ë A ñ
Againasin Eq.2.7,wewant í � ê�ë�ì�í � í 	
 ë ratherthan ë to makeë have thesame
physicaldatadistributionas î .

Figures2.7and2.8show theperformanceof theScaLAPACK andPoLAPACK QR
factorizationsandtheir solutionroutines,respectively, with ø ý ì�ù�û� òû�õòû��{ü and ÿ2ü
on an õ#ö�õ processgrid of the Intel Paragon.Performanceof theScaLAPACK QR
factorizationalgorithmdependsonthephysicalblocksize,andthebestperformanceis
obtainedwhen ø�ý ì\ . However thePoLAPACK QR factorizationalgorithm,which
computeswith the optimal block sizeof ø0�ý ì] , alwaysshows the nearmaximum
performanceindependentof physicalblocksizes.

2.5 CONCLUSIONS
Generallyin otherparallelfactorizationalgorithms,a columnof processesperforms
the factorizationon a columnof blocksof ó at a time, whoseblock sizeis already
fixed, and thenthe otherprocessesupdatethe restof the matrix. If the block size
is very small or very large, thenthe processescan’t give their optimalperformance,
andthedatamatrix mayberedistributedfor a betterperformance.Thecomputation
followstheoriginalorderingof thematrix.

It may be fasterand more efficient to perform the computation,if possible,by
combiningseveral columnsof blocks if the block size is small, or by splitting a
large columnof blocks if the block size is large. This is the main conceptof the
algorithmicblocking. The PoLAPACK factorizationroutinesrearrangethe ordering
of the computation.They computeí � óæí 	
 insteadof directly computingó . They
proceedthecomputationwith theoptimalblocksizewithoutphysicallyredistributingó . Andthesolutionvectorë iscomputedbysolvingtriangularsystems,thenconvertingë to í��2í 	
 ë . Thefinal rearrangementof thesolutionvectorcanbeomittedif ��ìE� .

Accordingto theresultsof theScaLAPACK andthePoLAPACK LU andQRfactor-
izationroutineson theIntel Paragonin Figures2.2,2.6,2.7and2.8,theScaLAPACK
factorizationshave a large performancedifferencewith differentvaluesof ø�ý , but
thePoLAPACK factorizationsalwaysshow a steadyperformance,which is nearthe
best,irrespective of thevaluesof ø�ý . Thealgorithmswe presentedin this paperare
developedbasedon theblock cyclic datadistribution. This simpleideacanbeeasily
appliedto theotherdatadistributions.But it is requiredto developspecificalgorithms
to rearrangethesolutionvectorfor eachdistribution.

Currentlyweareimplementingandtestingtheredistributionof thesolutionvector
to supportthe caseof �K^ì_� . Futurework will focus on developing PoLAPACK
Cholesky factorizationroutine.SincetheCholesky factorizationhandlesasymmetric
triangularmatrix, it is impossibleto implementPoLAPACK Cholesky factorization
with thealgorithmicblockingtechniqueonprocessgridsof �`^ì�� . However it maybe
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Figure2.7 Performanceof ScaLAPACK QR factorizationroutineonan äæåzä Intel Paragon
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Figure2.8 Performanceof PoLAPACK QRfactorizationroutineon an äæå�ä Intel Paragon

possibleto implementit onprocessgridsof �#ìE� . If �a^ìb� , thePoLAPACK Cholesky
computesthefactorizationwith thephysicalblocksize.It is possibleto getthebenefit
of thealgorithmicblockingontheCholesky factorizationfor thelimitedcaseof ��ì�� .
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And we intendto supplythecompleteversionof thePoLAPACK in thenearfuture,
which includesthethreefactorizationroutinesandsupportsall numericdatatypes.
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Abstract: We considertheparallelsolutionof stiff ordinarydifferentialequations
with implicit Runge-Kutta(RK) methods.In particular, wedescribeparallelimplementa-
tionsof classicalimplicit RK methodsandparallelimplementationsof diagonal-implicitly
iteratedRK (DIIRK) methodswhich have beenespeciallydevelopedfor a parallelexe-
cution. DIIRK methodshavecomputationalredundancy but provideanadditionalsource
of parallelismin the form of independentnonlinearequationsystemsto be solved in
eachtime step.To comparetheruntimesof theparallelRK methods,we applythemto
systemsof ordinarydifferentialequationsresultingfrom aspatialdiscretizationof partial
differentialequations.As programmingplatform,weuseaCrayT3E.
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3.1 INTRODUCTION

Implicit methodsareusedfor the solutionof stiff initial valueproblems(IVPs) for
ordinarydifferentialequations(ODEs)of theform ð�� �dc � ìfe �Lc û�ð �dc �g� with ð �dc ï � ì�ð�ï
for a given initial vector ð�ï . The right-handside e is usuallya non-linearfunction.
Popularone-stepmethodsinclude implicit Runge-Kutta (RK) methods, diagonally
implicit RK methods, Rosenbrock-typemethods, andextrapolationmethods. We
focuson implicit RK methodswhichresultin safeandprecisecodesfor mediumpre-
cision[3]. ModernRK methodsuseanerrorcontrolandstepsizeselectionmechanism
so that the accuracy of the resultingdiscretesolutionis consistentwith a predefined
errortolerance.

Largesystemsof ODEsarise,e.g.,from a spatialdiscretizationof time-dependent
partialdifferentialequations(PDEs). Thesolutionof thosesystemsmayleadto large
computationtimes which motivatesa parallel implementation. Approximationsto
successive pointsin time have to becomputedoneafteranother. Therefore,parallel
solutionmethodsfor ODEs concentrateon the parallelexecutionof one time step.
Severalparallelmethodshave beenproposed,includingmethodswith computational
redundancy. Suchmethodsrequiremoreevaluationsof the function e thanthe best
sequentialmethodsbutprovidemoreparallelisminstead,becauseseveralcomputations
within onetime stepcanbecomputedin parallel. Combiningtheavailabledegreeof
parallelismof thesemethodswith adistributionof theevaluationof thecomponentsofe acrossseveralprocessorsresultsin solutionmethodswith goodscalabilityproperties,
i.e., large relative speedupvaluescanbe reached,especiallyif theevaluationof e is
costly.

In this article, we comparethe parallel executionof implicit RK methodswith
a parallel execution of methodsthat have beenespeciallydesignedfor a parallel
executionto providea goodscalability. In particular, weconsiderdiagonal-implicitly
iteratedRK (DIIRK) methodswhichareobtainedby iteratingthestage-vectorsystem
of an h -stageimplicit RK methodfor a fixed numberof times and by introducing
anadditionaldiagonalmatrix [8, 9]. By choosingthe numberi of iterationsof the
stage-vectorsystemas iÕìkjlU�ù where j is the orderof the original implicit RK
method,an implicit methodof the sameorder j results. A specificcharacteristicof
theDIIRK methodis thatfor eachiterationof thestage-vectorsystem,thenon-linear
equationsystemof size h ê�m (wherem is thesizeof theODEsystem)actuallyconsists
of h decoupledsubsystemsof size m each.Thus,onetime stepof theDIIRK method
requiresthesolutionof hpê%i non-linearsystemsof size m , leadingto a computational
complexity of h�ê�itê�m ) , if a Newton methodis usedandif theNewton iterationsare
basedon a direct solutionmethodfor the internal linear equationsystems.For the
original implicit RK method,thenon-linearequationsystemis notdecoupled,thusthe
computationalcomplexity of onetimestepis h ) ê%m ) .

For a parallel execution, the main differencebetweenthe implicit RK methods
andtheDIIRK methodsis that the h non-linearequationsystemsof oneDIIRK step
areindependentof eachothergiving thepossibilityfor a taskparallelexecution.The
processorsarepartitionedinto h disjointgroupsandeachprocessorgroupis responsible
for thesolutionof oneof the h equationsystems.Sinceeachnonlinearequationsystem
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requiresthesameamountof work, theprocessorgroupsarechosento beof equalsize.
The communicationbehavior of the parallel implementationsis mainly determined
by the internalcommunicationsof the Newton methodwhich usessingle-transfer,
broadcast, andglobalreductionoperations.

For animplementationasmessage-passingprogramonaspecificparallelmachine,
thecommunicationbehavior of themachineandthecharacteristicsof thespecificODE
systemhave a large influenceon the resultingperformance.As target machines,we
considera CrayT3E . As examplesystems,weconsidertwo classesof ODEsystems
thatdiffer in theevaluationtimeof e .

Therestof thearticleis organizedasfollows. Section3.2givesa shortdescription
of the implicit RK methodsthat areconsideredin this paper. Section3.3 describes
parallel implementationsfor the different methods. Section3.4 appliesthe paral-
lel implementationsto exampleproblemswith differentcharacteristics.Section3.5
concludes.

3.2 IMPLICIT RUNGE–KUTTA METHODS

In this section,we give a short descriptionof implicit Runge–Kutta methodsand
describehow theDIIRK methodsarederived. In thesubsequentsubsections,wesketch
animplementation,show how thenumberof functionevaluationscanbereducedfor
theDIIRK methodsandsummarizethestepsizecontrolmechanismusingembedded
solutions.

3.2.1 Runge–Kutta methods

Runge–Kutta (RK) methodsare one–stepsolution methodsfor IVPs of ODEs [2]
[3] [7]. The time-stepsof an implicit RK methodcomputeiteration vectors n�o ,p ìaù�û��òû��òûoñ�ñoñ oneafteranotheraccordingto theformulan�o[q � ì�n�olrts uv w x � î wdy �{z w � (3.1)

wherethe stagevectors
z w

, | ì ù�û�ñoñ�ñsû�h , aredefinedby the h�ê}m dimensionalfully
implicit system: z w ì�n�olrts uv ~ x ��� w ~ y �{z ~ � |8ìúù�û�ñoñ�ñ û�h�ñ (3.2)

The h –dimensionalvectors�kì � î � û�ñoñ�ñ û�î u � and �ªì �{� � ûoñ�ñ�ñ û � u � andthe hzö`h
matrix ��ì � � w ~ � w � ~ x � ��������� u describethebasicRK method.Thenumberh is calledthe
stageof theRK methodand s is thestepsize.Theformulae(3.1)and(3.2)aregivenin
stage-valuenotationwherethefunction

y
is appliedonly to stagevectors

�{z ��û�ñoñ�ñsû z u �
(in contrastto a notationwhere

y
is appliedto theentireright handsideof equations

(3.1) and (3.2)). The stage-valuenotationis moreconvenientfor the derivation of
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iteratedmethods.Theiterationvector n�o representstheapproximationof thesolutionn at time
c o , i.e., n�oÎì��n �Lc o � . Thecomputationof n�o�q�� from n�o is calleda timestep

. (We usetheconventionto setvectors,e.g., n�oÒû z w , in bold type.)

For the computationof the stagevectors
z w

, | ì�ù�ûoñ�ñoñÒû�h , accordingto Equation
(3.2),animplicit systemof size hpê[m hasto besolvedwhere m is thesizeof theODE
system.Thesystemcanbedescribedby � ��� � ì�ü usingafunction � � Y�tu�� ��� Y��u�� �
where

�a� Y��u�� � is the concatenationof the h stagevectorssolving Equation(3.2),
i.e.,

� ì �{� �oû�ñ�ñoñÒû � u � . � is composedof h components,i.e., ��ì � ����ûoñ�ñoñÒû�� u � with� w � Y��u�� ��� Y�b� definedby� w �{� ��û�ñoñ�ñsû � u � ì � w Uan o Uas uv ~ x � � w ~ y ��� ~ � (3.3)

Popularimplicit RK methodsarethe h -stageRadauIa andRadauIIa methodsof order�}h�U$ù andtheLobattoIIIA, IIIB, andIIIC methodsof order ��h�U�� [3].

3.2.2 DIIRK methods

IteratedRK methodsareobtainedby iteratingEquation(3.2) for a fixed numberof
times[8]. IteratedRK methodsareexplicit methodsthataresuitablefor thesolution
of nonstiff systemsof ODEs. For the constructionof the (implicit) DIIRK method,
an additionaldiagonalmatrix D of dimensionh�ö�h is introducedin Equation(3.2)
resultingin thesystem:z w ìEn�o�r�s uv ~ x � � � w ~ U�� w ~ � y �{z ~ � rbs�� w�wLy ��z w � (3.4)

for |8ìaù�ûoñ�ñ�ñ û�h . Onetimestepof theDIIRK methodconsistsof a fixednumberi of
iterationstepsof Equation(3.4)usingthe term s�� w�wdy �{z w � asimplicit part. Theinitial
iterationvectoris providedby the predictormethod. Herewe usea simpleone-step
predictormethod, the last-step-valuepredictor(see[9]), which yields the following
standardcomputationschemefor theDIIRK method:z ( ï +w ì�n o |8ìúù�û�ñoñ�ñ û�h�û (3.5)z ( �%+w ì�n�o�r�s uv ~ x � � � w ~ U�� w ~ � y �{z ( ��� � +~ � rVs�� w�wLy ��z ( ��+w � (3.6)|8ìúù�û�ñoñ�ñ û�h�û¡ �ìaù�ûoñ�ñoñ�û�iÚûn�o[q � ì�n�o�r�s uv w x � î w�y ��z (*¢£+w � ñ (3.7)

Onetime stepfrom p to p r�ù accordingto system(3.5), (3.6), (3.7) is calleda
macrostepof theDIIRK method.Theexecutionof oneiterationstepfrom   to  �r�ù of
Equation(3.6)is calledacorrectorstep. Thenumberi of correctorstepsdetermines
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theconvergenceorderof themethod.Theconvergenceorderof theDIIRK methodisj�¤�ìfi2¥¦m � j�û�i§r$ù � where j is theorderof theimplicit basicRK method[8].

Consideringall i correctoriterationsof one macrostep,the DIIRK methodis
equivalent to a diagonal–implicitly RK methodwith block structure. This can be
illustratedby theButcherarrayof themethod[9]:¨ :@© ª¨ : . «\¬D­ ­¨ : / ª «\¬'­ ­¨ : 3 ª ª «\¬D­ ­

...
...

. ..
.. .

.. .¨ :a® ª <"<#< ª «f¬¯­ ­°²± <"<#< °²± ³;±
where� is thematrixof theRK corrector, ´ is thediagonalmatrix, µ is the h�öTh

matrixcontainingü in every entryand ¶ 	 is the h dimensionalvectorcontainingü .
3.2.3 Computing the stagevectors

The main part of the computationtime of the implicit RK methodsandthe DIIRK
methodsis usedfor thecomputationof thestagevectors

z ( �%+� ûoñ�ñ�ñsû z ( ��+u whichrequires
tosolvenonlinearimplicit systemsaccordingtoEquations(3.2)and(3.6),respectively.
Implicit nonlinearsystemsof equationsarisingin implicit Runge-Kuttamethodsare
usuallysolvedby aniterationmethodsuchastheNewtonmethod[4] whichweusein
our implementation.

TheDIIRK methodhasseveral propertieswhich areconsideredto producea fast
(parallel)implementation:· An automaticstepsizecontrolispossiblewithoutadditionalcomputationaleffort

as the iterationsof the RK methodin the correctorstepsprovide embedded
solutions[3], seeSection3.2.5.· Eachof the i systems(3.6) of size h"ê�m actually consistsof h decoupled
subsystemsof size m , eachof which specifiesone iterationvector

z ( ��+w
, |eìù�ûoñ�ñoñ�û�h . For thecomputationof

z ( �%+w
we have to solve thesystem� � � w �{� � ì�ü

with � � � w � � Y �T�¸� Y � definedasfollows

� � � w �{� � ì � Uan o U¹s uv ~ x � � � w ~ U`� w ~ � y ��z ( �º� � +~ � U@s�� w�w y �{� � (3.8)· In eachcorrectorstepthenumberof functionevaluationsof

y
canbereducedby

performingsomeprecomputationsin thepreviouscorrectorstep.Theprecom-
putedfunctionvaluescanalsobeusedfor theupdatestep(3.7)andthestepsize
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controlsuchthatbothcanbeimplementedwithoutany additionalfunctioneval-
uations.

In thefollowingtwosubsections,wedescribetwoof thosepropertiesin moredetail,
thereductionof thenumberof functionevaluationin Subsection3.2.4andthestepsize
controlmechanismin Subsection3.2.5.

3.2.4 ReducedNumber of Function Evaluations

The numberof function evaluationsin the correctorstep  
rÙù for the computation
of
z ( � q � +w

, |çì ù�û�ñ�ñoñgh , can be reducedby exploiting the correctorstep   . By a
reformulationof Equation(3.6)of correctorstep  weget:y �{z ( �%+w � ì¼» z ( ��+w U`n�o�U�s uv ~ x � � � w ~ Ua� w ~ � y ��z ( �º� � +~ �¾½;¿ � s�� w�w � (3.9)

for |�ìÕù�û�ñ�ñoñ û�h which representsan alternative way for computing

y
at argument

vector
z ( �%+w

. All vectorsusedon theright handsideof Equation(3.9)areknown from

correctorstep  , i.e.,wecancomputethevaluesof

y zÁÀ�Â ( �%+w ì y ��z ( ��+w � for |}ìúù�û�ñoñ�ñsû�h
immediatelyafterthecorrectorstep  hasbeenfinished.Insteadof (3.8),wenow use� � � w ��� � ì � U`n�o�U�s uv ~ x � � � w ~ Ua� w ~ � y z²À�Â ( ��� � +~ U¹s�� w�wLy �{� � ñ (3.10)

Thecomputationof

y ��z ( ��+w � accordingto formula(3.9)doesnotonlysavecomputation
time but alsoavoidsanincreaseof theapproximationerrorthatariseswhenapplying
y

to
z ( �%+w

.

Thecomputationschemefor onemacrostepof theDIIRK methodwith thereduced
numberof functionevaluationshastheform:y z²À�Â ( ï +w ì y � n�o � |8ìÙù�û�ñoñ�ñsû�h (3.11)Ã ( �%+w ì s uv ~ x � � � w ~ Ua� w ~ � y z²À�Â ( �º� � +~

(3.12)z ( �%+w ì n o r Ã ( �%+w r�s�� w�w y �{z ( �%+w � (3.13)y z²À�Â ( �%+w ì » z ( ��+w U`n�o�U�Ä ( ��+w ½ ¿ � s�� w�w � û (3.14)n�o�q � ì n�o�rVs uv w x � î wÅy z²À�Â (-¢�+w ñ (3.15)

for |}ìaù�ûoñ�ñ�ñsû�h and  �ìaù�ûoñ�ñ�ñ û�i .

3.2.5 StepsizeControl

One-stepmethodsfor thesolutionof ODEsystemsin aninterval
c ïlÆ c Æ c"Ç ��È perform

severalmacrostepstoapproximatethesolutionn atthepoints
c ï�û c ��û c A ûoñ�ñoñÒû c"Ç �}È where



PARALLELSOLUTIONOF STIFFODE 39c o[q � ì c o�r¯s�o�ñ In orderto achieveagoodsolutionandto maintainafastcomputation
time,thestepsizess�o have to bechosenaslargeaspossiblewhile guaranteeingsmall
approximationerrors.

For theproblemof selectingappropriatestepsizes,weadoptanautomaticstepsize
control from [2] which usestwo different approximationsn o�q � and �n o[q � for the
solution n �Lc o�q � � computedwith the samestepsizes . The approximationvectorn o[q � is acceptedif É�j�j�Ê}jËÆÙî�Ê}Ì�m�� , where É[j�j�Ê}jzì¼ÍLÍ n o�q ��U �n o[q �ÁÍLÍ and î#Ê}Ì�m��#ìi � ë � Í n o Í ûºÍ n o�q �ºÍ � . In thiscases � Ç¾Î is usedto computen o[q A with:s � Ç�Î ì s�ÏÐiT¥�m �  ,û�i � ë � ù� û�üòñÑ$ÒÏTÓ î�Ê}Ì�m��É�j�j�Ê}j�Ô �¾Õ (*Ö�× È q � + ��� (3.16)

where Ê}j�� is the minimal convergenceorderof the approximationmethodused. IfÉ[j�j�Ê}j0ØÓî#Ê}Ì�m�� , the computationof n o�q � is rejectedandis repeatedwith stepsizes � Ç�Î .

TheDIIRK methodprovidesseveralapproximationsolutionwhenusingthevectorsz ( ��+w
, |8ì�ù�û�ñoñ�ñÒû�h , for a specific  ,  4Ùti , andEquation(3.7)n ( �%+ ì n o rbs uv w x � î w y �{z ( �%+w � ñ

Thevectorsn ( ��+ representembeddedsolutionsof successively increasingorderMTNLO � j�û Úr×ù � wherej is theorderof thebasicimplicit RK method[8], [2], [5]. Moststepsize
controlmechanismsusesolutionsn ( �%+ for which theorderof n o�q � and n ( �%+ differ by
1. Therefore,wechoose �ìfi§U$ù . Theerroris computedaccordingto theformula:É[j�j�Ê}jzì]ÍLÍ n o�q ��U�n (*¢7� � + ÍBÍì]Í sÛÍÅÏ�ÍLÍ uv w x � î w Ï » y ��z (*¢£+w � U y �{z (-¢�� � +w � ½ ÍLÍ ñ (3.17)

We canalsousetheprecomputedfunctionevaluationsfor theerrorcomputation:É[j�j�Ê}jzì]Í sÛÍÅÏ�ÍBÍ uv w x � î w Ï � y z²À�Â (*¢£+w U y z²À�Â (*¢7� � +w � ÍLÍ ñ (3.18)

3.3 PARALLEL IMPLEMENT ATIONS

In this section,we give a shortoverview of parallelimplementationsfor themethods
from Section3.2.

3.3.1 Parallel implicit RK methods

For a parallel implementation,the time stepsof an h -stageimplicit RK methodare
executedone after another. Each time step consistsof the computationof the h
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stagevectors
z � û�ñ�ñoñÒû z u by a Newton methodandthe computationof the iteration

vector n�o�q � accordingto Equation(3.1). The main computationaleffort lies in the
Newton methodto solve the system � �{� � ìÕü , seeEquation(3.3). The Newton
methodperformsseveraliterationsthathaveto becomputedoneafteranother. In each
iterationstep,theentriesof theJacobimatrixÜ � �{� (*Ý[+ � ì ÓÐÞ � ~Þ � � �{� (*Ý[+ � Ô ~ � � x � ������� � �
at
� (*Ý�+ have to becomputedwhere

� (-Ý[+ � Y� u���u is the currentapproximationof the
concatenatedstagevectors.Theentryof

Ü � in row ¥ andcolumn  is computedby a
forwarddifferenceapproximation,i.e.,Þ � ~Þ � � ��� (*Ý�+ � ì ùj ��ß � ~ �{� (-Ý[+ rbj ��à[� � U¹� ~ ��� (*Ý�+ ��á (3.19)

whereà�� � Y��� is the   th columnof theunit matrixand j � � Y� is a suitableinterval.� ~ � Y� ug��u � Y� is the ¥ th componentof � . ThelinearequationsystemÜ � �{� (*Ý[+ � n (*Ý�+ ìâUÒ� �{� (-Ý[+ �
is solvedto computethecorrectionvector n (*Ý�+ . We useby a Gaussianeliminationto
find n (-Ý[+ , sincea directmethoddoesnot requiretheJacobimatrix to fulfill a specific
condition.Theapproximationvector

� (*Ý�+ is updatedby� (-Ý q � + ì � (-Ý[+ rVn (*Ý�+ ñ
To obtainagoodloadbalancefor theGaussianelimination, weusea cyclic distri-

bution of therows of thecoefficient matrix amongtheprocessors.Correspondingly,
wepartitionthecomputationof theJacobimatrix in suchawayamongtheprocessors
that eachprocessor� computesall rows ¥ with �Øì]¥ mod � where � is the number
of executingprocessors.If the approximationvectorof theNewton iterationis held
replicated,thecomputationof theJacobimatrixcanbeperformedin adistributedway
without communication.Using the forwarddifferenceapproximation,the computa-
tion of onerow of theJacobimatrix requirestheevaluationof h�ê}m9r�ù components
of � . If onecomponenthasevaluationtime C�ã , thecomputationof theJacobimatrix
requirestime C;� � m�ê[h�ûä� � ì hpê%m� � hpê[m4r�ù � ê�C ã ñ
TheGaussianeliminationrequiresseveralcommunicationoperationsin eachstep:· Usingcolumnpivoting, a global accumulationoperationwith a maximumre-

ductionhasto beperformedto determinethepivot element.· A single-transferoperationhasto beusedto exchangethecurrentrow with the
pivot row.· A broadcastoperationis usedto makethepivot row availableto all processors.
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Moreover, in eachstepof the backwardsubstitution,a broadcastoperationis used
to makethe newly computedelementavailableto all processors.This makeseach
elementof the solutionvectoravailableto eachprocessor. Thus,the approximation
vectorof theNewton iterationcanbeheldreplicated.Thereplicatedgenerationof the
solutionvectorof theGaussianeliminationrequiresonly local operationsto produce
theupdatedapproximationvectorin a replicatedway.

SincetheNewton iterationdeliversthestagevectorsreplicated,theiterationvectorn�o[q � canbecomputedblock-wise,i.e., eachprocessorcomputesa contiguousblock
of m ¿ � componentsof n�o�q � . After this computation,n�o[q � is madeavailableto each
processorby a multi-broadcastoperationto whicheachprocessorcontributesthe m ¿ �
componentsof n o[q � that it haslocally computed.This operationis necessary, since
eachprocessorneedstheentirevector n o[q � in thenext timestep.

Theparallelimplementationof implicit RK methodsessentiallyconsistsof aparallel
executionof the Newton methodwhich requiresnearlyall of the executiontime of
a time step. In eachtime step,a nonlinearsystemwith heêºm componentshasto be
solvedwherethesolutionvectoris theconcatenationof theapproximationsto thestage
vectors.Thus,theapproximationsof thestagevectorsarecomputedsimultaneously
in contrastto thecomputationof thestagevectorsin explicit RK methods,see,e.g.,
[1], wherethe stagevectorshave to be computedoneafter another. Increasingthe
numberof stagesleadsto anincreasein thesizeof thenonlinearequationsystemand,
hence,to an increasein theavailabledegreeof parallelism. Theavailabledegreeof
parallelismis not limited by datadependencieswithin onetime step. But thereis of
coursea dependencebetweensuccessive time steps. Moreover, the executiontime
of onetime stepis quite largecomparedto theexecutiontime of themulti-broadcast
operationat theendof eachtime step,i.e., theefficiency is mainly dominatedby the
efficiency of theNewton iteration.

3.3.2 Parallel DIIRK methods

In eachcorrectorstepof theDIIRK method,wehaveto solve h independent,nonlinear
subsystemseachof size m insteadof one systemof size h�ê�m . The existenceof
independentsubsystemsnot only decreasesthe computationaleffort but canalsobe
exploited for a parallel implementation. We computethe stagevectors

z ( ��+w
, |çìù�û�ñoñ�ñ û�h , by solving the subsystemsby a separateNewton iteration. Let å � � w for| ì�ù�û�ñoñ�ñ û�h and  �ì�ù�û�ñ�ñoñ û�i denotethe subsystemsof onecorrectorstep   . å � � w

is thenonlinearsystem� � � w �{� � ì�ü with � � � w accordingto Equations(3.8) or (3.10),
respectively. Thefollowing figureillustratestheorderin which thesystemså � � w have
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RK method stages order DIIRK iterations

RadauIA 2 3 2
RadauIIA 3 5 4

LobattoIIIC 5 8 7

Figure3.1 Characteristics of implicit RK methods.

to besolvedbecauseof datadependencies:æ�çè¬�¬�¬£¬ ¬ ¬�¬`¬�¬`¬�¬�¬ ¬ ¬0¬�¬£¬é£ê�ë ê ì í�í#í ì é�ê�ë î¬�¬�¬£¬ ¬ ¬�¬`¬�¬`¬�¬�¬ ¬ ¬0¬�¬£¬
...

...¬�¬�¬£¬ ¬ ¬�¬`¬�¬`¬�¬�¬ ¬ ¬0¬�¬£¬é£ï ë ê ì í�í#í ì é£ï ë î¬�¬�¬£¬ ¬ ¬�¬`¬�¬`¬�¬�¬ ¬ ¬0¬�¬£¬èæ ç�ð ê
The symbol S indicatesindependentcomputations,i.e., å � � � S ñoñ�ñ S å � � u are

independentof eachotherandcanbesolvedin parallel. Thehorizontaldashedlines
indicatea synchronizationpointanddataexchange.

In thefollowing,weconsidertwo executionschemes· a consecutiveexecutionschemein which the systemså � � � û�ñoñ�ñsû#å � � u of one
correctorstep  aresolvedoneafteranotherby all processorsavailableand· a groupexecutionschemein which thesesystemsaresolvedconcurrentlyby h
independentgroupsof processors.

The consecutive execution schemehas a similar computationand communication
behavior than the parallel implementationof the implicit RK methoddescribedin
Section3.3.1. Thedifferenceis that thesystemsto besolvedfor theDIIRK method
areof size m whereasthesystemsto besolvedfor theimplicit RK methodsareof sizeh�êÁm . For the group implementation,the setof processorsis divided into h groupsñ ��û�ñoñ�ñsû ñ u . Group

ñ w
containsaboutthe samenumberò w ì¸óL� ¿ h�ô or ò w ì¸õ-� ¿ hÅö

of processors.In eachcorrectoriterationstep Îì�ù�ûoñ�ñoñ�û�i , group
ñ w

is responsible
for the computationof one subvector

z ( �%+w
, | �k÷ ù�ûoñ�ñoñÒû�h�ø . The solution of the

nonlinearsystemsis donewith a groupimplementationof the Newton method,i.e.,
thecommunicationoperationsarereplacedby groupcommunicationoperations.

3.4 RUNTIME TESTS

For theRK methodsin Figure3.1,we comparetheruntimeof implicit RK methods
andDIIRK methodsof the sameorder j . For the DIIRK methods,the numberof



PARALLELSOLUTIONOF STIFFODE 43

iterationsis chosenas iÆìùjZU�ù . As target machinewe considera Cray T3E
which we programwith C and MPI (MessagePassingInterface). We performed
runtimetestswith �Ãìk� û�õ,û�ù% ,û and32 processors.As test problems,we consider
two ODEsystems:anODE systemthatresultsfrom a spatialdiscretizationof a two-
dimensionalreaction-diffusion equation[3] andan ODE systemthat resultsfrom a
Fourier-Galerkinapproximationof a Schr̈odinger–Poissonsystemfor the numerical
simulationof a collisionlesselectronplasma[6]. The 2D Brusselatorequationis
describedby Þ ÌÞ c ì ù�rVÌ A�ú Ua� ñ��ÁÌlr@û Ó�Þ A ÌÞ ë A r Þ A ÌÞ ð A ÔÞ úÞ c ì �òñ��ÁÌZU¹Ì A%ú rVû Ó Þ A úÞ ë A r Þ A úÞ ð A Ô
for ü`Æ�ëbÆ�ù , ü`Æ�ðaÆ�ù , c9ü ü . The unknown functions Ì and

ú
describethe

concentrationsof thetwo substances.A NeumannboundaryconditionÞ ÌÞ m ì$üòû Þ úÞ m ìqüòû
andtheinitial conditionsÌ � ë}û�ð,û�ü � ì�ü,ñ�ÿÐrÃðòû ú � ë}û�ð,û�ü � ìúù�rÃÿ2ë
areused.A standarddiscretizationof thespatialderivativeswith a uniform grid with
meshsize ù ¿ � økUkù � leadsto thefollowing ODEsystemof dimension��ø A :��Ì ~ �� c ì ù}r4Ì A~ � ú ~ � U���ñ��ÁÌ ~ � rVû � ø9U�ù � A � Ì ~ q � � � r�Ì ~ � � � � r4Ì ~ � � q � r4Ì ~ � ��� � U��²Ì ~ � � �� ú ~ �� c ìý�,ñ��²Ì ~ � U�Ì A~ � ú ~ � raû � ø9U�ù � A � ú ~ q � � � r ú ~ � � � � r ú ~ � � q �}r ú ~ � ��� ��U`� ú ~ � � � ñ
For û
ìúü,ñ�ü}� , this ODE systemis stiff [3]. TheSchr̈odinger–Poissonsystemfor the
numericalsimulationof a collisionlesselectronplasma[6] is describedby¥�þ Þ�ÿÞ c ì U þ�}i Þ A ÿÞ ë A rVÉ�� ÿÞ A �Þ ë A ì É£m ï� ï � ù�U ÿlÿ ¤��
with electroncharge É andelectronmassi . ÿ is the unknown Schr̈odingerwave
function, � is a potential.A Galerkinapproximationwith theGalerkinAnsatzÿ � ì v� w ��� � û w �Lc � s w û�� � ì v� w ��� � � w �Lc � s w û m � ø� û
resultsin thefollowingdimensionlessODEsystemfor thecoefficients û w �Lc � and

� w �dc �
of ÿ � and � � ¥ �²û w� c ìKU	� w û w r v� � ��� � û w ê ��
 � s � û�s w � û�|8ì$ü,û
�zù�û�ñ ñ6û
�lm� w ì ù� w � Í � � Í A û�s w � û |8ì��Îù�ûoñ�ñ�ñ û��lm
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with � w ì � A�� w� � A . Thefunctionss w � ë � ì ù� |��
��� » ¥ ����|è ë ½ û | ���
areanorthonormalbasisof è A ��� üòû�è! � with theusualscalarproduct

� Ì}û ú � .
A characteristicof the BrusselatorODE systemis that the evaluationtime of one

componentof e doesnot dependon the sizeof the ODE system(sparsee ). Thus,
the evaluationtime of the completefunction e dependslinearly on the numberof
equationsin the ODE system. A characteristicof the Schr̈odingerODE systemis
that the evaluationtime for onecomponentof e dependslinearly on the sizeof the
ODE system(densee ), i.e., theevaluationtime of the completefunction e depends
quadraticallyon thenumberof equationsin theODEsystem.

Tocomparetheparallelexecutiontimeof implicit RK methodsandDIIRK methods,
weapplythemethodsfromFigure3.1tothetestproblemswith differentdiscretizations.
Figures3.2 and3.3 show theruntimesfor methodsof order3 basedon theRadauIa
method.Figures3.4 and3.5 show theruntimesfor methodsof order5 basedon the
RadauIIa method.Figure3.6showstheruntimesfor methodsof order8 basedon the
LobattoIIIC method.Thefiguresusealogarithmicscalebecauseof thelargedifference
in theexecutiontimefor systemsof differentsizes.Thefollowingobservationscanbe
madefrom theruntimetests:· For smallsystems,theimplicit RK methodsleadto smallerexecutiontimesthan

theDIIRK methodsin mostcases.For largersystems,theDIIRK methodsare
usuallyfasterthantheimplicit RK methods.· For largersystems,thedataparallelexecutionof theDIIRK methodis usually
slightly fasterthanthe taskparallelexecution. For smallersystems,the task
parallelexecutionis oftenfaster.

Theseobservationscanbemadefor theBrusselatoraswell asfor theSchr̈odinger
example. For a selectionof the methodwith the fastestparallelexecutiontime, the
following roughrulescanbeused:· For theBrusselatorequationusethe implicit RK methodsfor systemsof small

sizesandusethedataparallelDIIRK methodfor largesystems.· For theSchr̈odingerequation,usetheimplicit RK methodsfor smallsystems,the
taskparallelDIIRK methodsfor systemsof mediumsize,andthedataparallel
DIIRK methodsfor largesystems.

3.5 CONCLUSIONS

Implicit RK methodswith h stagesrequirethesolutionof anonlinearequationsystem
of size h�ê�m in eachtimestep.DIIRK methodsthatarebasedonthesemethodsrequire
thesolutionof iúê[h nonlinearequationsystemin eachtimestep,eachsystemhaving
size m . For iÜì&jlU�ù where j is the orderof the underlyingimplicit RK method,
a DIIRK methodof the sameorder results. An h -stageRadauIIa methodhasfor
exampleorder j�ì\�}hÒUôù . Thesolutionof a nonlinearsystemof size m by a Newton
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Figure3.2 Runtimes of methods of order 3 based on RadauIA solving the Brusselator
ODE on a T3E using 16 (top) and 32 (bottom) processors.
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Figure3.3 Runtimes of methods of order 3 based on Radau IA solving the Schrödinger
ODE on a T3E using 16 (top) and 32 (bottom) processors.
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iterationrequiresin eachiterationstepthe computationof a Jacobimatrix and the
solutionof a linear equationsystem. Using a forward differenceapproximation,m
evaluationsof the completefunction � with m components(accordingto Equations
(3.3)or (3.8))arerequiredfor thecomputationof theJacobimatrix. Thesolutionof
thelinearequationsystemsof size m with a directmethodhasruntime # � m ) � . Thus,
theimplicit RK methodsrequiretheevaluationof h A ê"m A componentsof theright hand
side e of theODE systemanduseruntime # � h ) ê�m ) � for the linearequationsystem
in eachiterationstepof theNewton method.TheDIIRK methodson theotherhand
requirethe evaluationof h�ê}iÛê}m A componentsof e anduseruntime # � h�ê}i�ê}m ) �
for the solutionof linear equationsystems. Therefore,for the RadauIIa methods,
the numberof function evaluationsrequiredfor onetime stepof the DIIRK method
is larger. However, theadditionalpotentialparallelismoutweightsthis computational
disadvantage.

Thecomparisonof theparallelruntimesof implicit RK methodsandDIIRK methods
dependsstronglyon the evaluationtime of theright handside e of theODE system
considered.For theBrusselatorODE system,theevaluationtime of onecomponent
of e is constant. Hence,for larger systems,the execution time for one Newton
iterationis dominatedby thetime for thesolutionof thelinearequationsystems.For
the Schr̈odingerODE system,the evaluationtime of onecomponentof e increases
linearly with m , i.e., for larger systems,the computationof the Jacobimatrix hasa
significantinfluenceon theexecutiontime.
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Abstract: Wepresentanapproachfor parallelspacedecompositionwhichfacilitates
minimizationof sufficiently smoothnon-linearfunctionalswith or withoutconstraintson
thevariables. The framework for thespatialdecompositionunitesexisting approaches
from paralleloptimization,parallel variable distribution, andfinite elements,Schwarz
methods. Additive andmultiplicative algorithmsbasedon thespatialdecompositionare
described.Convergencetheoremsarealsopresented,from which convergencefor the
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4.1 INTRODUCTION

For ourresearchweareconcernedwith thedevelopmentof parallelalgorithmsfor the
solutionof theproblem M2NBOP}Q�$ e � ë � û�ò � ë � ü üòû (4.1)

where e and ò aresmoothnonlinearfunctionalson R
�
, and % is a closednonempty

setin & � . Thework presentedhereprovidesadditive andmultiplicativ ealgorithms
for the solutionof (4.1). A convergencetheoryprovidesfor convergencewhen ' is
convex andtheproblemis constrainedonly by therequirementthat ( � % , where %
is alsoconvex.

Approachesfor parallelsolutionof (4.1) typically addressthe problemin oneof
two ways.Thereis avastliteratureonappropriatesequentialmethodsfor thesolution
of optimizationproblems,with theformatof thealgorithmsheavily dependenton the
preciseformulationandcharacteristicpropertiesof thedefiningfunctionals.Intrinsic
to mostof thesestrategiesareefficient kernelsfor iterative linearsolvers. Thus,one
approachfor parallelizationis to focuson themostcomputationallyintensiveaspects
of thealgorithmandseekto parallelizethesekernels.Thishastheadvantageof main-
taining all convergencecharacteristicsof the underlyingmethods,which have been
developedthroughmany yearsof experienceandresearch.On theotherhand,some
of theadvantagesof parallelizationmaybelost if significantportionsof thecodeare
still requiredto run in a sequentialfashion. Thealternative is to seekto designnew
algorithmsfor optimizationwhich areparticularlysuitedto parallelismandstandto
offer high parallel efficiency. In this framework thereis potentialfor the develop-
mentof completelynew strategemswhichcouldimproveoncurrentunderstandingof
sequentialformulations. At the sametime, thereis alsothe needto develop a the-
ory to describetheconvergencecharacteristicsof any new method.Thusthesecond
approachfor parallelismdoespresenta potentiallygreaterimprovementin parallel
efficiency, but with thedisadvantagethat thesignificantprogressthathasbeenmade
in theunderstandingof sequentialoptimizationmaynot carryover.

The work presentedin this paperseeksto develop an approachfor parallelism
whichisbasedonspatialdecompositionandminimizationonsubdomainsutilizing any
methodof choicefor thesubdomainminimizations.A key componentof theresulting
parallelalgorithmalsoreliesonaneffectiverecombination,atminimalsequentialcost,
of localsolutionsto generateaniterativeupdateof theglobalsolution.Threemethods
for theupdatewill bedescribed.Thiswork extendsresearchby [9] and[8], ontheuse
of iterativespacedecompositionmethodsfor stronglyconvex functionalsandprovides
a unifying framework which connectstheapproachto theideasof [3] on theparallel
variabledistribution(PVD) algorithm.

In the next sectionwe describethe spatialdecompositionand presentthe algo-
rithms. Convergenceresultsfor the unconstrainedcase,both for exact andinexact
local solutions,aregivenin Section4.3. Theconstrainedcaseis reviewedin Section
4.4. Proofsof all results,furtherdiscussion, andsomenumericalcomputationsare
discussedin [4].
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4.2 PARALLEL SPACE DECOMPOSITION

Throughoutthewholepaperwedenoteby )+*-,/.!021�,4353436,�78, a collectionof 7 (non-
trivial) subspacesof )90 R : whichspanthewholeof ) , i.e.)90 ;< *>=!? )+*!3 (4.2)

We do not assumethatthis sumis direct,soa vectorin ) mayhave severaldifferent
representationsasasumof componentsfrom the ) * . The ) * ,	.@0A1�,435343+,
7 aretermed
aspacedecompositionof ) . Weconsiderall spaces) * , aswell as) , asbeingequipped
with theEuclideannorm BDC�B from ) .

With eachof thespaces)E* weassociatethelinearandinjectiveembeddingoperatorF *HGI)+*KJL) which maps ( asan elementof )+* on ( asan elementof ) , andthe
correspondingsurjectiverestriction&M*@0 FMN* G+)9JO)E* . Propertiesof theseoperators
aredescribedin [4].

4.2.1 Algorithms

For theunconstrainedproblem(4.1)weformulate7 unconstrainedlocalminimization
problemsfor theauxiliary functions' * GP) * J R, .Q0R1S,5343536,
7 ,TVUXWY4Z[4\�] [ '4*_^�`4*�ab0 T�UXWY5Z[5\�] [ '�cd(fe FHg* `4*�hi,�.@091S,534343	,
7j, (4.3)

where)90�k ;*>=!? ) g* is agivensequenceof spacedecompositionswith corresponding
prolongations

F g* . Two iterative algorithms,oneadditiveandtheothermultiplicative
, for thesolutionof theunconstrainedglobalminimizationproblemarebasedon the
solutionof theselocal minimizations.Here,andthroughout,thesuperscriptl onany
variableindicatesthe valueat the l th iteration,while index . is associatedwith the
correspondingsubspace) g* .

Algorithm 1. (Additivevariantfor 7 processors)mon+p�pEq�r (EsHt�)vuxw�y{zQ?4,5343536,�z ;9|{}�~Q�4� n k * z+*@0A1� px� l�0 } ,�1�,435343 �6���Pw �Q����� '@^�( g a�0 }E�m�n+p�pEqSr u q�� u m�r y rEm�p��+�+pEq �5�Q� p w�)90�k ;*>=!? ) g*� px� .!0R1S,534353E,�7� pS�+� � � r ` g* t�) g* q � m�n � n u �'!^�( g e F g* ` g* a�0 TVUXWY [ \�]IZ[ '@^�( g e FHg* ` * a���� ��6� � pEm u � � � w � � �5� u �Q� p w �( *>� g 0�( g e F g* ` g*� r � rx��� � w r�� g*I� .@0�1�,435343	,
7 ��� px�x� � � y+u � r�6� qo� w m�n���p w �4� u �Q� p w �( go  ? 0�( g e ;< *>=!? � g* F g* ` g* ��¡ �
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¤ �¥ w�y¥ w�yD¦
Weconsiderthreeapproachesfor fulfilling (4.2.1)at eachglobalupdate.

i) The optimalstrategy . Determine� g* ,435343	, � g; by solving the 7 -dimensional
minimizationproblem T�U§W¨ª©6« ��¬�¬�¬d� ©	­@® \ R ­ '!^�( g e < * � * F¯g* ` g* a�3 (4.7)

ii) Theselectionstrategy . Determine° suchthat'@^�(+± � g aI0 ;T�U§W*>=!? '@^�( *>� g a�3
Then,with � g± 0A1 and � g* 0R1 , .³²0´° ,( g�  ? 0µ(E± � g 3 (4.8)

iii) Theconvex combinationstrategy. For convex ' form theconvex update( g�  ? 0 ;< *¶=!? z * ( *¶� g 0µ( g e ;< *¶=!? z * F g* ` g* , (4.9)

with � g* 0{zE*�,
.Q0R1S,534343	,
7 .

Notethatthisalgorithmmayalsobeseenasacoordinatedescentmethod[1] if the
choice � g* 0·1 is madefor all choicesof . and l . i We do not considerthis strategy
for globalupdatebecausethedescentcondition(4.2.1)neednotbesatisfiedandhence
convergenceis not guaranteed.In addition,when(4.9) is used,thealgorithmrelates
to themethodsof [7], and[8], exceptthatherethespacedecompositionis notrequired
to bedirect.When ' is restrictedto beaquadraticfunctionaltheabovealgorithmmay
alsobeinterpretedastheclassicaladditiveSchwarziterativesolver for theequivalent
linearsystem, e.g. [5].

A multiplicative versionof thealgorithm,which doesnot facilitatecompletepar-
allelism unlesssubproblemindependenceprovides a suitablecoloring, is given as
follows:

Algorithm 2. (Multiplicativevariant)� n+p�pEq�r (+sMt R : �� px� l¸0 } ,�1�,435343 � �6���Pw �Q���{� '!^�( g a�0 }E�� n+p�pEqSr u q�� u m�r y rEm�p��+�+pEq �5�Q� p w�)90�k * ) g* ¦



PARALLELSPACE DECOMPOSITION 57� px� .!0R1S,534353E,�7� pS�+� � � r ` g* t�) g* q � m�n � n u �'º¹5( g e¼» k *�½@?¾ =!? F g¾ ` g¾ e F g* ` g*�¿0 TVUXWY [ \�] [ '�ÀÁ!( g e¼» *�½!?<¾ =!? F g¾ ` g¾ e F g* ` *�ÂÃ ��Ä4Å �¥ w�y( g�  ? 0µ( g eÆ» ;<¾ =!? FHg¾ ` g¾¥ w�y
Here »9t R is ana priori relaxationfactor. The choice »90Ç1 correspondsto a

Gauss-Seidelvariant,whereas»9²091 givestheSORvariantof thealgorithm.

4.3 CONVERGENCE THEORY

4.3.1 The additive algorithm

We will now give convergenceresultsfor theadditive algorithmandcertainvariants
in thecasethat the functional ' hasa Lipschitz-continuousgradient,i.e. thereexistsÈ |�} suchthat B � '!^�`xaIÉ � '@^�(	aÊBM¢ È B4`HÉ�(!B�,ÌË/(Q,
`�t R : 3 (4.11)

We write this as 'ÍtÍÎ�Ï ?Ð ^�)�a . Note thatwe view thegradientprimarily asa linear
mappingfrom ) to R : , i.e. asa ‘row vector’. Whenever we needto identify � '!^�(6a
with its dualfrom ) wewrite � '@^�(	a N .

Westartwith thefollowinggeneralresult.

Theorem 1 (Convergenceof theadditivealgorithm) Let 'jtÑÎ�Ï ?Ð ^�)�a bebounded
frombelowandlet )90�k ;*>=!? ) g* bea sequenceof spacedecompositionssuch that;< *>=!? B5& g* (!B5ÒMÓ�Ô³C�B4(@B4Ò for all (jtÑ) and l¸0 } ,�1�,435343 (4.12)

for someÔ |R} . Thenevery accumulationpoint of the sequenceÕ�( g�Ö generatedby
Algorithm1 is stationaryand × UXT g�ØfÙ � '@^�( g a�0 } .

A resulton therateof convergencefor stronglyconvex ' is thenimmediatefrom
thedefinitionof strongconvexity anda resulton linearconvergencegivenin [3].
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Corollary 1 Assumethat, in additionto thehypothesisof Theorem1, the functional' is stronglyconvex with constantÏ . Thenthesequenceof iterates Õo( g�Ö convergesto(	Ú , theuniqueminimizerof ' , at thelinear root rateB5( g É�( Ú BH¢ÇÛÝÜÏ c '!^�( s a!É¼'!^�( g a h5Þ ?�ß Ò ÛQ1DÉ Ô
z@Ï ÒÈ Ò Þ g ß Ò 3
ThePVD framework of [3] assumesaforget-me-nottermin thelocalminimization

by restrictingeach) g* to theform) g* 0�àº*	e�à g , (4.13)

wherethe à * form anon-overlappingorthogonalspacedecompositionof ) with eachà * independentof l andspannedby Cartesianunit vectors. Thespacesà g areof
dimension7 andarespannedby vectors,onefrom eachà * . Thefollowing corollary
thenapplies,andimproveson theresultsgivenin [2], [3] and[6] by showing thatthe
restrictionson theforget-me-nottermscanbedispensedwith.

Corollary 2 Let 'átâÎ�Ï ?Ð ^�)ãa be boundedfrom below. Then every accumula-
tion point of the sequenceÕ�( g�Ö generated by the PVD algorithm is stationaryand× UXT goØãÙ � '!^�( g a�0 } . Moreover, if ' is stronglyconvex, × UXT goØfÙ ( g 0�(	Ú , where (6Ú
is theuniqueminimizerof ' .
4.3.2 Inexact local solutions

Theresultscanalsoberelaxedtopermitacceptanceof inexactlocalsolutionsin (4.2.1)
by observingthatfor theproof of Theorem1 weneedthelocalsolutionsto satisfy'!^�( g a!É�'@^�( *>� g aDÓ 1Ü ÈAB5&M* � '!^�( g a N B5Ò4,
which is a localsufficientdescentcondition.

Theorem 2 (Convergenceof the inexactadditive algorithm) Let '�t¼Î�Ï ?Ð ^�)Ýa be
boundedfrombelow. Let )90µk ;*>=!? ) g* bea sequenceof spacedecompositionssuch
that ;< *¶=!? B4& g* (!B Ò Ó�Ô³C�B5(!B Ò for all (�t�) and l�0 } ,�1�,435343+,
for someÔ |{} . Let � |{} andassumethat in Algorithm4.2.1,insteadof step(4.2.1)
weaccept‘inexact’ solutions( *>� g to thelocal minimizationproblemwhenever'@^�( g a!ÉÍ'@^�( *>� g aäÓ � C�B5& g* � '@^�( g a N B5ÒS3 (4.14)

Theneveryaccumulationpointof thesequenceÕ�( g�Ö generatedby themodifiedalgo-
rithm is stationaryand × UXT g�ØfÙ � '@^�( g a³0 } . Moreover, if ' is stronglyconvex and
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its gradientis Lipschitz-continuous,then å�.�7 goØfÙ ( g 02(6Ú , theuniqueminimizerof' .
Thisresultthenalsoprovidestheconvergenceresultwith underrelaxationof exact

local solutionsfor stronglyconvex functionals(see[7]), andwith over relaxationfor
quadraticfunctionals.

Corollary 3 Assumethat 'ÍtÍÎ�Ï ?Ð ^�)�a is stronglyconvex andlet thespacedecom-
positions)90µk ;*>=!? ) g* beasin Theorem2.

(i) Let æ ? ,4353436,_æ ; bepositivenumberssuch that æ�Gª0Ak ;*>=!? æ * ¢ç1 andassume
that for all l thesynchronizationstep(4.2.1)in Algorithm4.2.1is replacedby( go  ? 0�( g e ;< *>=!? æ * F g* ` g* 3 (4.15)

Thenå�.�7 goØfÙ ( g 0µ(6Ú , theuniqueminimizerof ' .
(ii) In thespecialcasewhen ' is a quadratic functionalpart (i) holdswith æÍ¢ç1

replacedby æºè Ü .
4.3.3 The multiplicati ve algorithm

Thefollowingconvergenceresults,largelyequivalentto thosefor theadditivevariant,
canalsobeobtained,but with in eachcasetheassumptionthat ' is stronglyconvex.

Theorem 3 (Convergenceof the multiplicative algorithm Let 'étéÎ�Ï ?Ð ^�)Ýa be
stronglyconvex. Assumethat )ç0 k ;*>=!? ) g* is a sequenceof spacedecompositions
such that ;< *¶=!? B4& g* (!B5ÒMÓ�ÔDCPB4(@B4Ò for all (�tÑ) and l�0 } ,�1�,435343+,
for someÔ |9} . ThenthesequenceÕo( g�Ö of iteratesproducedby Algorithm4.6 with»¼0A1 convergesto (6Ú , theuniqueminimizerof ' in ) .

The above theoremhasbeengiven in [7] for the caseof minimizationsubjectto
block separableconstraintson a closedconvex set in ) , and for which the space
decompositionis independentof l . To illustratejust onenew resultcoveredby our
generaltheorem,letusnotethat,dueto(4.13), wegetconvergencefor themultiplicative
variantof thePVD method.

Theorem 4 (Convergenceof inexactmultiplicativealgorithm)Let 'jtÑÎ�Ï ?Ð ^�)�a be
stronglyconvex. Let )90 k ;*>=!? ) g* bea sequenceof spacedecompositionssuch that;< *¶=!? B4& g* (!B Ò Ó�Ô³C�B5(!B Ò for all (�tÑ) and l�0 } ,�1�,435343+,
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for someÔ |´} . Let »�0R1 andassumethat in Algorithm4.6,insteadof step(4.6)we
accept‘inexact’ solutions̀

g* to theminimizationproblemwhenever'!^�( *�½!?�� g a!É¼'!^�( *>� g a�Ó � CPB4& g* � '@^�( *�½@?�� g a N B5Òo, (4.16).@0A1�,434353+,
7j,
where ( *>� g 0�( g eÝk *¾ =!? F g¾ ` g¾ ,Q.@0 } ,5343536,
7 and � |{} isfixed.Then× UXT goØãÙ ( g 0(	Ú , theuniqueminimizerof ' in ) .

4.4 THE CONSTRAINED PVD ALGORITHM

ThePVD theorypresentedin [3] providesconvergenceof Algorithm 1 with synchro-
nizationsteps(4.7) or (4.8) for thecaseof the block separableconstrainedproblem,
i.e., for which ê in (4.1) is assumedto bea Cartesianproductof closedconvex sets,
[3, Theorem3.7]. In orderto solvetheconstrainedproblemit is necessaryto introduce
modificationsto thealgorithmsthatincorporatetheappropriateconstraintconditions.
For now we considerthegeneralconvex-constrainedcase,where ê is a closedcon-
vex set,from which theresultfor theblock separablecasecanbededuced.Thenin
Algorithm 1 thelocalminimizations(4.2.1)arereplacedbyT�U§WY [ \�] [ '4*_^�`4*£a�0 T�UXWY [ \�] [ '!^�( g e F *�`4*da (4.17)( g e F * ` * tÑê ( g e F * ` * tjêj3
Convergencefor theconstrainedproblemis definedin termsof theconvergenceto a
stationarypoint ë( atwhich theminimumprinciplenecessaryoptimalityconditionë(�tìê and � '@^Êë(	aÊ^�`ãÉµë(6a�Ó } ËQ`�tìê (4.18)

is satisfied.Equivalently, í ^
ë(+a�0 } , (4.19)

where

í
is theprojectedgradientresidualfunctiondefinedbyí ^�(	a�Gª0{(�É{î�(ãÉ � '!^�(6a N!ï   , (4.20)

and î ( ï   representstheorthogonalprojectionmapfor element(�t�) ontotheset ê .

Wethusobtainconvergencefor generalconvex ê .

Theorem 5 (Convergencefor generalconvex ê ) Let 'jt�Î�Ï ?Ð ^�)fa bestronglycon-
vex. Thenthesequenceof iteratesÕ�( g�Ö producedbyAlgorithm1 with local minimiza-
tions(4.17)convergesto (6Ú , theuniqueminimizerof '!^�(6a over êñð{) .

Extensionsfor inexactlocalsolutions,andto giverateof convergenceresults,may
alsobederivedasin theunconstrainedcase.
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iteration stepare independentsuchthat the implementationconsistsof only a single
globalsynchronizationpoint per iteration. In exact arithmetic,the processis shown to
bemathematicallyequivalentto thebiconjugategradientmethod.Theefficiency of this
new variantis demonstratedby numericalexperimentsonaPARAGONsystemusingup
to 121processors.

5.1 INTRODUCTION

Storagerequirementsaswell ascomputationtimesoftensetlimits to directmethods
for the solutionof systemsof linear equationsarising from large scaleapplications
in scienceandengineering.If the coefficient matrix is sparse,which typically is the
casefor systemsresultingfrom discretizationof partialdifferentialequationsby finite
differencesor finite elements,iterative methodsoffer analternative. A popularclass
of iterative methodsis the family of Krylov subspacemethods[8, 18] involving the
coefficient matrix only in the form of matrix-by-vectorproducts. Thesemethods
basicallyconsistof thegenerationof a suitablebasisof a vectorspacecalledKrylov
subspaceandthechoiceof theactualiteratewithin thatspace.

In thisnote,aKrylov subspacemethodfor non-Hermitianlinearsystemsis derived
thatgeneratesthebasisof its primarysubspaceby meansof theLanczosbiorthogonal-
izationalgorithm[15] . Dueto theorthogonalizationof thisunderlyingprocedurethe
resultingprocesscontainsinnerproductsthatleadto globalcommunicationonparallel
processors,i.e., communicationof all processorsat thesametime. On the contrary,
for largesparsematrices,parallelmatrix-by-vectorproductscanbeimplementedwith
communicationbetweenonly nearbyprocessors.This is thereasonwhy scalabilityof
animplementationonmassivelyparallelprocessorsis usuallypreventedentirelyby the
computationof innerproduct-likeoperations.Therearetwo strategiesto remedythe
performancedegradationwhich,of course,canbecombined.Thefirst is to restructure
thecodesuchthatmostcommunicationis overlappedwith usefulcomputation.The
secondis toeliminatedatadependenciessuchthatseveralinnerproductsarecomputed
simultaneously. This noteis concernedwith thelatterstrategy in orderto reducethe
numberof globalsynchronizationpoints. A global synchronizationpoint is defined
asthelocusof analgorithmatwhichall local informationhasto begloballyavailable
in orderto continuethecomputation.

Theorganizationof thisnotewhichis anextendedversionof [3] is asfollows. Sec-
tion 5.2 is concernedwith a sketchof a specificversionof theLanczosbiorthogonal-
izationalgorithmsuitablefor massivelyparallelcomputing.In Sect.5.3,thisversionis
usedtoderiveanew processfor thesolutionof systemsof linearequationsthatisshown
to bemathematicallyequivalentto thebiconjugategradientmethod(BCG)[16,6] . A
rescaledversionof the original BCG is reviewed in Sect.5.4 andusedasa contrast
to reportnumericalexperimentsandtimingson a PARAGON systemusingup to 121
processorsin Sect.5.5.



PARALLELBICONJUGATEGRADIENTMETHOD 65

5.2 UNSYMMETRIC LanczosALGORITHM

The Lanczosbiorthogonalization algorithm [15] indexLanczosbiorthogonalization
algorithmoftencalledunsymmetricLanczosalgorithm(Lanczosalgorithmhereafter)
wasoriginally proposedto reducea matrix to tridiagonalform. We herefocuson a
differentapplication,namelythecomputationof two basesof two Krylov subspaces.
Givenageneralnon-Hermitianmatrix óôtÑõföH÷+ö andtwo startingvectorsøI?5,�ùV?³tõfö satisfying ù N ? øI?Ý0á1 , the Lanczosalgorithmgeneratestwo finite sequencesof
vectorsÕ5ø : Ö : =!?ú� Ò � û
��¬�¬�¬ and Õ5ù : Ö : =!?�� Ò � û���¬�¬�¬ with thefollowing threeproperties:ø : tìü : ^ýøI?5,
óVa8, (5.1)ù : tìü : ^ýù ? ,
ó N aº, (5.2)ù N; ø : 0ÿþ } if �Í²0�7 ,1 if �V0�7 , (5.3)

whereü : ^���,
óVaI0 spanÕ���,
ó���,534353E,�ó : ½@? � Ö denotesthe � th Krylov subspacegen-
eratedby thematrix ó andthevector � . Thevectorsø : and ù : arecalledLanczos
vectorsand their relation (5.3) is commonlyreferredto as biorthogonality. If the
Lanczosvectorsareput ascolumnsinto matrices� : 0�î ø ? ø Ò C5C4C@ø : ï and � : 0Aî ù ? ù Ò C4C5CIù : ï
theLanczosalgorithmis characterized—upto scaling—bythethreeequations

� N: � : 0�� : , (5.4a)ó � : 0 � : 	 : e¼æ :   ?�ø :   ?�
 N : , (5.4b)ó N � : 0�� : 	 N : eÍz :   ?�ù :   ?

 N : , (5.4c)

wherein additiontothe ����� identitymatrix � : andits lastrow 
 N : the ����� tridiagonal
matrix

	 : 0 À�������Á
� ?Lz Òæ Ò � Ò z+ûæxû

...
...

... z :æ : � :
Â��������Ã

is used. The tridiagonal structureof
	 : leadsto three-termrecurrencesfor the

generationof the Lanczosvectorswhich is immediatelyapparentif thealgorithmis
formulatedin vectornotationratherthanin matrix notation;see[11] for details. We
furtherstatethattheformulation(5.4) involvestwo globalsynchronizationpointsper
iterationwhich readilycanbe reducedto a singleoneby a simplereorganizationof
the statements[14]. We stressthat this versionopensthe alternative eitherto scale
the ø : ’sor ù : ’sbut notboth.
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It hasbeenpointedoutby severalauthors[19,17,8, 10] thatin practiceoneshould
have thepossibilityto scalebothsequencesof Lanczosvectorsappropriately, e.g.,BÊø : B Ò 09BÊù : B Ò 0A1�, �V0A1�, Ü ,���,435343V, (5.5)

in orderto avoid over- or underflow.

Ratherthanperformingthe necessarychangesto the above three-termprocedure
whichcanbefoundin [9], wehereconcentrateonadifferentvariantinvolvingcoupled
two-term recurrences. This formulation that is basedon the LU decomposition
of the tridiagonalmatrix

	 : is, in exact arithmetic, mathematicallyequivalent to
the three-termprocedure.In finite precisionarithmetic,numericalexperiments[10]
suggestto favor thecoupledtwo-termprocedurewhenusedastheunderlyingprocess
of an iterative methodfor the solution of linear systems. Therefore,we start our
discussionwith a summaryof thefindingsgivenin [2] wherea specificvariantof the
Lanczosalgorithmbasedon coupledtwo-termrecurrencesis derived. This variant
offersthepossibilityto scalebothsequencesof Lanczosvectorsandit involvesonly a
singleglobalsynchronizationpointperiteration.We remarkthateachiterationof the
correspondingversionwith unit lengthscalingof bothLanczosvectorsgivenin [10]
consistsof threeglobal synchronizationpointswhich canbe reducedto two without
considerabledifficulties—but not to a singleone.

We herestatethe matrix equationsthat characterizethe variant of the Lanczos
algorithmdevelopedin [2] andgivesomecommentsafterwards:

� N: � : 0�� : , (5.6a)� : 0�� : � : , (5.6b)ó�� : 0 � :   ?
� : , (5.6c)�� : 0�� : � ½@?: � N : e � :   ?� :   ? ù :   ? 
 N : , (5.6d)ó N � : 0 �� : ½@?�� N : ½@? � : e! : � : � " : 
 N : 3 (5.6e)

The possibility to scaleboth sequencesof Lanczosvectorsrequiresto replacethe
biorthogonality relation(5.4a)by (5.6a)wherethediagonalmatrix

� : 0�# U%$'& ^ � ? , � Ò ,534353�, � : a
with

� * ²0 } for .D0ô1�, Ü ,435343�,�� is used. The processis saidto bebasedon coupled
two-termrecurrencesbecauseof thebidiagonalstructureof thematrices

� : 0 À����Á
 ?æ Ò ...

...  :æ :   ?
Â�����Ã tÑõ ¨ :   ? ® ÷ : (5.7)
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and

� : 0 À����Á
1 � Ò1 ...

... � :1
Â�����Ã tÑõ : ÷ : 3

Weremarkthatthesematricesarethefactorsof theLU decompositionof thetridiagonal
matrix

	 : of thethree-termprocedureif thelastrow of � : iseliminated.In additionto
theLanczosvectors,two morevectorsequences,Õ�( : Ö : =!?�� Ò � û
��¬�¬�¬ and Õ � " : Ö : =!?�� Ò � û
��¬�¬�¬ ,
aregeneratedgiving riseto matrices

� : 0Aî ( ? ( Ò C5C4C)( : ï and
�� : 0Rî � " ? � " Ò C5C4C � " : ï 3

Equations(5.6b) and (5.6c) show that the generationof the vector sequencesø :
and ( : is coupledandso are ù : and

� " : . The completederivation of this variant
of the Lanczosalgorithmis givenin [2]. We finally stressthat therearelook-ahead
techniques[19, 17,12,9, 13] preventingtheLanczosalgorithmfrom breakingdown.
Althoughany implementationwill benefitfrom suchtechniquesthey arebeyond the
scopeof thisnote.

5.3 A PARALLEL VARIANT OF BCG

TheLanczosalgorithmis now usedastheunderlyingprocessof an iterative method
for thesolutionof systemsof linearequationsó+*ì0�, , (5.8)

where óÇt�õãöf÷+ö and *I,�,�tÍõfö . Oneof thefeaturesof theLanczosalgorithmis
the fact that theLanczosvectorsøI?5,�ø Ò ,435343�,_ø : form a basisof theKrylov subspace
generatedby ó andthe startingvector øI? . SinceKrylov subspacemethodsfor the
solutionof (5.8)arecharacterizedby

* : t-* s e�ü : ^�. s ,
óVaj,
where* s is any initial guessand . s 0�,ÑÉÆó+* s is thecorrespondingresidualvector,
relation(5.1)raiseshopestoderiveaKrylov subspacemethodif theLanczosalgorithm
is startedwith øI?ä0 1æ+? . s , (5.9)

whereæ ? 0RB/. s B is a scalingfactor. Then,the � th iterateis of theform

* : 0�* s e � :10�: , (5.10)
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whereasbeforethe columnsof
� : tµõföH÷ : arenothingbut the Lanczosvectorsø ? ,�ø Ò ,435343�,_ø : and 0�: t�õ : is a parametervectorto befixed later. Thegoalof any

Krylov subspacemethodis in somesenseto drive theresidualvector

. : 0�,ÑÉÍó�* :
to thezerovector. Using(5.6b)andintroducing

� : 0 � : 0 : , (5.11)

theiteratesaccordingto (5.10)arereformulatedin termsof � : insteadof 0 : giving

* : 02* s e2� : � : 3 (5.12)

Onaccountof (5.9)and(5.6c)thecorrespondingresidualvectoris

. : 0 � :   ? ¹ æ+?�
 ¨ :   ? ®? É3� : � : ¿ , (5.13)

where
 ¨ :   ? ®? 09^-1�, } ,435343�, } a N t�õ :   ? . GeneratingtheKrylov subspaceby meansof
theLanczosalgorithmandfixing � : , andsoimplicitly 0 : by(5.11), aniterativemethod
canbederived. Let 4 `4* denotethe . th componentof � : , i.e., � : 02^54 `x?5,/4` Ò ,434353�,�4 ` : a N .
Theideais to drive . : to thezerovectorby

4` * 0 678 79 æ+? 4? if .!0R1¼,É æ * �* 4`4*�½@? if .!0 Ü ,:��,534353-,:�A3
This choiceof � : is motivatedby thestructureof � : givenin (5.7)andzerosout the
first � componentsof thevector æ ? 
 ¨ :   ? ®? É;� : � : in (5.13). Theresidualvectoris
thengivenby

. : 0 � :   ? À���Á }
...}É³æ :   ? 4 ` :

Â����Ã 3 (5.14)

It is importantto notethat theprocessof fixing � : is easilyupdatedin eachiteration
stepbecause� : ½@? coincideswith thefirst � Éì1 componentsof � : . Thecorresponding
recursionis

� : 0 Û � : ½!?} Þ�e=< : 
 : , (5.15)

where
 : 0R^ } ,435343�, } ,�15a N t8õ : and

< : 0�É æ : : < : ½!? (5.16)
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with < s 09Éf1 . Inserting(5.15)into (5.12)yields

* : 0�* s e=� : ½@?>� : ½@?be!< : ( :0�* : ½@?@e2< : ( : 3 (5.17)

Note that B�. : B Ò is immediatelyavailable because,at every iteration step, the last
componentof � : is < : by (5.15). Hence,from (5.14)therelationB�. : B Ò 0AB
ø :   ?5B Ò C@? æ :   ?
< : ? (5.18)

follows.

Properlyputting (5.16)and(5.17)on top of the Lanczosalgorithmcharacterized
by equations(5.6)resultsin Alg. 1. WeremarkthattheunderlyingLanczosprocedure
operateswith unit scalingof both sequencesof Lanczosvectors,see(5.5), and is
explicitly presentedin [2, Alg. 3]. In thiscase,(5.18)simplifiestoB�. : B Ò 0A? æ :   ?
< : ? (5.19)

thatcanbe usedasa simplestoppingcriterion. In Alg. 1, the operationsleadingto
globalcommunicationonparallelprocessorsaremarkedwith a precedingbullet. The
absenceof any datadependenciesof theseoperationscan be exploited to compute
them simultaneously, i.e., by reducingtheir local partial sumsin a single global
communicationoperation.

Having derived the above iterative processfor the solutionof linear systems,we
afterwardsrealizedthatAlg. 1 is justanew variantof thebiconjugategradientmethod
(BCG)[16, 6] whoseiteratesaredefinedby theGalerkintypeconditionù N . : 0 } for all ùôtìü : ^ýùV?4,�ó N aº, (5.20)

where ù ? is arbitrary, provided ù N ? ø ? ²0 } , but one usually set ù ? 0B. s�C B�. s B Ò
as Alg. 1 implicitly does[2]. To seewhy (5.20) holds, recall that by (5.2) every
vector ùôtìü : ^ýùV?4,�ó N a is of theformùé0�� :ED for some D tÑõ : ,
where � : is generatedby the Lanczosalgorithm. Using (5.14) and the above ar-
gumentationof < : as the last componentof � : , the condition (5.20) is equivalent
to É³æ :   ? < : D N � N: ø :   ? 0 }
thatis satisfiedbecauseof thebiorthogonality (5.6a).
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Input ój,�, and * s( s 0 " s 0�FH, �øI?³0 �ù�? 0�,ºÉÆó+* sæ s 0HG s 0 } ,I s 02J s ²0 } ,I< s 09Éf1æ+? 0AB �øI?�B Ò ,�G�?ä0AB �ù�?5B Ò ,LKx? 0 �ù N ? �øI?Q,NMx? 0 c ó N �ùV? h N �øI?
for �j091S, Ü ,:��,534343 do� : 0 æ : ½@? G : ½@? K :æ :  : ½@?/K : ½!? : 0 M :K : Éiæ : � :( : 0 ?OQP �ø : É � : ( : ½@?" : 0 ?R P ó N �ù : É OQPTS1PR P " : ½!?�ø :   ? 0�ó�( : ÉVU POQP �ø :�ù :   ? 0 " : ÉWU PR P �ù :X æ :   ? 0AB �ø :   ? B ÒX G :   ? 0AB �ù :   ?�B ÒX K :   ? 0 �ù N:   ? �ø :   ?X M :   ? 0 c ó N �ù :   ? h N �ø :   ?< : 0�É æ : : < : ½@?* : 0�* : ½!? e2< : ( :

if ^
? æ :   ?:< : ?xè tolerancea then STOP

endfor

Algorithm 1: A parallelvariantof thebiconjugategradientmethod

Althoughthe historyof thebiconjugategradientmethoddatesbackto the1950s,
we are unaware of any implementationof this methodwith the propertiesof the
above procedure:Thepossibility to scalebothsequencesof Lanczosvectorsandthe
independenceof all innerproduct-likeoperationsleadingto only a singleglobalsyn-
chronizationpointperiterationonparallelprocessors.Themathematicalequivalence
of the principal idea given hereand the biconjugategradientmethodis mentioned
in [7, 4] althoughappliedto theLanczosalgorithmbasedon three-termrecurrences.
We finally remarkthat, in a slightly modified form, the procedureintroducedhere
turnsout to be a specialcaseof a new iterative methodminimizing a factor of . :
with respectto the Y -normthatwill bepresentedelsewhere. Moreover, theLanczos
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algorithmcharacterizedby equations(5.6) is alsousefulto derive a parallelvariantof
anotheriterativemethod[1].

Input ó8,
, and * s( s 0 " s 0�FH,jøI? 0�ùV? 0A^Z,ºÉ¼ó+* s a C B/,jÉÆó�* s B ÒJ+?³0!G�?³0 } ,�[ s ²0 } ,N< s 0�Éf1
for �j0R1S, Ü ,:��,5343
3 doX � : 0{ù N: ø :( : 0�ø : É R P�\�P] P�^ « ( : ½@?" : 0{ù : É`_ P�\�P] P/^ « " : ½@?X [ : 0 " N : ó+( :z : 0 ]aP\ P�ø :   ? 0�ó�( : ÉÆz : ø :�ù :   ? 0�ó N " : ÉÍz : ù :X J :   ? 0RB �ø :   ? B ÒX G :   ? 0RB �ù :   ? B Ò< : 0�É J :z : < : ½@?* : 0�* : ½@?@e2< : ( :

if ^
? J :   ?�< : ?Pè tolerancea then STOPø :   ? 0 ?_ P
b « �ø :   ?ù :   ? 0 ?R P
b « �ù :   ?
endfor

Algorithm 2: A rescaledversionof thebiconjugategradientmethod

5.4 A RESCALED VERSION OF THE ORIGIN AL BCG

Sincethebiconjugategradientmethodis thearchetypeof anentireclassof iterative
methodsstandardimplementationsof this processaregivenat numerousplaces[16,
6, 8, 18] to namea few. To draw a fair comparisonbetweenAlg. 1 andtheoriginal
biconjugategradientmethod,this sectionintroducesa particularimplementationof
theoriginal BCG that is takenasa contrastin thenumericalexperimentscarriedout
in thenext section.
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In additionto theoriginalsystemó+*80H, , thebiconjugategradientmethodimplic-
itly solvesadualsystemó N �*j0 �, givingrisetotwosequencesof residualvectors.For
reasonsof stability, thereis noharmin scalingtheseresidualvectorsin orderto avoid
over- or underflow. Standardimplementationsusuallydo not involve the possibility
to scaleboth of thesevectorsresultingin fewer inner product-likeoperations.The
residualvectorsof thebiconjugategradientmethodare,upto scaling,just theLanczos
vectorsof the Lanczosalgorithm. So, to draw a fair comparisonwith Alg. 1 which
offersthescalingof bothsequencesof Lanczosvectorswe derive animplementation
of thebiconjugategradientmethodwith scalingof bothsequencesof residualvectors
asfollows.

Alg. 3.2of [10] essentiallyis arescaledversionof thebiconjugategradientmethod
wherethecomputationof theiteratesis omitted.Actually, this is aLanczosalgorithm
involving thepossibilityto scaletheLanczosvectors.We includethecomputationof
theiteratesin thesamewayasabove,i.e.,byaddingtwoassignmentsof theform(5.16)
and(5.17). The resultingprocessis depictedin Alg. 2 where,asbefore,the bullets
mark inner product-likeoperationsandareusedto stressthe datadependenciesthat
lead to threeglobal synchronizationpoints per iteration. Note that this sectionis
solely requiredfor sketchingan implementationof the original BCG that will serve
for comparisonin the numericalexperimentsbelow anddoesnot containany new
material.

5.5 NUMERICAL EXPERIMENTS

This sectionpresentssomenumericalexperimentsby comparingAlg. 1 with Alg. 2.
Both algorithmsare,in exactarithmetic,mathematicallyequivalent. Moreover, both
offer thepossibility to scalethe two sequencesof Lanczosvectors.Theexperiments
werecarriedouton Intel’sPARAGON XP/S10atForschungszentrumJülich with the
OSF/1basedoperatingsystem,Rel. 1.4. The doubleprecisionFORTRAN codeis
translatedusingPortland-Groupcompiler, Rel.5.0.3,with optimizationlevel 3.

As anexampleconsiderthepartialdifferentialequationÎdcV0�e on f�0R^ } ,�15ag�Æ^ } ,�15a
with Dirichlet boundarycondition cV0 } whereÎdc¸0�ÉIh2c�É Ü } Ûjilk ck i e�` k ck ` Þ
andtheright-handside e is chosensothatthesolutionis givenby

c!^ i ,
`�aI0 1Ünm UXW ^Zo1p i a m UXW ^rqspQ`�aº3
We discretizetheabove differentialequationusingsecondordercentereddifferences
ona o'o } �to'o } grid with meshsize 1 C o'o61 , leadingto asystemof linearequationswith
unsymmetricreal coefficient matrix of order 1Tu'�gq }�} with u'q'q Ü o } nonzeroentries.
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Simple diagonalpreconditioningis usedby transforming(5.8) into the equivalent
system v ó+*Ñ0 v ,ô,
where

v 02# Uw$s& ^�7 ? ,�7 Ò ,435343�,�7 ö a is thepreconditionerwith7 * 0 1x k ö¾ =!?Ey Ò* ¾ , .!0R1S, Ü ,534353d,�z 3
For our testrunswe choose* s 0 } asinitial guessto theexactsolutionandstopas
soonas B/. : B Ò è21 } ½E{ . Smallertolerancesdo not yield betterapproximationsto the
exact solution c ; the absolutedifferencebetweenthe approximationsandthe exact
solutionstagnatesat uMC�1 } ½}| .

Topartitionthedataamongtheprocessorstheparallelimplementationsubdividesf
into squaresubdomainsof equalsize. Thus,eachof theprocessorsholdsthedataof
thecorrespondingsubdomain.Dueto thelocalstructureof thediscretizingscheme,a
processorhasto communicatewith atmost4 processorstoperformamatrix-by-vector
product.Notethat,in Alg. 1, therearetwo independentmatrix-by-vectorproductsper
iterationwhicharecomputedsimultaneouslyin this implementation.

Figure5.1 shows theconvergencehistoryof bothversionsof thebiconjugategra-
dientmethodwherethe true residualnorm B�,ÍÉ�ó+* : B Ò is displayed.Note that, in
thisnumericalexamplefor bothalgorithmsandall numbersof processorsconsidered,
thereis hardlyany differencebetweenthetrueresidualnorm B/,jÉÆó+* : B Ò and B/. : B Ò
where . : is the vectorcomputedrecursively in thealgorithms. Thus,(5.19)givesa
goodestimateof thetrueresidualnormhere.Figure5.1demonstratesthewild oscil-
lationsin the residualnorm thatare typical for the biconjugategradientmethod. A
similarbehavior of bothalgorithmsis recognized.Weremarkthat,varyingthenumber
of processors,theresidualnormof Alg. 2 is essentiallyfixedwhereastherearesome
differencesin Alg. 1. Thefactthathighly parallelalgorithmsmaybenumericallyless
stablethantheir conventionalserialcounterpartshasbeenobservedfor severalother
problemsarisingin linearalgebra[5].

Theparallelperformanceresultsaregivenin Fig. 5.2. Theseresultsarebasedon
time measurementsof a fixed numberof iterations. The speedupgivenon the left-
handsideof thisfigureis computedby takingtheratioof theparallelruntimeandthe
run time of a serialimplementation.While the serialrun timesof both variantsare
almostidenticalthereis a considerabledifferenceconcerningparallelrun times. For
all numbersof processors,thenew parallelvariantis fasterthanAlg. 2. Thesaving of
run time growswith increasingnumberof processors;seeright-handsideof Fig. 5.2.
More precisely, the quantity depictedas a percentageis 1ãÉ�~ ? ^�Y6a C ~ Ò ^�Y	a , where~ ? ^�Y6a and ~ Ò ^�Y	a aretherun timeson Y processorsof Alg. 1 andAlg. 2, respectively.
Recognizefrom this figure that, for a fixed numberof iterations,the new variantis
approximately24%fasterthanAlg. 2 on121processors.Notefurtherthatthereis still
roomfor usingevenmoreprocessorsbeforerunninginto saturation.
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5.6 CONCLUDING REMARKS

In its standardform, the biorthogonalLanczosalgorithm makesuseof three-term
recurrencesfor thegenerationof theLanczosvectorsspanningtheunderlyingKrylov
spaces. Here, we consideran alternative formulation basedon coupledtwo-term
recurrencesthat, in exact arithmetic,is mathematicallyequivalent to the three-term
form. Takinga specificvariantof thecoupledtwo-termprocessasthestartingpoint,
a new iterative schemefor the solutionof linear systemswith non-Hermitiancoef-
ficient matricesis derived that, in exact arithmetic,is mathematicallyequivalent to
the biconjugategradientmethod. In this new implementationall inner product-like
operationsof an iterationstepareindependentsuchthat theimplementationconsists
of a singleglobalsynchronizationpointperiterationresultingin improvedscalability
onmassively parallelcomputers.Moreover, theimplementationoffersthepossibility
to scaleboth of the two sequencesof Lanczosvectorswhich is an importantaspect
concerningnumericalstability in practicalimplementations.
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Abstract: In apreviouswork weproposedtwonew Jacobiorderingsfor computing
the eigenvaluesof a symmetricmatrix. The new orderings,combinedwith the appli-
cationof the communicationpipelining techniqueallow the exploitation of multi-port
capabilitiesin hypercubes(sendingseveralmessagesin parallelthroughthehypercube
links). Oneof the proposedorderings,called Permuted-BR, is nearoptimal but only
works for very large problems. The secondordering,calledDegree-4, canbe applied
to any problemsizebut only reducesthe communicationcostby a factor of 4. In this
paperwe proposea new ordering,called Permuted-D4, thatbehaveslike Permuted-BR
orderingfor big problemsandlike Degree-4for smallones.

6.1 INTRODUCTION

Theone-sidedJacobimethodfor symmetriceigenvaluecomputationis verysuitedfor
its applicationon a multicomputersinceit exhibits a high parallelismandpotentially
low communicationrequirements[5].

In multicomputers,the communicationoverheadplaysan importantrole on the
performanceof any particularalgorithm[1]. In thispaper, wefocusonmulticomputers
with a hypercubeinterconnectiontopology and with multiple ports per node[12].
In suchscenarioone may designalgorithmsthat communicatemultiple messages
simultaneouslythroughdifferentlinks of thesamenode(communicationparallelism),
whichmayresultin asignificantreductionin thecommunicationoverhead.One-sided
Jacobialgorithmspreviously proposedfor hypercubesmakea poorutilization of the
multi-port capabilitybecause,at any giventime, theinformationto becommunicated

77
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by everynodemustbesentthroughone(or atmosttwo) link, constrainingin thisway
theexploitationof communicationparallelism.

In [8] a methodwasdevelopedto designparallelalgorithmsthatefficiently exploit
themulti-port capabilityin hypercubes.Themethod,which is calledcommunication
pipelining , requiresthe specificationof the original problemin the form of a CC-
cubealgorithm,whosepropertieswill bedescribedlater. Themethodreorganizesthe
computationin a systematicwayto introducetheappropriatelevel of communication
parallelismin orderto efficiently exploit themulti-port capability.

In a previouswork [4], we showedthatone-sidedJacobicomputationcantakethe
form of a CC-cubealgorithm. In particular, the parallelone-sidedJacobialgorithm
that usesthe Block Recursive (BR) orderingis a CC-cubealgorithm[4]. Thus,the
communicationpipelining techniqueproposedin [8] canbeusedto reducethecom-
municationcostin multi-port hypercubes.Communicationpipelininghas,however,
a limited impactwhen using the BR ordering,sinceonly two hypercubelinks can
be usedsimultaneously. In [4] we proposedtwo alternative Jacobiorderingswhich
enablea betterexploitation of the multi-port capabilityin hypercubes.In particular,
the Permuted-BRorderingenablestheuseof d hypercubelinks in parallel(being� the
dimensionalityof thehypercube),whensolvingvery largeproblemsizes.However, it
behavesastheBR orderingfor smallproblemsizes.On theotherhand,theDegree-4
ordering(alsoproposedin [4]) enablestheuseof 4 hypercubelinks in parallel,for any
problemsize.

In this paperwe proposea new Jacobiorderingthatbehavesasthe Permuted-BR
orderingfor largeproblemsandastheDegree-4for smallproblemsizes.Therefore,a
singleJacobiorderingcanreplacethetwo Jacobiorderingspreviouslyproposed.

6.2 PRELIMIN ARIES

In thispaperwefocusonefficientalgorithmsfor eigenvaluesandeigenvectorscompu-
tationof symmetricmatricesthroughtheone-sidedJacobimethodonmulitcomputers
with a hypercubeinterconnectiontopologyandmultiple portsper node. Below we
summarizewhat it is implied by eachoneof theseterms. Then,we review themost
relevantrelatedwork andpointout themotivationfor this work.

6.2.1 Target architecture

Thetargetarchitectureon which theproposedalgorithmis to beexecutedis a multi-
port hypecubemulticomputer. A hypercubemulticomputerof dimension� , which is
alsocalleda �ãÉÍÔTcE�:� multicomputer, consistsof Ü�� processorssuchthatthey canbe
labelledfrom 0 to ÜQ� Éµ1 in sucha way thatall processorsthatdiffer in exactly one
bit in the binary representationof their label areneighbors(they areconnectedby a
link). Thelink thatconnectsneighbornodeswhoselabelsdiffer in thei-th bit will be
referredto aslink . . The label of the link, which rangesfrom 0 to � -1, will bealso
calledthedimensionof thelink. As anexample,node2 useslink 1 (or dimension1)
to sendmessagesto node0.
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A configurationin whicheverynodecansendandreceiveamessagefromjustoneof
its linksatatimeiscalled�'���+É�Yj� í ° configuration[12]. A multi-portmulticomputeris
distinguishedby thefactthateverynodecansimultaneouslybetransmitting/receiving
messagesfrom morethanonelink. In particular, in an y å>å6ÉNYj� í ° configurationevery
nodecansendandreceive a messagethrougheachof its � links simultaneously.

6.2.2 One-sidedJacobimethod

Theone-sidedmethodfor symmetriceigenvalueandeigenvectorcomputationworks
with two matrices: ë� (initially set to the original matrix A) andU (initially set to
the identity matrix I). In every iterationof the methodonesimilarity transformation
is appliedto zerooneoff-diagonalelementof A andits symmetricone[5]. Thekey
featureof theone-sidedmethodis thatthecomputationandapplicationof thesimilarity
transformationthatzeroeselementŝ�.ú,��Sa and ^%��,
.�a of A usesonly columns. and � ofë� andU. For thisreason,suchatransformationwill bealsoreferredtoasthepairingof
columns. and � . Accordingto this,transformationsthatusedisjointpairsof columns
canbe appliedin parallel,sincethey do not shareany data. This is whatmakesthe
one-sidedJacobimethodto bevery suitablefor parallelimplementations[5].

In the literature,the processof zeroingevery off-diagonalelementexactly once
is called a sweep. Sincea similarity transformationmay fill in elementsthat had
beenzeroedin previoustransformations,severalsweeparerequireduntil theresulting
matrix convergesto a diagonalmatrix. Sincesimilarity transformationspreserve the
eigenvalues,the elementsin the diagonalof the resultingmatrix coincidewith the
eigenvaluesof theoriginalmatrix.

If A is an 7��f7 matrix,atotalof 7 ( 7 -1)/2similarity transformationsarerequired
to completea sweep.Assuming7 even,thesetransformationscanbeorganizedinto
amaximumof 7 -1 groupsof 7 /2 independenttransformationseach(transformations
that involve disjoint pairsof columns). Suchan organizationof the sweepis called
a parallelJacobiorderingandevery groupof independenttransformationsis usually
referredto asa step.

ParallelJacobiorderingsoffer a goodframework for thedesignof parallelimple-
mentations,sincethe computationinvolved in every stepcan be evenly distributed
amongthe nodesof themulticomputer, andcarriedout without any communication.
Communicationis requiredhowever at the endof every step,whenthe columnsof
matricesA andU mustbe exchangedto obtainthe pairsrequiredfor the next step.
Suchacommunicationwill becalledatransition.A parallelJacobiorderingis suitable
for a multicomputerif thetransitionsbetweenstepsusea communicationpatternthat
matchesthetopologyof theinterconnectionnetworkof themachine.

6.2.3 Relatedwork

Jacobiorderingsfor differentparallelarchitecturescanbe found in the literature[3]
[6][13][11]. Regardinghypercubemulticomputers,which is the target architecture
consideredin thiswork, themostrelevantproposalsare[2][7][10].
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All theseproposalssharethe following features:(a) they usea minimumnumber
of stepspersweep,achieving in thiswayaperfectloadbalance,and(b) thetransitions
betweenstepscanbeimplementedthroughcommunicationbetweenneighborsin the
hypercube.Particularly relevant to our work is the Block Recursive (BR) ordering
proposedin [7] andreviewed in [1]]. The distinguishingfeatureof this orderingis
that in every transitionall nodesexchangeinformationthroughthe samedimension
of the hypercube. This is oneof the requirementsto enablethe applicationof the
communicationpipelining technique,which increasesthe potentialcommunication
parallelismof the algorithms,andthereforefacilitatesthe exploitation of the multi-
port feature. In the following we describetheBR orderingin somedetail,sinceit is
thestartingpoint for ourproposals.

6.2.3.1 BR ordering. The BR orderingwasoriginally proposedin [7] andre-
viewedlater in [10], wheretheorderingwascompletelyspecifiedandits correctness
wasshown.

Givena � -cubeanda ����� matrix,the � columnsof matrices �� andU aregrouped
into � ����� blocksof � C � ����� columnseach.Then,apairof blocksareallocatedto each
nodeof the ���=�Tc���� . Thealgorithmto performthefirst sweepproceedsasfollows
(all thenodesareexecutingthefollowingcodein parallel):

(1) Pair eachcolumnof a blockwith theremainingcolumnsof thesameblock.

(2) Pair eachcolumnof ablockwith all thecolumnsof theotherblockallocated
to thesameprocessor.

(3) Exchangeoneof theblockswith a neighboralonga givendimensionof the
hypercube(transition).

(4) Goto (2) if notall thecolumnshavebeenpaired(i.e.,(2) and(3) arerepeated� �:��� �H� times).

In orderto achieve thatevery pair of blocksis pairedexactly once,the transitions
(i.e. theexchangeoperationsrequiredby (3)) mustbeperformedin a particularorder.
To preciselydefineaexchangetransitionit sufficesto identify thelink of thehypercube
(i.e., thedimension)thatis usedby it. Below wedescribethesequenceof transitions
impliedby theBR orderingasdescribedin [10].

The � �:��� �=� stepsof theorderingaregroupedinto threedifferenttypesof phases:
exchange, division and last transition . A phaseis just one or more consecutive
steps,eachof themfollowedby a transition.A sweepconsistsof � exchangephases,
eachoneof themfollowedby a division phase,anda final last transitionphase.The
exchangephasesarenumberedfrom � to 1. Theexchangephase� ( ����� �����:  ) consists
of �s¡)�=� stepsandtransitions.Thesequenceof links (i.e. dimensions)thatdefinethe
transitionsis denotedby ¢�£¥¤¡ andcanbesystematicallygeneratedasfollows:

¢ £¥¤� ¦ §H¨t©¢ £¥¤ª ¦ § ¢ £�¤ª5« � ��¬����Q��¢ £¥¤ª5« � © � § ¬)­2�
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For instance,thesequenceof links for e=4 is ¢�£¥¤® ¦t§�¨ � ¨ � ¨ � ¨'¯s¨ � ¨ � ¨ � ¨°© .

Theexchangephase± is followedby a divisionphasethatconsistsof justonestep
andonetransitionthroughlink ± . Finally, thelasttransitionphaseconsistsof onestep
andonetransitionthroughlink ² -1.

Thesecondandnext sweepsusethesamealgorithmbutafterapplyingapermutation
to the links. In particular, thepermutationcorrespondingto sweep³ (assuming³ =0
for thefirst one)is definedasfollows:

³E´1µr¬5¶ ¦ ¬³¸·Qµr¬5¶ ¦ µ�³}· « � µr¬5¶��H��¶ mod ² for i=0...d-1

After ² sweepsthelinks areusedagainin theorderdescribedfor thefirst sweep.

6.2.4 Moti vation

The previously summarizedBR algorithm is efficient for a ¹'º�±��=»j¹'¼/½ hypercube
sincethe systemis usingall the availableportsfor every transition. However, for a
multi-portarchitectureit achievesthesameperformanceasfor a ¹'º�±��N»j¹'¼/½ because
it usesjust oneoutof the ² links of eachnodeat thesametime.

In [8] we proposeda systematictransformationof a classof algorithmsthat is
calledCC-cubealgorithmsin order to optimizethemfor a multi-port environment.
Suchtransformationis called �/¹'�¾�¾¿�º¸¬���Às½
¬Z¹'º1»�¬�»Á±TÂr¬5º¸¬5ºÁÃ . Every processof theCC-
cubealgorithmexecutesa loop that iteratesK times. Every iterationconsistsof a
certaincomputationandan exchangeof information throughoneof the hypercube
dimensions(all theprocessesusethesamedimensionin agiveniterationof theloop).
Thekey ideaof communicationpipeliningis to decomposethecomputationin every
iteration into Q packetsand reorganizethe computationas follows. Every process
of the new algorithm(the pipelinedCC-cubealgorithm)computethe first packetof
thecomputationin thefirst iterationof theoriginalCC-cubeandexchangestheresult
with the correspondingneighbor. Then, it performsthe secondpacketof the first
iterationandthe first packetof the secondone. The resultsof thesepacketscanbe
sentin parallelto thecorrespondingneighbors,usingsimultaneouslytwo hypercube
dimensions.Proceedingin this way, the pipelinedCC-cubecansendan increasing
numberof messagesin parallel,beingableto exploit themulti-port feature.

Thevalueof Q is called»�¬�»Á±TÂr¬5º¸¬5ºÁÃÄ²1±�Ãj¼�±T± andin [8] it is shown how to determine
the pipelining degreethat minimizesthe executiontime of any particularCC-cube
algorithmandany particularhypercubearchitecture.In thissectionweonlysummarize
theresultof theapplicationof thecommunicationpipeliningtechniqueandomit any
detail that is not strictly necessaryto understandthis paper. The interestedreaderis
referredto theoriginalpaperfor suchdetails.

If Q is not higher than K, the pipelinedCC-cubealgorithm is said to work in
shallow pipeliningmode. Every processcansendup to Q messagessimultaneously
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throughdifferentlinks if thearchitecturesupportsit. TheseQ links correspondto all
the subsequencesof Q elementsof the sequencethat describesthe link usagein the
CC-cubealgorithm.

For instance,if in theoriginal CC-cubeK=7 andcommunicationsarecarriedout
throughlinks 0, 1, 0, 2, 0, 1 and0, the pipelinedCC-cubewith Q=3 will perform
a seriesof computationseachonefollowedby communicationthroughlinks 0-1-0,
1-0-2,0-2-0and2-0-1respectively. This partof thepipelinedCC-cubeis calledthe
kernelandhasK-Q stages(computationfollowedby communication).

Like in thesoftwarepipeliningtechnique[9], thekernelis precededby a prologue
andfollowedby anepilogue.Theprologueconsistsof Q-1 stagesandeachof these
stagesconsistsof a computationfollowedby a communicationthoughan increasing
numberof thefirst linksof theoriginalsequence.In thepreviousexample,theprologue
consistsof two stagesthatusethefollowing links: 0 and0-1 respectively. Similarly,
theepilogueconsistsof Q-1stagesandeachof thesestagesconsistsof a computation
followedby a communicationthrougha decreasingnumberof the last links of the
original sequence.In thepreviousexample,the epilogueconsistsof two stagesthat
usethefollowing links: 1-0and0.

If Q is higher thanK, the pipelinedCC-cubeis said to work in deeppipelining
mode.In thiscasetheprologueandepiloguehave K-1 stageseachandthekernelhas
Q-K+1 stages.In eachkernelstage,K messagescanbe sentin parallel(onepacket
from every iterationof theoriginal CC-cube).For instance,if K=3 andthe links are
usedin theorder0, 1, and0, thepipelinedCC-cubewith Q=100hasa prologuewith
two stagesthatuselinks 0 and0-1. Every oneof the98stagesof thekerneluselinks
0-1-0. Finally, thetwo stagesof theepilogueusethelinks 1-0and0.

Communicationpipelining can be appliedto any CC-cubealgorithmthat meets
somerequirementsasspecifiedin [8]. In particular, it canbeappliedtoeveryexchange
phaseof BR algorithm,whicharethemosttime-consumingpartof it. Theapplication
of communicationpipelining to the BR algorithm can reducethe communication
overheadby a factornot higherthan2. This is basicallydueto the propertiesof the
BR ordering:in thesequence¢�£�¤¡ , whichdefinestheorderin whichthelinks of each
nodeareusedin exchangephasee,any subsequenceof Q consecutiveelementshasat
least ÅrÆtÇ'�QÈ elementsequalto0. In consequence,thecapabilitytosendsimultaneously
messagesthroughmultiplelinkscanprovideareductionin thecommunicationcostby
a factornot higherthan2, sinceabouthalf of themessagesmustbesentthroughthe
samelink (link 0).

From the point of view of effective communicationpipelining, we would like a
Jacobiorderingwheresequences¢ ¡ , definingtheorderin which thehypercubelinks
areusedin exchangephasee,have thefollowing properties:

(a) All the hypercubelinks appearthe samenumberof timesin the sequence¢ ¡ .
(b) Whentakingany subsequenceof consecutive links in ¢ ¡ , all thehypercube
links appearin thissubsequencethesamenumberof times.
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Property(a) guaranteesanoptimalperformancewhenworking in deeppipelining
mode,sinceall the datato be exchangedin every stageis well distributedamong
all thehypercubelinks. Property(b) guaranteesthata gooddatadistribution among
hypercubelinks alsohappenswhenworkingin shallow pipeliningmode.

The Permuted-BRorderingproposedin [4] is nearoptimalwith regardto property
(a). It wasobtainedby applyinga systematictransformationto the ¢�£�¤¡ sequence.
Thenew sequencewasdenotedby ¢�É « £�¤¡ . Theaimof thesystematictransformation
is to balancethe useof the hypercubelinks whenconsideringthe whole sequence.
However, thedistributionof thehypercubelinkswhenconsideringsmallsubsequences
of ¢�É « £¥¤¡ remainssimilarto thecaseof the ¢�£�¤¡ sequence.Asaresult,the Permuted-
BRorderingis nearoptimalwhenworking in deeppipeliningmodebut it behavesas
the BR orderingwhenworking in shallow pipelining mode. Sincedeeppipelining
moderequiresverylargeproblemsizes,the Permuted-BRorderingis only suitablefor
very largeproblemsizes.

ThesecondJacobiorderingproposedin [4], whichis calledDegree-4ordering,was
conceived with property(b) in mind. The sequencefor the exchangephasesin this
orderingis denotedby ¢�Ê ®¡ . The main featureof this sequenceis that all the links
in almostevery subsequenceof 4 consecutive links in ¢�Ê ®¡ aredifferent. Therefore,
4 hypercubelinks canbe usedin parallel in every stage,whenworking in shallow
pipeliningmode,with Q=4.

Thekey ideain this paperis to applythesystematictransformationthatwasused
in [4] to derive the ¢�É « £�¤¡ sequence,but usingthe ¢�Ê ®¡ sequenceasstartingpoint,
insteadof the ¢�£�¤¡ sequence.Theresultingsequence,which will becalled ¢�É « Ê ®¡ ,
will behave as the ¢�É « £�¤¡ sequencein deeppipelining modeand as the ¢�É « Ê ®¡
sequencein shallow pipeliningmodewith Q=4.

In thefollowingwegivesomedetailsontheDegree-4orderingandonthesystematic
transformationto beusedto derive the ¢�É « Ê ®¡ sequence.

6.3 THE DEGREE-4ORDERING

The Degree-4orderingis obtainedfrom the BR orderingby replacingthe sequence¢�£¥¤¡ ( ±¾��� ²����:  ) by analternative sequencethat,besidesgeneratingall therequired
pairingsof columns,exhibit a morebalanceduseof thelinks of every node,enabling
a moreefficient exploitationof themulti-port capability.

Thesequence¢�£¥¤¡ canbe regardedasthe definition of a hamiltonianpathin an± -cube.This is becauseonehalf of thecolumnsof A andU initially allocatedto each
nodemustvisit a differentnodeaftereachtransitionandthus,they musthave visited
all thenodesafterthe �'¡Ë�;� transitionsthatmakeupexchangephasee. For instance,
the exchangephase± ¦Ì¯ of the BR orderingis definedby ¢�£�¤Í ¦Î§A¨ � ¨ � ¨ � ¨Ï© .
Startingat any nodeof thehypercubeandmoving throughthelinks in theordergiven
in ¢�£¥¤Í , all thenodesof a 3-cubearevisitedexactly once.

We canthenconcludethat the problemof definingalternative sequences¢ ¡ can
alsobestatedastheproblemof findingalternativehamiltonianpathsin an ± -cube.The
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resultingsequenceconsistsof the link identifiersthat have beenusedfor traversing
the ± -cube.Sincetherearemany differenthamiltonianpathsin ahypercube,thereare
many alternativeJacobiorderingsthatcanbegeneratedin thisway.

TheDegree-4orderingproposedin [4] usesthe ¢�Ê ®¡ sequencedefinedasfollows:

Ð Í ¦ §�¨ ��� ¯s¨ �T� ©Ð ª ¦ § Ð ª5« � �:¬Ñ� Ð ª5« � © Ò ­�¬ § ±¢ Ê ®¡ ¦ § Ð ¡ « � �Q�Q� Ð ¡ « � © ±tÓ Ò
For instance,¢ Ê ®Ô ¦Î§�¨ �T� ¯'¨ ��� Ò1¨ �T� ¯'¨ ���j� ¨ ��� ¯s¨ �T� ¨ ��� ¯'¨ �T� © . In [4] it is shown

that ¢�Ê ®¡ is a hamiltonianpathof a ± -cube. Note thatall thesubsequencesof length
4 in sequence¢�Ê ®¡ use4 differenthypercubelinks, with the only exceptionof the
four centralsubsequences( §W¨ �T�j� © , § ���j� ¨�© , § �j� ¨ � © and § � ¨ �T� © in the
previousexample). This is truefor any ± ©�¯ . When ± is large,it canbeshown that
these4 centralsubsequenceshave a negligible effect on theperformance.As a result,
one-sidedalgorithmsthatusetheDegree-4orderingandthecommunicationpipelining
technique(with Q=4)haveacommunicationcost4 timeslowerthattheBR algorithm.

6.4 A SYSTEMATIC TRANSFORMATION OF
HAMIL TONIAN PATHS

To beeffective whenworking in deeppipeliningmode,thesequence¢ ¡ mustsatisfy
asmuchaspossibleproperty(a)describedin section2.4. LetusdefineÕ asthenumber
of repetitionsof themostfrequentdimensionin asequence¢ ¡ . For instance,thevalue
of Õ in thecaseof ¢�£�¤¡ is �s¡ « � whichis thenumberof repetitionsof dimension¨ , and
thevalueof Õ in thecaseof ¢�É « Ê ®¡ is �'¡ «¸Ö)× � which is thenumberof repetitionsof
dimension1. Thevalueof Õ is a goodmeasureof thequality of a sequence¢ ¡ with
regardto property(a). Goodsequenceshave low valuesof Õ . In particular, a lower
boundfor thevalueof Õ of any sequence¢ ¡ is:

Å �'¡g���± È
sinceany sequence¢ ¡ has �s¡��;� elementsandall valuesin � ¨ �
±l�=��  mustappear

in ¢ ¡ at leastonce.

Thetransformationthatwe useto generate¢�É « Ê ®¡ is aimedat reducingthevalue
of Õ correspondingto theoriginal sequence¢�Ê ®¡ . Thetransformationis basedon the
following property:

Property. Let ¢ ¡ beasequenceof links thatdefineahamiltonianpathin an ± -cube.
Let ³ beany permutationof thelink identifiers.If weapply ³ to ¢ ¡ thentheresulting
sequencedefinesalsoahamiltonianpathof the ± -cube.Thispropertyis provedin [4].
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D6
D4 = <0123012 40123012 5 01230124 0123012 1

(a)

D6
p-D4 = <0123012 4 0123012 54321432 0 4321432 3

(b)

0123012 4 0123012  5 0123012 4 0123012>

4321432 0 4321432  5  0123012 4 0123012>

Figure 6.1 (a) The four 4-sequencesin ØÎÙÛÚÜ areshown in differentfont types. Links 4 and
5 separatethedifferent4-sequences. (b) TransformationÝjÞ affectsto thesecond5-sequence.
Links affectedareshown in bold.

As anexample,considerthesequence§H¨ � ¨ � ¨ � ¨Î© , whichdefinesa hamiltonian
pathof a3-cube.Thepermutationthattransposeslinks 0 and1 in thissequencewould
producethenew sequence§ � ¨ ���j� ¨ � © , whichis alsoahamiltonianpathof a3-cube.
Basedon this property, we definethe transformationß�à to be appliedto a sequence¢ ¡ , asthetranspositionof thefollowing pairsof link identifiers:

¬ËáâÅ>µ�±����T¶�Ç'� à Èã���l��¬
where ¬Ë�3� ¨ �1Å>µ�±��;��¶>Ç'� à È��;�: 

In thefollowingsectionweshow how transformationß à is appliedto ¢�Ê ®¡ toobtain
thenew sequence¢�É « Ê ®¡ .

6.5 PERMUTED-D4ORDERING

The Permuted-D4ordering proposedin this paperusesthe sequence¢ É « Ê ®¡ to
implementthe exchangephase± . The sequence¢�É « Ê ®¡ is obtainedby applyinga
seriesof transformationsß�à , asdefinedabove,to the ¢�Ê ®¡ sequence.

Every transformationßEà is appliedto a partof ¢�Ê ®¡ defininga hamiltonianpathof
asubcubeof dimension( ±l�Lä°�=� ) in the ± -cube.Suchapartof ¢�Ê ®¡ will bereferred
to asa k-sequence.As a resultof the propertyintroducedin section4, the resultof
sucha transformationis still a hamiltonianpathof a ± -cube.We have to specifynow
whattransformationsareusedto produce¢�É « Ê ®¡ .

Noticethat in ¢�Ê ®¡ we canfind two ( ± -1)-sequences,four ( ± -2)-sequencesand,in
general� à µZ±°�=äj¶ -sequences.Thelinks thatdefinethoseä -sequencesdo not appear
contiguousin ¢�Ê ®¡ . For eachä -sequence,onehalf of thelinksappearsin theleft-hand
sideof ¢�Ê ®¡ andtheotherhalf appearsin thesymmetricpositionin theright-handside
of ¢ Ê ®¡ . Figure 6.1(a)identifiesin differentfont typesthefour 4-sequencesin ¢ Ê ®å .ÅZÂZ¹�Ã Ö µZ±����T¶ÑÈ���� transformationsareappliedto ¢�Ê ®¡ in orderto obtain ¢�É « Ê ®¡ .
Transformationß à , ä beinganintegerfrom 0 to ÅZÂZ¹�Ã Ö µZ±l�=��¶aÈd�L� , is appliedto every
second( ±¥�¾äl�N� )-sequenceof ¢�Ê ®¡ . In thecaseof ¢�Ê ®å only onetransformationß ´ is
requiredwhich is appliedto thesecond5-sequence.Figure 6.1(b)shows in boldface
thelinks thatareaffectedby thetransformation.
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Figure6.3 Plot (a)matrixsize ð�ñ5ò . Plot (b) matrixsize ð�óaô andplot (c) matrixsize ð�ôaó .
There is one point to remark, regarding the applicationof the transformations.

Whentwo or moretransformationsarerequiredthenthesetransformationsmustbe
compounded.That is, if a transformationrequiresthetransposition¬láöõ in a givenä -sequence,then this transpositionaffects to the links in the ä -sequencethat were
labelledas ¬ or õ in the original sequence¢�Ê ®¡ , even thoughtheselinks may have
changedthelabelasaresultof previoustransformationsalsoaffectingthek-sequence.

Thetableof figure 6.2showsthevalueof Õ for sequences¢�É « Ê ®¡ with ±Î���ø÷1�Q� Ò  andcomparesthesevalueswith thecorrespondingvaluesof Õ for sequences¢�É « £¥¤¡
andwith the lower bound. From the valuesin the table it canbe concludethat the
behaviour of ¢�É « Ê ®¡ is nearlythesameasthebehaviour of ¢�É « £¥¤¡ in deeppipelining
mode,becausethe valueof a for the ¢�É « Ê ®¡ sequenceis closeto the valueof a for¢�É « £¥¤¡ , andsometimeslower.
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6.6 PERFORMANCE EVALUATION

In the previous sectionwe have argued that the performanceof the Permuted-D4
orderingis nearlyoptimalin deeppipeliningmodeandcanreducethecommunication
costby a factornearto 4 in shallow pipeliningmode. We confirmtheseconclusions
in this sectionwith someperformancefiguresobtainedthroughanalyticalmodelsof
performance.

Theplotsin figure 6.3show thecommunicationcostof thedifferentorderingsfor
a varying sizeof a hypercubemulticomputer;a varying matrix size; andassuming
that the transmissiontime per elementand the start-uptime, ßEù and ß¸· , are1 and
1000timeunitsrespectively. Thecommunicationcosthasbeencomputedthroughthe
modelsdevelopedin [8]. The communicationcostis givenin relationto thecostof
theCC-cubealgorithmusingtheBR ordering. As a reference,all plotsalsoinclude
thecommunicationcostsof Permuted-BRordering,Degree-4orderingandthelower
boundon thecommunicationcost.

Whencommunicationpipelining is used,the optimumdegreeof pipelining was
chosen,usingtheprocedurepresentedin [8] for eachparticularhypercubedimension
andmatrixsize.

It canbe seenin all plots that the communicationcostof the pipelinedCC-cube
whentheBR orderingis usedis aboutonehalf of thatof theoriginal CC-cube.The
performanceof the Permuted-D4orderingapproachesthe lower boundwhendeep
pipelining is used. However, when the hypercubesize forces the use of shallow
pipelining,it tendsto besimilar to theDegree-4ordering,in contrastwith Permuted-
BR, which tendsto besimilar to thepipelinedBR.

6.7 CONCLUSIONS

WehaveproposedonenovelJacobiorderingcalled Permuted-D4orderingobtainedby
applyingthesystematictransformationsthatwereusedto generatethe Permuted-BR.
Theresultis anorderingthatmakesanearlybalanceduseof all hypercubedimensions
andtry to distributedthedimensionsaswell asDegree-4ordering.

Thisresultsin aperformancecloseto theoptimumwhendeeppipeliningmodecan
beapplied.In casethatonly shallow pipeliningmodecanbeappliedit behavesaswell
asDegree-4ordering,dividingthecommunicationcostby4respectthecommunication
costof BR ordering.

References

[1] W.C. AthasandC.L. Seitz. Multicomputers:message-passingconcurrentcom-
puters.IEEEComputer, 99(7):9–24,August1988.

[2] C. Bischof.Thetwo-sidedjacobimethodona hypercube.In SIAMProceedings
of theSecondConferenceonHypercubeMultiprocessors, August1987.



88 PARALLELNUMERICALCOMPUTATION WITHAPPLICATIONS

[3] R.P. BrentandF.T. Luk. Thesolutionof singular-valueandsymmetriceigenvalue
problemson multiprocessorarrays. SIAM J. Sci. Statist.Comput., (6):69–84,
August1985.
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Abstract: For thesolutionsof linear systemsof equationswith unsymmetricco-
efficient matrices,we have proposedanimproved versionof thequasi-minimalresidual
(IQMR) method[14] by usingthe Lanczosprocessas a major componentcombining
elementsof numericalstability andparallelalgorithmdesign.Thealgorithmis derived
suchthat all inner productsandmatrix-vectormultiplicationsof a single iterationstep
areindependentandcommunicationtime requiredfor inner productcanbe overlapped
efficiently with computationtime. In this paper, wemainlypresentthequalitativeanaly-
sisof theparallelperformancewith Store-and-ForwardroutingandCut-Throughrouting
schemesandtopologiessuchasring, mesh,hypercubeandbalancedbinary tree. Theo-
reticallyit is shownthatthehypercubetopologycangiveusthebestparallelperformance
with regardsto parallelefficiency, speed-up,andruntime,respectively. We alsostudy
theoreticalaspectsof theoverlappingeffect in thealgorithm.
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7.1 INTRODUCTION

Oneof thefundamentaltaskof numericalcomputingis theability to solve linearsys-
temswith nonsymmetriccoefficients.Thesesystemsariseveryfrequentlyin scientific
computing,for examplefrom finite differenceor finite elementapproximationsto par-
tial differentialequations,asintermediatestepsin computingthesolutionof nonlinear
problemsor assubproblemsin linearandnonlinearprogramming.

One of them, the quasi-minimalresidual(QMR) algorithm[8] , usesthe Lanc-
zosprocess[7] with look-ahead,a techniquedevelopedto prevent the processfrom
breakingdown in caseof numericalinstabilities,and in addition imposesa quasi-
minimizationprinciple. This combinationleadsto a quiteefficient algorithmamong
themostfrequentlyandsuccessfullyusediterative methods.This methodarewidely
usedfor very largeandsparseproblems,which in turn areoftensolvedon massively
parallelcomputers.

Onmassively parallelcomputers,thebasictime-consumingcomputationalkernels
of QMR areusually: innerproducts,vectorupdates,matrix-vectormultiplications.In
many situations,especiallywhenmatrix operationsarewell-structured,theseopera-
tionsaresuitablefor implementationon vectorandsharememoryparallelcomputers
[6]. But for parallel distributed memorymachines,the matricesand vectorsare
distributedover theprocessors,sothatevenwhenthematrixoperationscanbeimple-
mentedefficiently by paralleloperations,we still cannot avoid theglobalcommuni-
cation,i.e. communicationof all processors,requiredfor innerproductcomputations.
Vectorupdatesareperfectlyparallelizableand,for largesparsematrices,matrix-vector
multiplicationscanbeimplementedwith communicationbetweenonly nearbyproces-
sors.Thebottleneckis usuallydueto innerproductsenforcingglobalcommunication
. The detaileddiscussionson the communicationproblemon distributedmemory
systemscanbefoundin [3, 5]. Theseglobalcommunicationcostsbecomerelatively
moreandmoreimportantwhenthenumberof theparallelprocessorsis increasedand
thusthey have thepotentialto affect thescalabilityof thealgorithmin anegative way
[3, 5].

Recently, wehaveproposedanew improvedtwo-termrecurrencesLanczosprocess
[14] without look-aheadastheunderlyingprocessof QMR. Thealgorithmis reorga-
nizedwithout changingthenumericalstability so thatall innerproductsandmatrix-
vectormultiplicationsof a singleiterationstepare independentandcommunication
time requiredfor innerproductcanbeoverlappedefficiently with computationtime.
Therefore,thecostof globalcommunicationonparalleldistributedmemorycomputers
canbesignificantlyreduced.TheresultingIQMR algorithmmaintainsthe favorable
propertiesof theLanczosprocesswhilenotincreasingcomputationalcosts.In [13], we
alsoproposea theoreticalmodelof computationandcommunicationsphasesto allow
usto givea qualitativeanalysisof theparallelperformanceona massively distributed
memorycomputerwith two-dimensionalgrid topology. Theefficiency, speed-up,and
runtimeareexpressedasfunctionsof thenumberof processorsscaledby thenumber
of processorsthatgivestheminimalruntimefor thegivenproblemsize.Thisprovides
anaturalwayto analyzetheperformancecharacteristicsfor therangeof thenumberof
processorsthatcanbeusedeffectively. Themodelnotonly showsclearlythedramatic
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influenceof globalcommunicationon theperformance,but alsoevaluateseffectively
the improvementsin theperformancedueto thecommunicationreductionsby over-
lapping. Themodelalsoprovidesusefulinsight in thescalabilityof IQMR method.
But it is still limited by assumptionson thecommunicationmodel. In this paper, we
mainly investigatethe effect of Store-and-Forward routingandCut-Throughrouting
andtopologiessuchasring, mesh,hypercubeandbalancedbinarytree. Theoretically
it is shown thatthehypercubetopologycangiveusthebestparallelperformancewith
regardsto parallelefficiency, speed-up,andruntime,respectively.

Thepaperis organizedasfollows. We will describebriefly theimprovedLanczos
processandtheresultingimprovedquasi-minimalresidual(IQMR) methodin section
7.2, 7.3 and 7.4, respectively. In section7.5, the parallel performancemodel is
presentedincludingthecommunicationmodelandassumptionsfor computationtime
andcommunicationcosts.Thetheoreticalcomplexity analysisof parallelperformance
with Store-and-ForwardroutingandCut-Throughroutinganddifferenttopologiessuch
asring, mesh,hypercubeandbalancedbinary tree , is describedfully in section7.6.
Finally weoffer someconclusions.

7.2 LANCZOS PROCESSBASED ON THREE-TERM
RECURRENCE

The classicalunsymmetricLanczosprocess[12] basedon three-termrecurrencere-
ducesamatrix ú to a tridiagonalform ß usingasimilarity transformationwhichleads
to thefollowing threerelationsthatserve to derivetheunsymmetricLanczosprocess:û�üdý ¦�þ �ÿú ý ¦ ý ßl�ÿú ügû ¦ û ß ü � (7.1)

whereþ is theidentity matrix andß isatridiagonalmatrix.Moreprecisely, thisprocess,
startingwith two vectors � � and � � satisfying � ü � � � ¦ � , iteratively generatestwo
finite sequencesof vectors��� and ��� suchthat,for º ¦ ���:�@�������� à µ�� � �
ú�¶ ¦ 	 »jÀjº�
�� � �
� Ö �������j�
� ����� � à µ���� � ú ü ¶�� 	 »jÀjº�
���� � � Ö � ����� � � �����
andthetwo setsarebiorthogonalasfollows� ü� ����� �����! ��º �" � ��º
We denotebyý �$# � � � � Ö � ����� � ����% and

û �&#'� � � � Ö � ����� � ����% �
thematricescontainingtheLanczosvectors� � and � � ascolumns.

This processleadsto two innerproductsper iteration. The innerproductrequires
global communicationon parallel distributed memorycomputers. Someimprove-
mentsonthereductionof globalcommunicationrequiredby innerproductshavebeen
investigatedin [10].
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7.3 LANCZOS PROCESSBASED ON COUPLED
TWO-TERM RECURRENCE

AlthoughLanczosusedasimilartechniquebuilt oncoupledtwo-termrecurrencein the
earlyof 1950’s,mostpublishedpapershavebeendealingwith thethree-termrecurrence
process,until, recently, Freundetal. [9] reusedthisideato improvenumericalstability.
They claimedthat,thelattervariantof theLanczosprocess,maybenumericallymore
stable. That is why we pursuefurther on this unsymmetricLanczosprocesswith
two-termrecurrencesasunderlyingprocessof theQMR method.

Recently, Bückeret al. [1, 2] proposeda new parallelversionof theQMR method
basedon thecoupledtwo-termrecurrencesLanczosprocesswithout look-aheadstrat-
egy. Thealgorithmis derivedsuchthatbothsequencesof generatedLanczosvectors
arescalableandthereis only onesingleglobal synchronizationpoint per iteration.
Basedon thesimilar idea,we presenta new improvedtwo-termrecurrencesLanczos
processwithout look-aheadtechnique.

Algorithm 1: ImprovedLanczosProcess

1: »j´��)(T´���¿j´�� � �+* � �Wµ
,� � � ,� � ¶ �.- � � � �0/ � �Wµ�,� � � ,� � ¶ �
2: 	 �1��ú ü ,��� � J��1��µ�,��� � ,����¶ �32 �1� µ 	 � � ,���
¶ �
4 �1�65879 7;:3: for n= 1,2, <�<�< do
4: ( � � �=3> 	 �@?BA >�C;>=3> ( ��D � :5: ,� �;E �1�F( �G?&H >=3> ,� � :
6: 	 �IE � �2ú ü ,���;E � :7: ½0�J��úJ,��� :8: ¿��J� �A > ½0� ?K- �@¿��LD � :9: ,� �;E �1��¿ �@? H >A > ,� � :

10: » � � �A > ,� �@?M-N� » �LD � :
11: *��IE �O�Wµ3,� �IE � � ,� �IE ��¶ :12: /��IE �1� µ�,� �IE � � ,� �IE �>¶ :13: J��IE � ��µ�,���;E � � ,���IE � ¶ :14: 2 �IE � ��µ 	 �IE � � ,���IE � ¶ :
15: - �;E � � A > = > 9 >3P 7A >.P 7 H > 9 > :
16: 4 �IE � � 5 >3P 79 >3P 7 ?K* �IE � - �IE � :
17: end for

We reschedulethecomputationwithin an iterationstep,without affecting thenu-
mericalstability, suchthat all inner productsandmatrix-vectormultiplicationsof a
singleiterationstepareindependentandthe communicationtime requiredfor inner
productcanbeoverlappedefficiently with computationtime. Theframework of this
improvedLanczosprocessbasedon two-termrecurrencesis describedin Algorithm
1.

TheimprovedLanczosprocesscanbeefficiently parallelizedasfollows:
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Theinnerproductsof a singleiterationstep(11), (12), (13) and(14) areinde-
pendent.

Thematrix-vectormultiplicationsof a singleiterationstep(6) and(7) areinde-
pendent.

The communicationsrequiredfor the inner products(11), (12), (13) and(14)
canbeoverlappedwith theupdatefor » � in (10).

Therefore,thecostof communicationtime onparalleldistributedmemorycomputers
canbesignificantlyreduced.

7.4 THE IMPROVED QUASI-MINIMAL RESIDUAL
METHOD

TheimprovedLanczosprocessnow is usedasamajorcomponenttoaKrylov subspace
methodfor solvinga systemof linearequationsúRQS�BT � where úVUXW �ZY�� and Q � T[U\W � < (7.2)

In eachstep,it producesapproximationQL� to theexactsolutionof theformQ��J�BQÁ´ × � �¸µr¼/´ � ú�¶ � º�� " �^];� <_<_< (7.3)

HereQj´ isany initial guessfor thesolutionof linearsystems,¼/´��`T ? úRQÁ´ is theinitial
residual,and

� �¥µr¼/´ � ú ¶a� 	 »ÁÀjº�
�¼/´ � ú�¼�´ � <�<�< � ú �LD � ¼/´ � , is the º -th Krylov subspace
with respectto ¼�´ and ú .

Givenany initial guessQ ´ , the º -th ImprovedQMR iterateis of theformQ � �FQ ´ × ý �Zb8�N� (7.4)

where
ý � is generatedby the improvedLanczosprocess,and b8� is determinedby a

quasi-minimalresidualproperty.

Basedon thesimilar ideain [1, 2] with computationrearrangement,we derive an
improvedQMR method(IQMR) basedoncoupledtwo-termrecurrenceswith scaling
of bothsequenceof Lanczosvectorsfor maintainingthenumericalstability. All inner
productsandmatrix-vectormultiplicationsof a singleiterationstepin the IQMR are
independentandcommunicationtimerequiredfor innerproductcanbeoverlappedef-
ficiently with computationtime. Theframework of this improvedQMR methodusing
Lanczosalgorithmbasedontwo-termrecurrencesasunderlyingprocessis depictedin
Algorithm 2.

Algorithm 2: ImprovedQuasi-MinimalResidualMethod
1: ,���c�d,���e��¼ ´ �`T ? úfQ ´��
g �1� " �^hj´ � " �.- �a� � �
2: » ´ �i( ´ ��¿ ´ ��² ´ �`j ´ � � �k* �O�Wµ
,��� � ,���:¶ �l/ �1�Wµ�,��� � ,���
¶ �
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3: 	 �1��ú ü ,��� � J��1��µ�,��� � ,����¶ �a2 �c� µ 	 � � ,���
¶ �^4 �1� 5 79 7 :4: for n= 1,2, <�<�< do
5: ( � � �= > 	 �@? A > C >= > ( ��D � :6: ,� �;E �1�F( �G? H >= > ,� � :
7: 	 �IE � �2ú ü ,���;E � :8: ½0�J��úJ,��� :9: ¿��J� �A > ½0� ?K- �@¿��LD � :10: ,���;E � ��¿�� ?&H >A > ,��� :

11: » � � �A > ,� �@?M-N� » �LD � :
12: if µr¼8�LD � � ¼8�LD � ¶cm tol then
13: quit
14: else
15: *��IE �1� µ3,� �IE � � ,� �IE �
¶ :16: /��;E �1�Wµ�,� �IE � � ,� �IE ��¶ :17: J �IE �1� µ�,� �IE � � ,� �;E �:¶ :18: 2 �IE � � µ 	 �IE � � ,���;E � ¶ :
19: -N�;E �1� A >^=3> 9 >.P 7A >.P 7 H > 9 > :
20: 4 �;E � � 5 >.P 79 >.P 7 ?n* �IE � - �;E � :
21: o��p� H^q>�r � D�s >
ts > H q> E A q>.P 7 :
22: h�� � D A > H >�u�>^v 7s > H q> E A q>.P 7 :
23: g �p� s >8v 7 H q>^v 7s >^v 7 H q>8v 7 E A q> :
24: ²;�w�io��Á²I��D � × h �Q»�� :25: j��J�Fo��Zj���D � × h �E¿�� :26: Q��w�`QL��D � × ²I� :27: ¼8�w��¼^��D � ? j�� :28: end if
29: end for

TheimprovedQMR methodusingLanczosalgorithmasunderlyingprocesscanbe
efficiently parallelizedasfollows:

The innerproductsof a singleiterationstep(12), (15), (16), (17) and(18) are
independent.

Thematrix-vectormultiplicationsof a singleiterationstep(7) and(8)areinde-
pendent.

Thecommunicationsrequiredfor the innerproducts(12), (15), (16), (17) and
(18)canbeoverlappedwith theupdatefor »L� in (11).

Therefore,theoverheadof communicationon paralleldistributedmemorycomputers
canbesignificantlyreduced.
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7.5 THE PERFORMANCE MODEL

Basedonthesemathematicalbackgrounddescribedabove,wewill makethefollowing
assumptionssuggestedin [4, 5, 13] for our performancemodel. First, the model
assumesperfectloadbalanceandtheprocessorsareconfiguredasring, d-dimensional
meshwith wrap-aroundconnection,hypercubeandbalancedbinarytree, respectively.
For d-dimensionalmeshwithout wrap-aroundconnection, thebasiccommunication
operationincreaseat mostby a factor of four. In this model,Eachprocessorholds
a sufficiently large numberof successive rows of the matrix, andthe corresponding
sectionsof the vectorsinvolved. That is, our problemshave a strongdatalocality.
Secondly, we can computethe inner products(reduction)in two stepsbecausethe
vectorsare distributedover the processortopology. The computationof an inner
productis executedbyall processorssimultaneouslywithoutcommunicationor locally
andthesepartial resultsarecombinedby a globalsumoperationandaccumulatedat
a singledestinationprocessor, calledsinglenodeaccumulation(SNA) . The second
phaseconsistsof reversingthedirectionsandsequenceof messagessendingthefinal
resultsfrom thissingleprocessorto all otherprocessors,calledsingle-nodebroadcast
(SNB) .

With regardsto thecommunicationmodel,theStore-and-Forward routing(SF)and
Cut-Throughrouting (CT) scheme[11] arediscussedin our qualitative performance
analysis.In SFrouting,whena messageis traversinga pathwith multiple links, each
intermediateprocessoron thepathforwardsthemessageto thenext processorafterit
hasreceivedandstorestheentiremessage.In CT routing,eachintermediateprocessor
onthepathdoesnotwait for theentiremessagetoarrivebeforeforwardingthemessage
tothenext processor. Assoonasasmallerunitcalledaflit is receivedatanintermediate
processor, theflit is passedonto thenext one.Thecorrespondingcommunicationcost
for SNBandinnerproductswith SFandCT routingcanbesummarizedasfollows:

wherethe ½ · is the start-uptime that requiredto initiate a messagetransferat the
sendingprocessor. Theper-word time ½ ù is thetime eachword takesto traversetwo
directly-connectedprocessors.Theper-hoptime ½0x is thetimeneededby theheaderof
a messageto travel betweentwo directly-connectedprocessors.Thecommunication
costfor SNB with CT routingon thehypercubewe list is not optimal. The optimal
oneis ] µ ½ ·�y{z�| Ö » × ½ ù � ¶ .

In the following part we will describea simpleperformancemodelincluding the
computationtimeandcommunicationcostfor themainkernelsaswepresentedbefore
basedonourassumptions.Thesetwo importanttermsareusedin ourpapersuggested
in [5]:

CommunicationCost : The term to indicateall the wall-clock time spentin
communication,thatis not overlappedwith usefulcomputation.

CommunicationTime : The term to refer to the wall-clock time of the whole
communication.

In thenon-overlappedcommunication,thecommunicationtimeandthecommuni-
cationcostarethesameterm.
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Table7.1 CommunicationOperationCostwith SFandCT Routings

Topologies Operations SFRouting CT Routing

Ring
SNB µ%½ · × ½ ù � ¶~} É Ö�� µ%½ · × ½ ù � ¶ y_z�| Ö » × ½0xEµ�» ? " ¶
Inner µ ½ · ×�� ½ ù ¶Z» ] µ%½ · ×�� ½ ù ¶ y_z�| Ö » × ] ½0xEµ�» ? " ¶

Mesh
SNB ²¸µ%½
· × ½>ù � ¶�} É 7����Ö � µ%½
· × ½>ù � ¶ y_z�| Ö » × ²s½ x µ�» �0�0� ? " ¶
Inner ²¸µ ½
· ×�� ½>ùd¶Z» �0�0� ] µ ½
· ×�� ½>ùd¶ y_z�| Ö » × ] ²s½ x µ�» �0��� ? " ¶

Hypercube
SNB µ%½
· × ½>ù � ¶ y_z�| Ö » µ ½
· × ½>ù � ¶ y_z�| Ö »
Inner ] µ ½
· ×�� ½>ùd¶ y_z�| Ö » ] µ ½
· ×�� ½>ù ¶ y_z�| Ö »

Tree
SNB µ%½ · × ½ ù � × ½0x¸µ y{z�| Ö » × " ¶�¶ y_z�| Ö »
Inner ] µ ½ · ×�� ½ ù ¶ × ½0xEµ y{z�| Ö » × " ¶�¶ y_z�| Ö »

TheIQMR algorithmcontainsthreedistinctcomputationaltasksperiteration

Two simultaneousmatrix-vectorproducts,úJ,��� and ú ü ,���IE � whosecomputa-
tion timearegiven ] ½0����� Ç�� .

Fivesimultaneousinnerproducts,µ3,� �IE � � ,� �IE �
¶ � µ�,� �IE � �,���;E � ¶ � µL,���;E � � ,���;E � ¶ � µ 	 �IE � � ,���IE � ¶ and µ5¼^��D � � ¼8�LD � ¶ whosecomputationtime
aregivenby µ ] º�� ? " ¶5½0����� Ç�� .

Ninevectorupdates,( ��� ,� �;E � � ¿ ��� ,� �;E � � » ��� ² ��� j �Z� Q � and ¼ � whicharegiven] ½0������Ç�� .

where��Ç�� is thelocalnumberof unknownof aprocessor, ½ ��� is theaveragetime for
a doubleprecisionfloatingpoint operationand º � is theaveragenumberof non-zero
elementsperrow of thematrix.

Thecomplete(local)computationtimefor theIQMR methodisgivenapproximately
by thefollowing equation:

ßO�
���J������ É � µ "�� × ] º��T¶ � � ½0�����`j¥µ � ¶ � » � (7.5)

Thecorrespondingglobalaccumulationandbroadcasttimefor 5simultaneousinner
productof IQMR method,Ã}µ � ¶ , is givenasfollows:

7.6 THEORETICAL PERFORMANCE ANALYSIS

In thissection,wewill focusonthetheoreticalanalysisof theparallelperformanceof
IQMR methodwheretheefficiency, speed-upandruntimeareexpressedasfunctions
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Table7.2 CommunicationCostwith SFandCT Routings

Topologies SFRouting CT Routing

Ã¸µ � ¶ Ring µ%½ · ×�� ½ ù ¶�» ] µ ½ · ×�� ½ ù ¶ y_z�| Ö » × ] ½0x�µ�» ? " ¶
Mesh ²¸µ%½ · ×�� ½ ù ¶�» �0��� ] µ%½ · ×�� ½ ù ¶ y{z�| Ö » × ] ²s½0xjµ�» �0��� ? " ¶

Hypercube] µ%½ · × ½ ù � ¶ y_z�| Ö » ] µ%½ · ×�� ½ ù ¶ y_z�| Ö »
Tree ] µ%½
· ×�� ½>ùd¶ y_z�| Ö » ] µ%½
· ×�� ½>ùË¶ × ½ x µ y_z�| Ö » × " ¶>¶ y_z�| Ö »

of thenumberof processorsscaledby thenumberof processorsthatgivestheminimal
runtimefor thegivenproblemsize.

Thetotal runtimefor IQMR is givenby thefollowing equation:

ßO�
���J�É � ßO�^�N�J����0� É × ßO�^���J����0��� �Bj�µ � ¶ � » × Ã¸µ � ¶ (7.6)

Thisequationshowsthatfor sufficiently large » thecommunicationtimewill dominate
thetotal runtime.

Let » �1�8� denoteasthenumberof processorsthatminimizesthe total runtime ß É
for any » processorsof IQMR method.Thepercentageof thecomputationtime in the
whole runtime

Ð É �Aß � Ç�»jß É is definedasparallelefficiency. The speed-up� É for

any » processorsis � É ��ß � ÇQß É and Õ bethefraction Õ���»�Ç�» ���^� and �F��²1Õ � P 7� .
Thenthetheoreticalperformancefor SFroutingcanbesummarizedasfollows:

Table7.3 TheoreticalParallelPerformancewith SFRouting

Topologies » ���^� Ð É � É ß É
Ring µ � r � t �¡�¢ E Ô ¡�£ ¶ �0� Ö �� E�¤ q É� E�¤ q � E�¤ q¤ µ ½
· ×�� ½>ùd¶0j�µ � ¶¥�L¶ �0� Ö
Mesh µ � r � t �¡�¢ E Ô ¡�£ ¶ �� P 7 �� E�¦ É� E�¦ � E�¦¤ µ>µ ½
· ×�� ½>ùd¶ � j¥µ � ¶�� ¶ 7� P 7

Hypercube §'¨ ÖÖ � r � t_�¡ ¢ E Ô ¡ £ �� E�¤ §'¨ É É� E�¤ §'¨ É � E�¤ §'¨ É¤ Ö r ¡ ¢ E Ô ¡ £ t§'¨ Ö
For CT routing,we canconcludethesimilar resultswhichcanbedescribedin the

following theorem:

Theorem 1 Let » �1�^� , runtimeß É , speed-up� É , andefficiency
Ð É bedefinedasbefore

for any » processorswith SFandCTroutingsof theparallel IQMRmethod.Thenwe



98 PARALLELNUMERICALCOMPUTATION WITHAPPLICATIONS

havesimilar relationsdescribedasfollowsfor bothSFandCT routingwith different
networktopologies.Theruntime ß É :ßO©0ª ��«É ¬ µ�ß ¡ ©.­�­É ¶ ¬ ß � ­ · xÉ ¬ ß x�® É ­�© ��¯�° ­É � (7.7)

theparallel efficiency
Ð É :Ð ©�ª ��«É m�µ Ð ¡ ©.­�­É ¶cm Ð � ­ · xÉ m Ð x�® É ­�© ��¯�° ­É � (7.8)

theparallel speed-up� É :��©�ª ��«É m�µ�� ¡ ©3­0­É ¶cm)� � ­ · xÉ m)� x�® É ­�© ��¯�° ­É � (7.9)

andthecorresponding» ���^� :
»L©0ª ��«���^� m�µ�» ¡ ©.­0­���^� ¶�m3» � ­ · x�1�8� m » x�® É ­�© ��¯�° ­���^� < (7.10)

7.6.1 The impactsof reductionby overlapping

In this part,wewill usethismodelto evaluatetheimpactin parallelperformancedue
to thethecommunicationreductionsby overlapping.

Sincein theIQMR method,thereis onepossibilityto overlapthecomputationtime
with communicationtime, we assume» �0± � asthenumberof processorsfor which all
communicationcan be just overlappedwith computation. The value for » ��± � with
d-dimensionalmeshtopologyandSFroutingfollowsfrom

²�» �0�0� µ%½ · ×�� ½ ù ¶+� ] ½0��� � » <
It is easyto know thetheoreticalresult:

» �0± � � µ ] ½0�����²¸µ%½ · ×�� ½ ù ¶ ¶ �^��� E � <
Basedon thesetheoreticalresults,wewill discussthesethreedifferentsituations:

If »Sm�» ��± � , thereis nosignificantcommunicationvisible.

If » ¬ » ��± � , the overlap is no longer completeand the efficiency decreases
againbecausethe communicationtime increasesandthe computationtime in
theoverlapdecreases.

If »J�!» ��± � , thecommunicationtimecanbejustoverlappedby thecomputation
time. And accordinglywehave linearspeed-upand

" ����²
parallelefficiency.

It is easyto show in generalcase» �0± � m�» ���^� .
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For thegeneralcaseof d-dimensionalmeshtopologyandSFrouting,weassumethat
afraction ³ of thecomputationsin vectorupdatecanbeusedtooverlapcommunication
in innerproducts,theruntimeof oneiterationfor » processorsand � unknownsto be´ß�µ���µ "�� × ] º�� ?¶] ³¥¶ ½0�����» ×�·�¸�¹ µ ] ³ ½0�����» � ²¸µ%½ · ×�� ½ ù ¶Z» �¥��� ¶3<

Fromthe expressionof the runtimewe caneasilydrive the numberof processors´» ���^� for which
´ß É is minimal, for which

´� É is maximal,is´» ���^� � µ µ "�� × ] º�� ?K] ³¥¶5½0�����½
· ×�� ½>ù ¶ �^��� E � <
Thepercentageof thecomputationtimein thewholeruntime

´Ð É for
´» �1�^� processors

is : ´ÐSºÉ�»Z¼�½ � "�� × ] º��µ�² × " ¶/µ "�� × ] º�� ?K] ³¥¶ <
It shows that

´» ���^� ¬ » �0± � , the overlappingfactor ³)� "
. This leadsto around�� E � ´ß ºÉ »Z¼0½ is spentin communication!

Thecorrespondingparallelspeed-uṕ� É for
´» ���^� processoris maximal,is:´� ºÉ�»Z¼0½ � µ "�� × ] º � ¶ ´» �1�^�µZ² × " ¶�µ " ÷ × ] º��Q¶G¾ "² × " ´» �1�^� <

Theruntimefor
´ß É for

´» ���^� is minimal:´ß ºÉ�»Z¼0½ � µZ² × " ¶�µ>µ ½
· ×�� ½>ù ¶ � µ " ÷ × ] º � ¶5½ ��� �L¶ 7� P 7 <
With regardsto the runtime, efficiency, and speed-upfor numberof processors� with overlappedcommunication,the correspondingresultscan be statedin the

following theorem:

Theorem 2 Let theruntime,parallel speed-upand theparallel efficiencywith over-
lappedcommunicationdenoteas

´ß É , ´� É and
´Ð É respectively. Let o be the fraction

as »¶�¿o ´» ���^� , ÀK� µ Á�ÃÂ E Ö �IÄ�D Ö Á ¶ �^��� E � and ÅV� "�� × ] º �f?�] ³ , thenthe parallel

efficiency
´Ð É is givenby ´Ð É � � " � oJÆ�ÀÇ E Ö ÁÇ r � E �3È � P 7���� t � o ¬ À

theparallel speed-uṕ� É is givenby´� É � � � � owÆFÀr Ç E Ö Á t ÉÇ r � E �.È � P 7�� q t � o ¬ À
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andtheruntime
´ß É is givenby´ß É � � µ�Å × ] ³¥¶ ¡�É�Ê �É � owÆFÀÅ µ " × ²;o � E �0� Ö ¶ ¡ É�Ê �É � o ¬ À

Therearesomeinterestingremarkscanbemadeasfollows:

The maximumspeed-upin caseof overlappedcommunicationis reachedfor´» �1�^� . In general
´» �1�^� is alwayssmallerthan» �1�8� . Furthermore,thespeed-up

for
´» ���^� is alwaysbetter.

A directcomparisonshowsthattheoptimalperformancefor theIQMR method
with overlappingis betterthantheapproachwithoutoverlapping.

With overlappingwe canrun fasteron muchlessprocessors,which, of course,
givesalargeimprovementin efficiency. But thescalabilityof theIQMR method
is not improvedby overlappingthecommunication.

Thisconclusioncanbeextendedto ring, treeandhypercubetopologies.

7.7 CONCLUSION

In this paper, we mainly presentthe qualitative analysisof the parallelperformance
with Store-and-ForwardroutingandCut-Throughroutingschemesandtopologiessuch
asring, mesh,hypercubeandbalancedbinary tree. Theoreticallyit is shown thatthe
hypercubetopologycangiveusthebestparallelperformancewith regardsto parallel
efficiency, speed-up,andruntime,respectively. We alsostudytheoreticalaspectsof
theoverlappingeffect in thealgorithms.Furthernumericalexperimentsareneededto
evaluatethetheoretcalstudies.
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Abstract: In this paperwe are mainly concernedwith an additive overlapping
domaindecomposition(DD) algorithmandit implementationonparallelcomputerswith
sharedanddistributedmemoryincluding clustersof workstations.The problemunder
considerationis thenumericalsolutionof 3D elasticitysystemsbut themainideas,algo-
rithmsandcodesareapplicableto3Dellipticboundaryvalueproblemswith discontinuous
coefficients.Thesystemof linearequationswhichhasto besolvedafterafinite element
methoddiscretizationissymmetricandpositivedefiniteandthePreconditionedConjugate
Gradientmethodwith a preconditionerconstructedvia DomainDecompositionis used.
Thealgorithmis highly parallelizable.TheMessagePassingInterface(MPI) standardis
usedon bothsharedanddistributedmemoryparallelcomputerplatforms. Resultsfrom
numericalexperimentson two symmetricmultiprocessorsystemsandIBM SPparallel
computerwith distributedmemoryarediscussed.

8.1 INTRODUCTION

In recentyearstherehasbeena considerabledevelopmentin Domain Decomposi-
tion (DD) methodsfor numericalsolutionof partialdifferentialequationsdiscretized
using finite differencesand finite elementsmethods. Among the reasonsunderly
the interestin thesetechniqueswe mentionthepossibilitiesof determiningeffective
parallelalgorithmsandimplementationonmodernhigh-speedcomputersmainlypar-
allel computerswith sharedanddistributedmemoryincludingclustersof workstations
(see[7,11]) andthe referencesgiven there). From otherhandDD methodsarevery
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convenientin orderto handlecomplex geometries,nonsmoothsolutions,differential
equationswhichhave differentcoefficientsin differentsubregionsof thedomain.

The problemconsideredhereis describedby a coupledsystemof elliptic partial
differentialequationsof secondorder, with stronglyvaryingcoefficients.Thissystem
is discretizedby brick elementsandtrilinearbasisfunction.Thediscretizationleadsto
theproblemof solvinga systemof linearalgebraicequationswith sparse,symmetric
andpositivedefinitecoefficientmatrix. ThePreconditionedConjugateGradient(PCG)
methodisusedto find thesolution.Ourapproachconsistsof applyingapreconditioner
constructedvia an additive overlappingDD method. The new algorithm is highly
parallelizable. The MessagePassingInterface(MPI) standardboth for sharedand
distributedmemoryparallelcomputersis used.

Thenumericalexperimentsreportedin this paperareobtainedon two symmetric
multiprocessorsystems:SUNEnterprise3000(workstationwith eight167MHz Ultra
SPARC processors)and SUN SPARCstation20 (a workstationwith four 99 MHz
processors)aswell astheparallelcomputerwith distributedmemoryIBM SPPower
2 (with 32 120MHz RS/6000processors).A setof tablesandfiguresillustratethe
performednumericaltestsontheabovementionedcomputers.They well demonstrate
the parallel propertiesof the proposedalgorithm as well as the robustnessof the
developedcodes.

The remainderof the paperis organizedas follows. Section8.2 is devoted to
a descriptionof the problemunderconsideration. In Section8.3 we focuson the
overlappingdomaindecompositionapproach.Theparallelsolver andMPI primitives
usedcanbe found in Section8.4. Section8.5 is consistsof numericaltestson two
modelsof SUN symmetricmultiprocessorsystemsand on the distributedmemory
parallelcomputerIBM SP. The conclusions,requirementsandsomeoutlook for the
parallelperformanceof thedevelopedparallelcodesaregivenin thefinal Section8.6.

8.2 THE PROBLEM

Let Ë be an elasticbody occupyinga boundedpolyhedraldomain ÌÍU þ Î Í , and
let Dirichlet/Neumannboundaryconditionson Ï�ÐÒÑZÌ be imposed. We denotebyÓ �&#ø¿ � � ¿ Ö � ¿ Í % ü thedisplacementvector, by ÔG�&#'j � � j Ö � j Í % ü thevectorof thebody
forces,by ³ �Wµ�³ ª'Õ ¶�µ Ó ¶ thestresstensorandby Ö µ Ó ¶+�Wµ×Ö ª'Õ µ Ó ¶�¶ thestraintensor(the
deformationassociatedwith Ó ).

We considerelasticityproblemsundertheassumptionsthat thedisplacementsare
smallandthematerialpropertiesare isotropic.

Thestressed–strainedstateof theelasticbodyunderconsiderationcanbedescribed
byacoupledelliptic systemof threepartialdifferentialequationsandthecorresponding
boundaryconditionsasfollows[10]

ú ü ³ × f � � Ø µ�Q � � Q Ö � Q Í ¶cU\Ì
u � u Ê Ø µ�Q � � Q Ö � Q Í ¶cU\Ï ÊÙ Íª�Ú � ³ ª'Õ º ª � ¿ ��Û Ø µ�Q � � Q Ö � Q Í ¶cU\Ï � � õG� " �
]Ü� ¯ �
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where

ú`�
ÝÞÞÞÞÞÞÞß àà

� 7 � ��
àà
� q �� �

àà
��á

àà
� q àà

� 7 ��
àà
��á àà

� qàà
��á �

àà
� 7

â3ãããããããä <
The variationalformulationof the problemto computethe displacementsof the

above determinedelasticbodyunderforcesÔ is:

Find: Ó U=µ�å �æZç ÌOè0è Í , suchthat

éIê ç Ó �.ë èìÐ í ê ç gïîÜð � Ó îÜð � ëòñÍ- óôª�õ Õ�Ú � Ö ª Õ ç Ó è�Ö ª Õ ç ë è î;ö� ÷ ç ë è � Ø ë U ç å �æZç ÌOè0è ó �
where÷ ç ë è+� Ù óª�Ú �Zø ê j ª � ª î;ö < Thepositivematerialcoefficients ù and - dependon
themodulusof elasticity(Young’smodulus)- ú andonthecontractionratio (Poisson
ratio) - û .

Thebilinearform é;ê ç Ó �3ë è is secondorder, symmetricandcoercive.

Thecorrespondingdiscretevariationalproblemreadsasfollows::

Find: Ó x U ý x ç ÌOècü ç å �æ ç ÌOè�è ó , suchthaté ê ç Ó xL�3ëNx èa�`÷ ç ëNx è � Ø ëNx U ý x ç ÌOè
<
In thisstudyweusethestandardtrilinearnodalbasisfunctionsý ª for thespaceþ x

[2]. If weexpresstheapproximatesolutionby thebasicfunctionsi.e.ÿ r�� tx � ô � r�� tª ý ª � � � " �^];���
wewill obtainthelinearsystemof equations�	� ��
 � (8.1)

where
� � # � ª %
� is thevectorof unknowns—

� ª �Zð � " �^];� <�<�< � � , 
 — theright-
handsideis thevectorwith components÷ ª ��
 ç ý ª è � and

�
is thesocalledstiffness

matrixwith entries
� ª'Õ � é ê ç ý ª � ý Õ è .

To solve the linearsystemof equations(1) the preconditionedconjugategradient
procedureis used[1]. In orderto obtainthe initial iterate -

� æ andthe next search
direction- � � in theiterativeprocedure,thesystems��� æ�� 
� � � ��� �
with thepreconditioningmatrix

�
have to besolved.
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8.3 HOW THE DOMAIN DECOMPOSITION
PRECONDITIONER IS CONSTRUCTED

In 1936, Sobolev [13] showed that the Schwarzalternatingalgorithm for the two
subdomainscaseconvergesfor thelinearelasticityequations.In thedevelopedparallel
algorithmweusetheSchwartzalgorithmbasedonmany overlappingsubdomains.

Thetriangulationof thecomputationaldomain� maybedonein thefollowingway.
Thedomainis first divided[8] into non-overlappingsubstructures����� ð ��� �����! 
 
 
�#" .
All this substructuresarefurtherdividedinto parallelepipedalelements(bricks)with
size( $&%(')$+*,'-$ ó ). We extend eachsubdomain� � to a larger region

.� � with an
overlapof /10#$�è , where $ ��2 é43 0#$5%!��$6*7��$ ó è . We alsoassumethat 8 .� � doesnot cut
throughany brick element.We makethesameconstructionfor thesubstructuresthat
arenext to theboundaryof thedomain � exceptthatwecut off thepartof

.� � that is
outsideof � .

Let
.� � be a local stiffnessmatrix accordingto the subdomain

.� � . We define
restrictionmaps9 � andextensionmaps9:�� , asfollows. Let theglobalstiffnessmatrix�

is of order ; � � '=<>%('=<&*,'=< ó , where <>%���<&* and < ó arethe numberof the
nodesin 3 %�� 3 * and 3 ó directionsfor thewholecomputationaldomain.Let usdenote
with

.; � thenumberof theunknownscorrespondingto theinteriorwith respectto
.� � ,

nodes. For eachsubdomain
.� � the matrix 9 � is 0?;@' .; �BA restrictionmatrix with

entries 1’s and 0’s , takinginto accounttheindexesof thenodesbelongto
.� � . This

matrix restrictsa vector
�

of length ; to 9C� � of length
.;(� . Thus,thelocalstiffness

matrix
.� � correspondingto thesubdomain

.��� isD� � � 9 � � 9 � �  
Let usnotethat in thecaseof many subdomains,theadditive Schwartzalgorithm

is a generalizationof thewell known two-subdomaincasewith a preconditioner�FE %GIHJH � Kô �ML % 9 � � .�)E %� 9C�N 
Indeed,if westartwith aniterate 0 �4A , wecompute0 �fñ � A by�PO �7Q %�R � �PO � R ñ S Kô �?L % 9 � � .� E %� 9C�?TVU!
XW �Y�PO � R[Z
As 9\�� .� E %� 9 �4] canbecomputedin parallelfor thedifferentsubdomains,this leads
to a coarsegrain parallelism. Taking into accountthe definition of the restriction
matrix 9C� (andtheextensionor interpolationmatrix 9\�� ) we mayconcludethat it is
notnecessarilyto storethesematrices.

Sodefinedpreconditioner
� G�H^H is astraightforwardgeneralizationof thestandard

block-Jacobipreconditioner. Theconvergencerateof this preconditionerdeteriorates
whenthe numberof subdomainsincreases[7]. Thereareseveral techniqueswhich
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improve thepropertiesof theabove consideredalgorithm.Thepricehasto bepaidis
communications.Onecommonmechanismfor thatiswhenthefinegrid(characteristic
diameter$ of theelements)is arefinementof thecoarsemesh(themeshobtainedfrom
thesubdomains)[6,7]. Thenif welet 9\�_ tobethestandardinterpolationmapof coarse
grid functionsto thefinegrid functions(like in thetwo-levelmultigridmethods)thenits
transpose9 _ isaweightedrestrictionmap.If now

� _ is thecoarsegriddiscretization
matrix, i.e.

� _ � 9 _ � 9\�_ thentheimprovedadditiveSchwarzpreconditionercan
bedefinedby thepreconditioner� E %G�H^H õ �
` Kba � 9 � _ � E %_ 9 _ ñ Kô �?L % 9 � � .� E %� 9C�N 

In thispaperwedonot considerthelatestalgorithm.

Thealgorithmfor solvingthesystem
�

z� � r � with
� � � G�H^H is as

follows:.
r
�� W vectorof a length

.;(�dc entriesareequalto
thoseof r � for thecomponents
correspondingto themeshpointsin

D � �
and e elsewhere;.

z
�� f .� � .z�� � .

r
�� c

z�� W vectorof a length ;)c anextensionof
.
z
��

with e entriesoutside
.���Nc

z� � gih�?L % z��
All four stepsof thisalgorithmcanbedonein parallel.Thecoefficient matricesof

thesystemsof linearalgebraicequations.� � .z�� � .
r
��

aresymmetricpositivedefiniteblock matricesandthepreconditionedconjugategra-
dientmethodwith Block–Size ReductionBlock–IncompleteLU preconditionerpro-
posedby ChanandVassilevski [4] (seealso: [3] and[5]) is usedto solve thesystems
in eachsubdomain.

8.4 THE PARALLEL SOLVER

Whenparallelcomputers(with sharedor distributedmemory, andincludingherethe
clustersof workstations)areusedfor an implementationof domaindecomposition
algorithms,asa rule the differentsubdomainsaremappedto individual processors.
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The problemwhich hasto be solved is the communicationsbetweenthe different
processors.ThestandardMessagePassingInterface(MPI) [9, 12] is used.

At therecentreleaseof thecodesrealizingour algorithmfor useon parallelcom-
puterswehave usedthefollowing MPI primitives:

- blocking send(MPI SEND)andblocking and unblocking receive(MPI RECV
andMPI IRECV) operationsin a standard mode from thePoint-to-Point communi-
cations;

- MPI BARRIER for barrier synchronization, MPI BCAST for broadcasting
data,MPI GATHER and MPI GATHERV (a vector variantof MPI GATHER) for
gathering data, MPI ALLREDUCE for reduction operationsfrom the Collective
communications;

- MPI WTIME for timing (elapsedtime) theprogramsor sectionsof them.

An outlineof thecodeis following.

include’mpif.h’
call MPI init(ierr)
call MPI commrank(MPI commworld, rank,ierr)
call MPI commsize(MPIcommworld, nodes,ierr)
call MPI get processorname(name,lname,ierr)j

Inputdataj
Generationof thestiffnessmatrixand
theright–hand–side,factorizingdiagonalblocks
andcomputingentriesneededfor theSherman–
Morrison–Woodbury formulafor eachsubdomain
in parallel.No communicationsat thisphase.j
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Solving the system(1) via PCGM
with DD preconditioner

Computing the initial iterate in parallel
PCGMwith BSR-MILU preconditioner.
Eachprocessorconsistsof its own partof
thevectorof theinitial iterate.
No communicationsat thisphase.k:k:k:k:k:k:k:k:klk
Computing the initial defectin parallel.
Thisphaseconsistof matrix–vector product and
addition of vectorsandthereforeeach
processorhasto send/receive a partof thevectors
correspondsto theoverlappingregionsto/from
hisneighbors.
After thattheprocessorswork in parallel
andeachprocessorconsistsof its own part
of thevectorof theinitial defect.
MPI communicationprimitivesused:
MPI SEND,MPI IRECV, MPI WAITALLk:k:k:k:k:k:k:k:klk
Computing the initial quasidefectin parallel
PCGMwith BSR-MILU preconditioner.
Eachprocessorconsistsof its own partof thevector
of theinitial quasidefect.
No communicationsat thisphase.k:k:k:k:k:k:k:k:klk
Iteration cycle:
Dot andmatrix–vectorproducts,vectorsadditions.

MPI communicationprimitivesused:
MPI SEND,MPI IRECV, MPI WAITALL,
MPI ALLREDUCE,MPI SUM.

Thecomputingof thenext searchdirection,which
leadsto solvingsystemsof equations,
is donein parallelin eachsubdomainwithout
any communications
(PCGMwith BSR-MILU preconditioner).j

Outputdataj
call MPI FINALIZE(ierr)
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8.5 NUMERICAL EXPERIMENTS

8.5.1 The test problem
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Figure8.1 Thecomputationaldomain

Considera singlepile in a homogeneoussandyclay soil layer. Thecomputational
domainis theparallelepiped� �nm eo� 3 ` G�p% q ' m eo� 3 ` G�p* q ' m eo� 3 ` G�pr q (Fig.1).

Boundaryconditionsof Dirichlet andNeumanntype on the differentpartsof the
boundaryof thedomainareasfollows:

HomogeneousDirichlet boundaryconditionson the bottomsideof the paral-
lelepiped 3 r � e , i.e thedisplacementsareequalto zero;

HomogeneousNeumannboundaryconditionson thevertical sidesandon the
topsideof theparallelepiped3 % � eo� 3 % � 3 ` G�p% � 3 * � eo� 3 * � 3 ` G�p* � 3 r � 3 ` G�pr
i.e thestressesareequalto zero,excludingthepile surface,wheretheloadfrom
theupperconstructionis applied;

Thecomputationaldomain � is determinedby3 ` G�p �ts ` G�p �u� � 2 cwv ` G�p � �yx 2  
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The lengthof the pile and the sizeof the active zoneunderthe top of the pile are
respectively z �@�b{l2 and | G�}N~ ��� � 2 . Themechanicalcharacteristics
of thepile andof thesoil layerare:

(a)pile: ú � � �!{ eye ����� c û � eo �� ;
(b) soil: ú �n� e ����� cìû � e� � .
An uniformly loaddistributionon thecrosssectionof thepile is assumed.

8.5.2 Partitioning of the domain

Wedividethecomputationaldomainin stripsaccordingto 3 r -coordinatedirectionand
dependingon thenumberof the processorsof theparallelcomputingsystemwe are
going to use. The case" ��� and < % � < * � < r�� � � with an overlapof �l$ r is
presentedonFig.2.
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Figure8.2 Thefour subdomaincase.Crosssection�o�����I�6���� � . Theoverlapis ���o� .
Whenweperformanalgorithmonparallelcomputerswehaveto payattentionthat

all the processorsor many of themwork in parallel. It is a difficult taskto keepall
processorsbusyall of thetime. Often,someprocessorshaveto wait for otherstofinish
their tasks. It is well seenthateven whenonly oneprocessorhave morework to do
thenothers,for example,"�W � processorshave to dowork measuredwith � % andthe" -th processorhasto dowork - � * , where � *�� � % , thebestspeedupwhich is able
to befoundis � K � 0�"�W � A � %�� � %��* �F� � 0�",W � A � %��*  
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Thus,the processorswhich work in parallelmustcoordinatetheir work. Note, that
in almost all algorithmsin practice,the differencebetween � % and � * is not a
singlearithmeticoperationbut oneor moresubroutines.Unfortunately, thereis no
anefficient, perfectlyparallelalgorithmfor solvingany partialdifferentialequations
(PDE’s) numerically. In 1988,Worley [14] showedthatperfectlyparallelalgorithms
for partialdifferentialequationsdonot existandthatfor a prior givenaccuracy there
is a lower bound of thetime it will taketo achieve this accuracy.

In orderto avoid someload imbalanceswedonot divide thewholecomputational
domainonequalin 3 r -directionsubdomains.Themainreasonfor theloadimbalances
in theproposedalgorithmis thatwe have to solve a coupledsystemof elliptic partial
differentialequations,with stronglyvaryingcoefficients,andweusefor thatpurpose
aniterativeprocedurewhichrateof convergence,i.e. numberof iterations,dependon
theratio betweenthecoefficients.

8.5.3 Resultsfr om the numerical experiments

Numericaltestsof thecoderealizingtheoverlappingdomaindecompositionapproach
for the 3D simulationof pile systemwere doneon the symmetricmultiprocessor
computersSUN Enterprise3000(up to eightprocessors)andSUN SPARC 20 (up to
four processors)as well as on the parallel computerwith distributedmemoryIBM
SPPower 2 (up to eight processors).The total elapsedtime ( � K ) for executingthe
codeon " processorsmeasuredby MPI routineMPI WTIME) in seconds,thespeedup
(

� K � � %�� � K ) andtheparallel efficiency( � K � � K � " ) obtainedduringthenumerical
experimentscanbefoundin thenext threetables.

Table8.1 Elapsedtime,speedupandparallelefficiency forSUNSPARCstation20

Proc. � K � K � K
1 4354 - -

2 2816 1.07 0.54

4 832 3.63 0.91

As it was expected,the computationaltime decreaseswhen the numberof the
processors(subdomains)increaseswith a factor proportionalto the ratio between
processorsusedin the differentruns. In the casewhen the computationaldomain
is dividedonly in two overlappingsubdomainsthe elapsedtime decreasestoo little
anddoesnot scale.Thereasonis thatwhenthedomainis dividedin two overlapped
subdomains,thesubdomainwherethepile is locatedis quitelargeandthenumberof
the inner iterations(PCG-BSR-BILU)areonly approximatelytwo timeslessthanin
thealgorithmwithoutsubdividing. thefactthatsomedomaindecompositioniterations
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Table8.2 Elapsedtime,speedupandparallelefficiency forSUNEnterprise3000

Proc. � K � K � K
1 1108 - -

2 1032 1.07 0.54

4 301 3.68 0.92

8 153 7.24 0.90

Table8.3 Elapsedtime,speedupandparallelefficiency forIBM SPPower2

Proc. � K � K � K
1 619 - -

2 389 1.59 0.80

4 160 3.87 0.97

8 74 8.36 1.05

(outeriterations)have to beperformedexplainstheworseresultsfor this case(row 1
in bothtables).

Thesuperlinearspeedupwhich canbeseenin someof therunscanbeexplained
with theincreasedmemorylocality, thecashlocalityandthecommunicationoverhead.

The developedcode is a portablecode for parallel computerswith distributed
memory, symmetricmultiprocessorcomputersandclustersof workstationswith MPI
installation.All therunson thedifferentcomputersystemsweredonewith thesame
codebut with the particularcompiler. The codeis not optimizedfor the particular
computerusedwhich is very importantin order to exploit fully the greatpotential
ability of thedifferentcomputers.

8.6 CONCLUSIONS AND OUTLOOK

Our numericaltestsfor the codesrealizing the overlappingdomaindecomposition
techniquefor solving the problemarising from the 3D simulationof pile system
show that this approachis an effective tool to determinehigh-performanceparallel
algorithmsfor implementationon symmetricmultiprocessorandparallelcomputers
with distributedmemoryupto eightprocessors.As theclustersof workstationscanbe
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modeledasdistributedmemorycomputerswith theonly differencethat thenetwork
parameters(the start-uptime andthe time for transferringof singleword) arequite
larger, onecanexpectthanthesameconclusionwouldbetruefor thisclassof parallel
computersystems. In fact, therearetwo main possibilitiesto useworkstationsfor
implementationof theoverlappeddomaindecompositionalgorithms:to usea single
workstationandexploit avirtualmemoryor touseanetworkof workstations.Whynot
usea singleworkstation?Theansweris that thepagethrashingreducestheeffective
computationrate.

Thepartitioningof thecomputationaldomainin severalsubdomainsallowsto solve
thislarge-scaleproblembecauseof possibilitytostoredifferentpartof thematricesinto
thememoryof thedifferentcomputers,whenclustersof workstationsareusedor into
thememoryof differentprocessors,wheredistributedmemoryparallelcomputersare
used,andsolveefficientlyhugereal-lifeproblems,whentheproblemdoesnotfit in the
memoryof oneprocessor. Moreover, thecomputationalwork maybedonein parallel
for the big partof thealgorithm. Theuseof thestandardmessagepassinginterface
(MPI) is akey componentin thedevelopmentof concurrentcomputingenvironmentin
whichapplicationsandtoolscanbetransparentlyportedbetweendifferentcomputers.

Thisparticularimplementationof thedomaindecompositionapproachfor 3Dsimu-
lationof pile systemis aportablecodefor parallelcomputerswith distributedmemory,
symmetricmultiprocessorcomputersandclustersof workstations.In orderto improve
the resultsone hasto optimize the implementationand tune it for every particular
computerplatformsusingsomespecialrequirementsfor optimaluseof eachof them.
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Abstract: Largescalemultidisciplinarydesignoptimization(MDO) problemsoften
involvemassivecomputationover vastdatasets.Regardlessof theMDO problemsolv-
ing methodology, advancedcomputingtechnologiesandarchitecturesareindispensable.
The dataparallelisminherentin someengineeringproblemsmakesmassively parallel
architecturesa naturalchoice,but efficiently harnessingthe power of massive paral-
lelism requiressophisticatedalgorithmsandtechniques.This paperpresentsan effort
to apply massively scalabledistributedcontrol anddynamicload balancingtechniques
to thereasonabledesignspaceidentificationphaseof avariablecomplexity approachto
the multidisciplinarydesignoptimizationof a high speedcivil transport(HSCT). The
scalabilityandperformanceof two dynamicloadbalancingtechniques,randompolling
andglobalroundrobinwith messagecombining,andtwoterminationdetectionschemes,
tokenpassingandglobaltaskcount,arestudied.Theextentto whichsuchtechniquesare
applicableto otherMDO paradigms,andto the potentialfor parallelmultidisciplinary
designwith currentlarge-scaledisciplinarycodes,is of particularinterest.

Intr oduction

The requirementfor timely deliverance,in the context of inherentcomputational
complexity andhugeproblemsizespanningseveraldisciplines,is typical of modern
large-scaleengineeringproblems(e.g.,aircraftdesign).Thishasprovidedthedriving
force for researchin theareaof multidisciplinarydesignoptimization(MDO) to de-
veloppractical,scalablemethodologiesfor designoptimizationandanalysisfrom the
perspective of morethanonediscipline.Thecomputationalintensityof realisticmul-
tidisciplinarydesignoptimizationproblemspresentsa majorobstacleandbottleneck.
For this reason,high performancecomputingandits efficient useconstitutea very
importantMDO tool. Thereis anongoingeffort amongstengineeringandscientific
computingresearchersto build sophisticatedparallelanddistributedalgorithmsfor
the solutionsof specifictypesof problems,suchas computationalfluid dynamics,
partialdifferentialequations,finite elementanalysis,etc. (see,for example,theJuly
1998issueof Advancesin EngineeringSoftware). Despitetheir goodperformance
andpromisingpotential,suchcodesarenot widely integratedin MDO environments,
sinceit is anontrivial taskto efficiently blendheterogeneous,disciplinaryengineering
codestogether. Obstaclesthat ariseare complex interactionsbetweendisciplines,
incompatibleinterfaces,nonstandardprogrammingpractices,lack of detaileddocu-
mentation,andsometimesfailure to scaleup to thesizesof realisticMDO problems.
As a result,morecustomizationis neededthanis feasible. Burgeeet al. [7] discuss
similardifficultiesin their effort to parallelizelegacy sequentialMDO codes.

Several efforts aredescribedin the literaturethatproposeparallelanddistributed
solutionsto thecomplexity andcomputationalburdenof largescaleMDO problems.
Onestrainof researchdevelopsmethodologiesfor MDO problemmodelingandfor-
mulationwith thegoalof creatingsignificantopportunitiesfor distributedandparallel
computation. Kroo et al. [23] proposetwo suchmethodologies. One is the de-
compositionof analysesinto simplermoduleswith limited interdependencies,sothat
eachmodulecan be run concurrently. Collaborative optimization[5], on the other
hand,aimsat modelingtheentiredesignprocessasa collaborationbetweenparallel
tasks/disciplines,undertheauspicesof acentralizedcoordinatingprocess.Dennisand
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Lewis introducethe“individualdisciplinefeasible”[8] problemformulationapproach
for MDO thathastheadvantageof usingthird partydisciplinaryanalysiscodes.There
is work at GeorgiaTechonagentbasedtechnologiesfor theIMAGE infrastructureof
theirdecisionsupportintegratedproductandprocessdevelopment(IPPD)architecture
DREAMS[15]. Theapplicabilityandscalabilityof theabove methodsfor large-scale
systemshasyet to beestablished.

A secondstrainof researchis orientedtowardsthedesignandimplementationof
genericMDO computingframeworks that supportconcurrentexecutionacrossdis-
tributed,heterogeneousplatforms(seeAccessManager[25], COMETBOARDS[18],
andFido [32]). For example,Wujek et al. [33] proposea framework, laterextended
by Yoder and Brockman[34], that facilitatesdistributedcollaborative design[23]
andmanagestheentireproblem-solvinglife-cycle througha graphicaluserinterface.
Thesesystemsaim to automatethedesignoptimizationprocessby controllingcom-
puting processes,and trackingandmonitoring intermediateresults. Their problem
definition capabilitiesneedto be very flexible and robust in order to accommodate
complex MDO problems. Additionally, trackingandmonitoringtools like FIDO’s
Spy[32] arevery importantto keepthedesignerinformedaboutthestateof theopti-
mization,andto allow thedesignerto interactwith theautomatedprocess.Currently,
moreempiricalevidenceis neededto show if automated,“push-button” (seeDennis
andLewis [8]) systemsarewell suitedto large,complex MDO problems.

Finally, therehasbeenresearchonusingsophisticatedparallelalgorithmsfor differ-
entMDO subproblemssuchasoptimization,analysis,etc. For example,Burgeeetal.
[7] andBalabanov et al. [1] implementedcoarse-grainedparallelversionsof existing
analysisandoptimizationcodesfor a High SpeedCivil Transport.The resultswere
reasonable,but speeduptaperedoff for lessthan100nodes,dueto I/O overhead,and
otherfactorsdiscussedin [7], [1]. Their conclusionwasthatfine-grainedparallelism
andreducedI/O versionsof the codeswould improve scalability. Therearesome
reportsof efficiency achieved on massively parallelarchitectures,i.e., scalability to
thousandsof nodes.For example,DennisandTorczon[9] developedtheparalleldi-
rectsearchmethodsfor derivative freeoptimizationthatareblatantlyparallel. Direct
searchmethodsaresuitablefor problemswith a relatively small numberof design
variables( � { e ). GhattasandOrozcohave developeda parallelreducedHessianse-
quentialquadraticprogramming(SQP)methodfor shapeoptimization[12] thatscales
verywell upto thousands(16000)of processorsfor relativelysmallnumbersof design
variables( � { e ), but performancequickly degradesasthenumberof designvariables
increases.Eldredet al. [11] have developedanobjectorientedsoftwareframework
for genericoptimizationthatexperiencedoptimalperformanceat512processorsfor a
certaintestproblem,but starteddegradingafterthat. For moreresearchonparalleland
distributedMDO tools,includingparallelgeneticalgorithms,andJavabasedsolutions,
see[19], [3], [10], [2].

This paperfocusseson the effective useof massive parallelismandscalabledis-
tributedcontrol appliedto the reasonabledesignspaceidentificationparadigmem-
beddedwithin the problemof the multidisciplinaryconfigurationoptimizationof a
High SpeedCivil Transport(HSCT).The approachhereusesa variablecomplexity
paradigm [7] wherecomputationallycheaplow fidelity techniquesareusedtogether
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with computationallyexpensive high fidelity techniquesthroughoutthe optimization
process.Geometricconstraintsandlow fidelity analysisareappliedto definepromis-
ing regionsin thedesignspaceandto identify intervening/importantvariables/terms
for surrogatemodels.Higherfidelity analysesareusedto generatesmoothresponse
surfacesfor thoseregions,whicharethenanalyzedby theoptimizersin searchof local
optima.Typical configurationdesignsarecomprisedof 5 to 50designvariables.

Theparadigmof reasonabledesignspaceidentificationconsistsof performingmil-
lionsof low fidelity analysesatextremepointsin aboxaroundanominalconfiguration.
A singledesignevaluationtakesa fraction of a secondon a slow processor, but as
the numberof designvariablesgrows, millions of evaluationsrequirea significant
amountof time. Suchanevaluationis toofinegrainedto lenditself to taskparallelism,
andso is takenastheatomicgrainof computation.In termsof dataparallelism,the
problemis irregularbecauseeachconfigurationthatfailspreliminaryanalysis(violates
feasibilityconstraints)hasto bemovedtowardsthecenterof theboxuntil it is coerced
to a reasonabledesign. This resultsin a variablenumberof analysesandtime per
configuration.Initially, a parallelimplementationwasdevelopedwhereall configura-
tions to beevaluatedwerespreadevenly acrossavailableprocessors.A severeload
imbalance,wheretotal idle time amountedto onehalf of total processingtime, was
observed. Thusdynamicloadbalancingstrategies, sothattheloadcanbeeffectively
redistributedamongstprocessorsat run time, are essential. Two receiver initiated
distributedload balancingalgorithms—randompolling (RP)andglobal roundrobin
with messagecombining(GRR-MC)—wereimplemented.

Loadbalancingcausesremappingof jobsto processorssothatprocessorsthathave
finishedtheir work at somepoint in time canresumework with a new load. Thusa
processorhaving no load at a certainpoint in time doesnot signify that thereis no
morework to bedone. A terminationdetectionalgorithmis neededto assertglobal
terminationof the system. Two complementaryterminationdetectionschemes—
global taskcountandtokenpassing—have beenimplemented.Section9.1 describes
thereasonabledesignspaceparadigm,Section9.2thealgorithms,andSection9.3their
implementation.Section9.4discussestheresultsin termsof scalabilityandefficiency,
andSection9.5offerssomeconclusionsandpossiblefuturework.

9.1 HSCT CONFIGURATION OPTIMIZA TION

The parallelizationtechniquesdescribedin the following sectionsareappliedin the
context of designinganoptimalsupersonicaircraftwith acapacityfor 251passengers,
minimumrangeof { � { ele nauticalmiles,cruisespeedof Mach2.4,andceiling height
of xleo��eleye ft. Theproblemis formulatedasa constrainedoptimization.�¡ £¢p �&¤�¥l¦ p ¦ p �6�d�&§ 0 3 A � subjectto ¨l�^0 3 A�© e for all ª¬«=­ � �b ! b 4� 2�® �
where§ f°¯�±³²n¯ is theobjectivefunction, 3 « ¯�± is avectorof < designvariables,
and ¨ f4¯1±1²´¯ ` is a vectorof 2 constraints.Thevaluesof thedesignvariablesin
vector 3 arelowerandupperboundedby 3 `�� ± and 3 ` G�p respectively.
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Takeoff grossweight(TOGW),expressedastheaggregateof payload,fuel, struc-
tural andnonstructuralweights,servesasthe selectedobjective function. TOGW is
dependenton many of the engineeringdisciplinesinvolved, (e.g., structuraldesign
determinesemptyaircraft weight, aerodynamicdesignaffects requiredfuel weight,
etc.),andthusprovidesameasureof merit for theHSCTasa whole.Giunta[13] sug-
geststhatminimizedtakeoff grossweight is alsoin somesenserelatedto minimized
acquisitionandrecurringcostsfor the aircraft. Figure 9.1 [22] illustratesa typical
aircraftconfiguration.

Thesuiteof optimizationandanalysistoolsemployedfor this problemcomprises
codesdevelopedby engineersin-house(e.g.,vortex lattice subsonicaerodynamics,
panelcodefor supersonicaerodynamics)andby third parties(e.g.,optimizer, weights
andstructures,Harris[16] wavedragcodefor supersonicaerodynamics).Theanalysis
tools areof varying complexity andcomputationalexpense,andsomehave coarse-
grainedparallelimplementations.Interactionsandcoordinationamongstprogramsin
thesuitearemostlycarriedoutvia file I/O.

9.1.1 DesignVariables

Successfulaircraft designoptimizationrequiresa suitablemathematicalcharacteri-
zation of configurationparameters.Typically a configurationhas < © { e design
variables. In this particularcase,29 variablesareusedto definethe HSCT in terms
of geometric—wing-body-nacelle—layout(twentysix variables)andmissionprofile
(threevariables).SeeTable9.1 [13] for descriptionsandtypical valuesof all design
variables. The wing is parametrizedwith eight variablesfor planform (seeFigure
9.2 [13]) andfive variablesfor leadingedgeandairfoil shapeproperties(seeFigure
9.3[13]). Twovariablesexpresstheenginenacellelocationsalongthewingsemi-span.
The fuselageshapeis definedwith eight variablesspecifyingthe axial locationand
radiusfor eachof four restraintpointsalongits fixed µleye ft length.Thehorizontaland
vertical tails aretrapezoidalplanformswhoseareaseachcomprisea designvariable.
The thrustof the engineis alsoa variable. Internalvolumeof theaircraft is fixedat�lµo���lxye ft

r
.

The idealizedmissionprofile is divided into threesegments—takeoff, supersonic
leg at Mach2.4,andlanding. Therearethreevariablesrelatedto themission—flight
fuel weight,climb rate,andinitial supersoniccruise/climbaltitude.

9.1.2 Constraints

The HSCT optimizationprocessis subjectto 69 explicit nonlinearconstraintsof
varyingcomplexity andcomputationalexpense.The leastexpensive to evaluateare
geometricconstraintsthatareusedto eliminatephysicallysenselessdesignsinvolving
negative lengths,zerothickness,etc. Aerodynamicandperformanceconstraintsvary
from moderatelyexpensive (e.g.,stability issues)to computationallyintensive (range¶ { � { ele ). Table9.2[13] listsall constraintswith shortdescriptions.
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Figure9.1 TypicalHSCTconfiguration.

9.1.3 Multi-fidelity Analysis

Minimizing TOGW requiresa largenumberof disciplinaryanalyses(e.g.,structural,
aerodynamic),so that the optimalconfiguration(s)canbe found. Thecomputational
costof sophisticatedanalysistechniquesbecomesprohibitiveasthenumberof design
variablesgrows(

¶ { ), andsimplermethodsarenot accurateenough.A multi-fidelity
approachemploysmethodsof varying complexity and computationalcost, so that
optimizationbecomesfeasible.

Onemethodof incorporatingthemulti-fidelity approachearlyinto thedesignpro-
cessis the useof responsesurfacemethodologies(RSM). RSM usessimplemath-
ematicalmodels,typically low-orderpolynomials,to approximatethe responseand
smoothout numericalnoisepresentin the higherfidelity analyses.SuchRS models
arecreatedusingalimited numberof analysesatasetof statisticallyselectedpointsin
thedesignspace.Theoptimizerworkswith thesemodels(responsesurfaces)instead
of the actualhigh fidelity analyses,becausein additionto smoothingout the noise,
oncegeneratedthe former aremuchfasterandsimplerto work with. Additionally,
morethanoneresponsesurfacecanbegeneratedconcurrently.

Unfortunately, thecomplexity andaccuracy of polynomialapproximationsaread-
verselyaffectedasthenumberof designvariablesincreases(

¶ �le ). For this reason,
low fidelity analysesareusedto reducethe dimensionalityandcostof polynomial
modelsby identifyinginterveningvariablesandimportanttermsto beusedin reduced
termmodels.In addition,closeattentionmustbepaidto how theinitial datasetused
to createtheRSmodelis generated.
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9.2 PROBLEM DEFINITION

9.2.1 Designof ExperimentsTheory

A point selectionalgorithmis neededto generatetheconfigurationsfrom thebox—a" -cube,centeredat the origin, where" is the numberof designvariables—thatwill
be usedto definethe reasonabledesignspace. A full factorial designis a possible
choice,but it will resultin anunwieldynumberof configurations.For example,a 25
variableproblemwith two levelsfor eachdesignvariableresultsin � *^·¹¸ µyµ million
points.With anaverageof threeevaluationsneededto bringa point to thereasonable
designspace,thiswouldrequireabout100million low-fidelity analyses.Presently, this
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Table9.1 Designvariablesandtypicalvalues.

Index Typical Description

1 181.48 Wing rootchord
2 155.90 LE breakpoint, 3 (ft)
3 49.20 LE breakpoint, s (ft)
4 181.60 TE breakpoint, 3 (ft)
5 64.20 TE breakpoint, s (ft)
6 169.50 LE wing tip, 3 (ft)
7 7.00 Wing tip chord(ft)
8 74.90 Wing semi-span(ft)
9 0.40 Chordwiselocationof max. thickness

10 3.69 LE radiusparameter
11 2.58 Airfoil º �¼» ratioat root, ( ½ )
12 2.16 Airfoil º �¼» ratioatLE break,( ½ )
13 1.80 Airfoil º �¼» ratioatLE tip, ( ½ )
14 2.20 Fuselagerestraint1, 3 (ft)
15 1.06 Fuselagerestraint1, s (ft)
16 12.20 Fuselagerestraint2, 3 (ft)
17 3.50 Fuselagerestraint2, s (ft)
18 132.46 Fuselagerestraint3, 3 (ft)
19 5.34 Fuselagerestraint3, s (ft)
20 248.67 Fuselagerestraint4, 3 (ft)
21 4.67 Fuselagerestraint4, s (ft)
22 26.23 Nacelle1 location(ft)
23 32.39 Nacelle2 location(ft)
24 697.90 Verticaltail area(ft * )
25 713.00 Horizontaltail area(ft * )
26 39000.00 Thrustperengine(lb)
27 322617.00 Flight fuel (lb)
28 64794.00 Startingcruise/climbaltitude(ft)
29 33.90 Supersoniccruise/climbrate(ft/min)

computationis prohibitive,anda schemebasedon thepartially balancedincomplete
block (PBIB) design[17] is usedto generatepoints.

A PBIB of order < consistsof pointswherecombinationsof < , usuallybetween
two andfour, variablesat a time changetheir level. The level ¾ signifieshow many
differentdiscretevaluesa variablecanassume[4]. For example,a variableallowed
to takevaluesin ­yW � ��e�� �¼® haslevel three[21]. The total numberof configurations
generatedby thisschemeis ±¿ �?L+À ¾ �oÁ " ªdÂ �
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Table9.2 Optimizationconstraints.

Index Constraint

GeometricConstraints

1 Fuelvolume © { el½ wing volume
2 Airfoil sectionspacingat Ã ~ � K ¶ µ� �e ft

3–20 Wing chord
¶ x� Äe ft

21 LE breakwithin wing semi-span
22 TE breakwithin wing semi-span
23 Rootchord º �Å» ratio

¶ �  { ½
24 LE breakchord º �Å» ratio

¶ �  { ½
25 Tip chord º �Å» ratio

¶ �  { ½
26–30 Fuselagerestraints

31 Nacelle1 outboardof fuselage
32 Nacelle1 inboardof nacelle2
33 Nacelle2 inboardof semi-span

Aerodynamic/PerformanceConstraints

34 Range
¶ {l{ eye nauticalmiles

35 Ã�Æ at landingspeed© �
36–53 SectionÃ�Æ at landing © �

54 Landingangleof attack © � �lÇ
55–58 Enginescrapeat landing

59 Wing tip scrapeat landing
60 LE breakscrapeat landing
61 Rudderdeflection© �l�o { Ç
62 Bankangleat landing © { Ç
63 Tail deflectionatapproach© �y�o { Ç
64 Takeoff rotationto occur ©ÉÈ4`�� ±
65 Engine-outlimit with verticaltail
66 Balancedfield length © �y� eyele ft

67–69 Missionsegments:thrustavailable
¶

thrustrequired

where < is theorder, " is thenumberof designvariables,and ¾ is thelevel. In effect,
this resultsin all combinationswhere1 through< variablescaneachtakeany oneof ¾
values,while theremainingvariablesareheldat a nominalvalue.Thenominalpoint,
whereall variablesareat their nominalvalue, is also included( ªCÊte in the above
formula). For example,thenumberof configurationsthatwould have to beevaluated
when ¾ËÊÌ� , "�ÊÉ� { , and <¡Ê � isÍ¿ �ML+À � �lÁ � {ª>Â ÊÉ�l�y�le {4�  
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Clearlythis is a muchsmallersetof pointsthanproducedwith a full factorialdesign.
Unfortunately, using a PBIB point samplereducesthe coverageof the reasonable
designspace,and optimizationcan often lead to unexplored cornersof the design
space.

9.2.2 ReasonableDesignSpace

Generationof the initial designspace,using the PBIB design,is followed by the
reductionof its volumedown to the sizeof the reasonabledesignspace,containing
reasonableHSCT configurations,to exclude from consideringunrealisticdesigns.
A reasonabledesignis a configurationhaving similar characteristicsto the feasible
designs,butallowedtohavesomeaerodynamic/performanceconstraintsviolated.The
eliminationof unreasonabledesignswasdesirable,sincethis would leadto removing
mostof thedesignsin thealreadyvery sparselycovereddesignspace.Instead,each
unreasonabledesign Î was moved linearly towardsthe baselinedesign Î } until it
met a certainset of criteria. The set of parameters,usedto determinewhethera
designis reasonableor not, includes34 standardgeometricconstraintsfor HSCT,
severaladditionalgeometricconstraintsandsomeaerodynamicconstraintswhichuse
“approximate"methodsfor designanalysisandarethereforeinexpensive to evaluate.
ThisprocedurebringsanunreasonabledesignÎ to theborderof thereasonabledesign
space.The designvariableswerechangedlinearly with a parameterÏ betweenthe
initial unreasonabledesignÎ andthecentraldesignÎ } :Î&Ð+ÊÉÏ10ÑÎ�W�Î } A � Î }  
TheparameterÏ , e © Ï © � , wasfoundfor eachdesignusingbisectionwith tolerance
0.01.Theparallelizationof thisparadigmis thefocusof thisstudy.

9.3 DESCRIPTION OF ALGORITHMS

9.3.1 Assumptions

Let � bethetotalnumberof configurationsto beevaluated,andlet ; bethenumber
of processorsavailablefor computation.Thefollowingconditionsareassumedfor the
communicationsnetwork:

communicationchannelsarereliable,i.e., thereis no messageloss,corruption,
duplication,or spoofing;

communicationchannelsdonotnecessarilyobey theFIFOrule;

messagestakeanunpredictable,but finiteamountof time to reachtheirdestina-
tion;

amessagethathasbeensentisconsideredin transitionuntil it hasbeenprocessed
at its destination;
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eachprocessorhasknowledgeof its own identity;

theprocessorsarecompletelyconnected,i.e.,thereiseitheradirectoranindirect
communicationroutefrom every processorto every other;

the network is fixed, i.e., its doesnot changesize dynamically. Thus each
processorhasknowledgeof thetotal numberof processorsin thenetwork.

It is a prerequisitefor the dynamic load balancingand terminationdetection
paradigmsdescribedbelow that initially all work is distributedevenly amongstall
processors.Thus,everynodestartsoff with aninitial loadequaltoapproximatelytotal
work dividedby numberof processors� � ; . For theremainingpartof this section
nodeandprocessorwill beusedinterchangeably, andtask,work, andload shallrefer
to the processof evaluatingandpossiblycoercinga configuration,representedby a
row of thePBIB designmatrix, to a reasonabledesign.

9.3.2 Dynamic Load Balancing

Bothalgorithmsdescribedin thissectionhave thefollowing attributes.

Nonpreemptive: partially executedtasksarenot transferred.Preemptioncan
bevery expensive in termsof transferringa task’sstate.

Receiverinitiated: work transferis initiatedby receiving nodes.This is more
suitablehere,sincetotal work is fixed,andthereis no goodheuristicfor esti-
matingif a nodeis comparatively overloaded,i.e.,how long ataskwill take.

Threshold transfer policy: a nodestartslooking for more work when the
numberof its taskshasdroppedbelow a certainthreshold.

Fixed ratio splitting policy: whena nodeis aboutto transferwork, it usesa
fixed ratio Ò to split its work �P� to sendaway Ò¬�P� . Ò is fixed becausethe
algorithmswill not becollectingany systeminformationto helpthemadaptÒ
to theglobalstate.( Ò�ÊÌe� { for theresultshere.)

No information policy: the nodesdo not attemptto gatherany information
aboutthesystemstate.Thepotentialoverheadinherentin informationcollection
outweighsthe benefits,sincethe communicationnetworkis static,processors
areawareof all otherprocessors,andno work is createddynamically. Surveys
of dynamicloadbalancingcanbefoundin [20], [28].

9.3.2.1 Random Polling (RP). Whena processorrunsout of work it sendsa
requestto a randomlyselectedprocessor. This continuesuntil the processorfinds
work or thereis no morework in the systemand terminationis established.Each
processoris equallylikely to beselected.This is a totally distributedalgorithm,and
hasnobottlenecksduetocentralizedcontrol. Onedrawbackis thatthecommunication
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overheadmaybecomequitelargedueto theunpredictablenumberof randomrequests
generated.Also, in theworstcase,thereis noguaranteethatany of theidle processors
will ever be requestedfor work, andeffectively no loadbalancingmaybeachieved.
Detailedanalysisandsomeimplementationresultson randompolling aretreatedby
Sandersin [26], [27].

9.3.2.2 Global Round Robin with MessageCombining (GRR-MC). The
ideabehinda global roundrobin is to makesurethatsuccessive work requestsgo to
processorsin aroundrobinfashion.For example,in aparallelsystemof ; processors,
if the first work requestgoesto processor0, the secondonewill go to processor1,
suchthatthe ª th requestwill besentto processorª ��ÓoÔ ; . All processorswill have
beenpolledfor work in ; requests.Thisschemerequiresglobalknowledgeof which
processor, say � , is to bepollednext. A designatedprocessoractsastheglobalround
robin manager, andkeepstrack of � . Whena nodeneedswork it will refer to the
managerfor thecurrentvalueof � . Beforerespondingto otherqueriesthemanager
will increment� to � � � ��ÓoÔ ; . Thenodelookingfor work canthensendarequest
for tasksto the processorwhoseidentity is equalto � . A major drawback of this
schemeis thatas ; grows andthework requestsincrease,themanagerwill become
congestedwith queries,posinga severebottleneck.

Kumar, Grama,andRao[24] suggestedthatmessagecombiningbe introducedto
reducethecontentionfor accessto themanager. Processorsareorganizedin a binary
spanningtreewith themanagerastheroot,whereeachprocessoris a leaf of this tree.
Whenaprocessorneedsthevalueof � it sendsa requestup thespanningtreetowards
towardsthe root. Eachprocessorat an intermediatenodeof the treeholdsrequests
received from its children for somepredefinedtime Õ beforeit propagatesthemup
in onecombinedrequest.If ª is thecumulative numberof requestsfor � receivedat
the root from oneof its children, then � is incrementedby ª beforea requestfrom
anotherchild is processed.The valueof � beforeit wasincrementedis percolated
backdown thetreethroughthechild. Informationaboutcombinedrequestsis keptin
tablesat intermediatetreenodesuntil they aregranted,so that thecorrectvalueof �
percolatesdown thetree.An exampleof globalroundrobin with messagecombining
is illustratedin Figure9.4.

9.3.3 Termination Detection

Terminationis partof theglobalstateof a distributedsystem, becauseit dependson
theglobalavailability of work,asopposedto thework loadof asingleprocessor. The
definitionof globalterminationfor thissystemimpliesthatall processorsareidle, and
thattherearenowork transfermessagesin transit. In otherwords,sincenoadditional
work is createdon the fly, global terminationhasoccurredwhenall computationis
complete.An idle nodeis onewhichhasnowork,andis searchingfor work usingone
of thedynamicloadbalancingalgorithmsdescribedabove. A busynodeis onewhich
haswork to perform. A processorcanchangeits statefrom busyto idle only whenit
finishesits tasks,andfrom idle to busyonly whenit receivesawork transfermessage.
Clearly, terminationis a stablestate,becauseif all processesareidle, andthereare
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Figure9.4 GRR-MCon aspanningtree,where� is thevalueof Ö , and ×��)Ø .
no messagesin transit, thenno nodewill receive a work transfermessage,andthus
changeits statusto busy.

Theglobalstateof adistributedsystemcanbecapturedin twoways,synchronously
and asynchronously. The former can be achieved by freezingall processeson all
processorsandinspectingthestateof eachprocessorandeachcommunicationchannel.
This canbevery time consumingwhenthenumberof processorsis large,andmore
than one global statecapturemay needto be performed. Both of the algorithms
describedbelow establishterminationasynchronously.

9.3.3.1 Global TaskCount (GTC). Theideabehindglobaltaskcountistokeep
trackof all finishedtasks,andusethisto detectwhenall workhasbeenperformed,i.e.,
establishtermination.This algorithmis applicablebecausethe total numberof tasks
is available,andfixed. Oneprocessor, themanager, is responsiblefor keepingtrack
of thefinishedtaskscount Ã . Initially, Ã is setto 0. Whenever aprocessorcompletes
its setof tasks,it sendsa notificationto themanagerwith thenumberof tasksthat it
completed.Uponreceiving sucha messagethe managerincrementsÃ accordingly.
Eventually, asall hasbeenperformed,thevalueof Ã becomesequalto theknown total
numberof tasks.At thispoint,themanagernotifiesall processorsthatterminationhas
occurred.

Global taskcountdetectsterminationimmediatelyafter it occurs,which makesit
very fast. The total numberof messagessentby a nodeto the manageris equalto
thenumberof timesthat thenodebecamebusywith work, including its initial load.
A potentialdrawback is that sendingmessagesto a singlemanagermay becomea
bottleneck,asthenumberof processorsincreases.Ontheotherhand,totalcompletion
notificationsareexpectedtobeof order; , andtobespreadoutin time. Thisalgorithm
is verysimilar to Mattern’sCreditRecoveryAlgorithm describedin [30] andHuang’s
algorithmtreatedin [28]. Taskcount herecorrespondsto creditsin Mattern’s and
Huang’s algorithmsthatarenot scaledto 1. The fact thatcreditsarenot scaledto 1
hastheadvantageof avoidingfloatingpointrepresentationissuesthatwouldotherwise
beencountered.A separateproof of correctnessfor global taskcount is considered
redundant.
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9.3.3.2 Token Passing(TP). Token passingis a wave algorithm for a ring
topology. For a thoroughdiscussionof wave algorithmssee[31]. A wave is a passof
thetokenaroundthering whereall processorshave asynchronouslytestifiedto being
idle. This is not enoughto claim termination,sinceall nodeswerepolledat different
times,andwith dynamicloadbalancing,it is uncertainif they remainedidle or later
becamebusy. A secondwave is neededto ascertainthat therehasbeenno changein
thestatusof any processor. For a similar algorithm,see[6]. Terminationis detected
in at mosttwo wavesor �Å; messages,afterit occurs.Thetotal numberof messages
useddependson the total numberof timesthe tokenis passedaroundthering, but is
boundedbelow by �Å; .

Eachprocessorkeepstrackof its statein a local flag Ù°Ú1zÛ� . Initially, Ù°Ú1zÛ� is
set to § � ¾#ÜIÝ sinceall processorsstartoff with someload. Consequently, Ù°Ú1z�� is
set to § � ¾#ÜIÝ every time a processorreceivesmorework asa resultof dynamicload
balancing.A tokencontaininga counter� } is beingpassedamongall processorsin
a circularfashion.Uponreceiving thetoken,a processorholdsit until it hasfinished
all its work, and/orbeforeit is readyto senda work request.It is importantto note
thatthesendingof arequestandthereceiving of eithera positiveor negativereplyare
treatedasanatomicunit. At thatpoint, it checksthevalueof its ÙoÚ1z�� flag. In caseÙ°Ú1z�� is ºJÞÅßàÝ theprocessorincrementsthetokencounter� } by 1. In thecasewhereÙ°Ú1z�� is § � ¾ÑÜ�Ý , the � } is resetto 0, andthevalueof Ù°Ú1z�� is setto ºJÞÅß4Ý . After this,
if the tokencounterhappensto beequalto thenumberof processors; , termination
is establishedandall processorsarenotified. Otherwise,thetokenis sentto thenext
processorin thering.

9.4 PARALLEL IMPLEMENT ATION

Thedistributedcontrolalgorithmswereimplementedin C to meshwith theexisting
analysiscodesthatwerein bothC andFORTRAN 77.

9.4.1 MPI

The MessagePassingInterface(MPI) [29] is a messagepassingstandarddeveloped
by theMPI forum—agroupof morethan80peoplerepresentinguniversities,research
centers,vendorsandmanufacturersof parallelsystems.Asacommunicationsprotocol
MPI is platform independent,thread-safe,and has a lot of useful functionality—
combiningthe best featuresof several existing messagingprotocols[29]. A brief
discussionof theseattributesfollows.

Platform independence: MPI was developedto work on parallel platforms
regardlessof underlyingarchitecture.Thisabstractionover nativecommunica-
tion protocolsmakesMPI applicationsportableacrossarchitectures(distributed
memory, sharedmemory, ornetworkclusters)aslongasanMPI implementation
for the desiredplatform exists. For many architecturesMPI implementations
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arereadilyavailable,sincethestandardis widely supportedby computerman-
ufacturers.

Built-in functionality: Oneof theimportantadvantagesof MPI is that it pro-
videsreliablecommunications,so theprogrammerdoesnot have to dealwith
communicationfailures(seeassumptionsin Chapter5.1). The standardalso
incorporatesmechanismsfor point-to-pointandcollectivecommunication(e.g.,
broadcast,scatter, gather, etc.),overlappingcomputationandcommunication,
processtopologiesandgroups,andawarenessandmanipulationof theparallel
environment. Much of this functionalityhasbeenincorporatedin the parallel
versionof thecode.

Thread-safety: The dynamicload balancingcodeexploits a multi-threaded
paradigm.This impliesthatall modulesandpackagesusedin thecodehave to
bedesignedto work with threads,otherwiseresultsareunpredictable.

9.4.2 Thr eads

Threadsaredistinct concurrentpathsof executionwithin the sameOS processthat
get scheduledwithin the allottedtime of their parentprocess.Dif ferentscheduling
techniquescanbeuseddependingon thepackageandtheoperatingsystemsupport.
For a discussionof threadssee[28]. Oneof thechallengingaspectsof multithreaded
designis that threadsshareaccessto their parentprocess’memory. This calls for
mutual exclusion and synchronizationtechniques,like semaphores,monitors, etc.
An advantageof this approachis that it exploits concurrency at the processorlevel.
For example,a threadcouldberunningon theI/O controller, anotheron thenetwork
servicenode,andathird onecouldbeperformingcomputationsontheprocessingunit.
Suchconcurrency canalsobe achieved by usingnonblockingI/O or MPI calls, but
organizingeachlogical taskwithin theprocessin a threadcanprovidea finer-grained
concurrency anda moreintuitivedesign.For example,Kumar, Grama,andRaoshow
a statediagramdescribinga “genericparallel formulation” [24], wherethe grain of
concurrency dependson thefixedunit of work. In a typical multithreadedapproach
threadsthat have no work stay idle without consumingprocessingcycles,andstart
workingonly whenthey aresignaledthatthereis morework to bedone,thusavoiding
busy-wait. Overall, usingthreadswith theMDO codeintroducedsomecomplexities
as a result of mutualexclusion andsynchronization,but as a whole madeit easier
to designandimplementthealgorithms.ThepackageusedwasPOSIXthreads,and
mutualexclusionwasimplementedusingsemaphores.

9.5 DISCUSSIONOF RESULTS

Figures9.5–9.7show snapshotsof thestatesof nodesduringexecutionfor asmallsam-
pleproblemon ;áÊ�x nodes.Processorsspendtimeperformingfile I/O, computation,
andsitting idle. Whendynamicloadbalancingis not in effect (Figure9.5),processors
spendhalf of their time beingidle. With GRR-MC(Figure9.6) andRP(Figure9.7)
idle statesaremorescattered,andaresignificantlyreduced.It canalsobeseenthat
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Figure9.7 Snapshotwith nupshotutility of RPwith globaltaskcounttermination,×F�)â .
eventhoughRPandGRR-MCresultin differentdistributions,bothareeffective. To
testscalabilityandefficiency a relatively largedatasetwith approximately2 million
(2,026,231)designswasgeneratedusingthe point selectionalgorithmdescribedin
Section2.2 with order4 andlevel 3. All runswereperformedon Intel Paragonplat-
forms,which have a mesharchitecturewith Intel i860 XP processorscomprisingthe
nodes.

Table 9.3 shows executiontimes from the Intel ParagoncomputerXP/S 7 (100
computenodes)atVirginiaTech,andtheIntelParagonXP/S5,XP/S35,andXP/S150
(128, 512,1024computenodes,respectively) computersat the OakRidgeNational
LaboratoryCenterfor ComputationalSciences.Timesaregivenin hours,minutes,and
seconds;for ; ©Ìå � theaverageof five runsis reported,with thestandarddeviation
in parenthesesunderthe time (randompolling usesthesamefixedseedfor all runs).
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Table9.3 Intel Paragonparalleltimes(hh:mm:ss)for low fidelity analysisof 2,026,231HSCT
designs. ; RP GRR-MC Static

GTC TP GTC TP
32 8:28:38 8:38:23 8:30:00 8:39:41 12:48:11

(6:38) (2:33) (1:30) (:48) (1:52)
64 4:08:05 4:13:08 4:13:08 4:18:09 7:06:59

(:03) (:04) (:02) (:02) (:09)
128 2:11:46 2:12:54 2:14:04 2:17:36 3:43:30
256 57:39 1:03:46 59:27 1:08:24 1:54:58
512 31:16 33:04 33:34 34:26 1:01:49
1024 15:20 15:43 17:30 17:27 29:26

For all otherresults,; ¶ � �læ , only onerunwascompletedbecauseof limited access
to largerParagons.Thetablestartsfrom ;çÊÉµy� nodesinsteadof ;çÊ � becausethe
time requiredto run 2 million designson oneprocessoris prohibitive( � � ele hours).
Furthermore,thecurrentimplementationgeneratesall thePBIB designsin onechunk,
so the memoryrequiredfor storingall designswould alsobe prohibitive. Timesin
Table9.3donot includedisk I/O (1.2GBytes)for thefinal results.

>FromFigures9.8and9.9andTable9.3severalobservationscanbemade.

1. Scalability: all algorithms,including staticdistribution, scalewell for ; ©� el� � nodes,with randompollingshowingnonoticeabledegradationinefficiency
at ;tÊ � el� � nodes.

2. Dynamic vs. static: bothdynamicloadbalancingtechniquesseemto bevery
effective, µ { to { e percentbetter than static distribution, and this difference
increaseswith thenumberof processors; .

3. Stable execution times: the standarddeviations of total execution time for
runson µy� andå � processorsareverysmall,whichindicatesthatperformanceis
relativelystable.Randompolling is expectedtohavemorevariancein execution
timewhentheseedis not fixed,but nota significantdifference.

4. Superlinear speedup: thelatterrows of Table9.3exhibit superlinearspeedup
for global round robin with messagecombining and randompolling. This
impliesthatat32nodesthememoryrequirement(18MBytes)for workingwith
arelatively largenumberof tasks( ¸ å µ���µ �!è ) pernodecandegradeperformance
on theXPS/7platformdueto resourcestarvation.

5. Global task count vs. token passing: Global taskcountseemsto outperform
tokenpassingfor ; © � el� � with GRR-MCandRP, but therelative difference
decreasesfor larger ; . Clearly, the overheadinvolvedin processingall com-
pletionmessages(

¶ ; ) by onemanagernodeunderglobaltaskcountincreases
with ; .
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6. Random polling vs. global round robin with messagecombining: With
bothterminationdetectionschemesrandompolling clearlyoutperformsglobal
roundrobinwith messagecombining.Therelativedifferencein executiontimes
increasesas ; becomeslarger. Thesimplicity of therandompolling algorithm
leadsto thelackof any significantoverhead.Contentionconditionsareunlikely
to occurbecausemessagesarerandomlydirectedandtypically thenumberof
unsuccessfulwork acquisitionmessagesincreasessignificantlyonly just before
termination. Global roundrobin with messagecombining,on the otherhand,
involvesa longerwait, comprisedof a fair numberof communicationmessages
acrossthespanningtree,beforeit cansenda work acquisitionrequestandthe
price of unsuccessfulwork acquisitionrequestsis higher, becausethey imply
moretime spentidle. Furthermore,on averagethe total numberof messages
processedby anoderunningGRR-MCis higherthatthatfor anoderunningRP,
sinceeachrequestis propagatedbackandforth throughasmany asé Ólê * ; other
nodes.Finally, for both algorithms,the fact thatall nodesstartoff with some
load,whichis expectedto berelativelybalancedamongthemfor alargenumber
of randomlylong tasks,serves to decreasethe initial numberof unsuccessful
work acquisitionrequests,which in turn improvesperformance.
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Figure9.8 Speedupresultsfor globaltaskcountusing ×��)ëÅ� asthebase.
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9.6 SUMMARY

Distributedcontrol and load balancingtechniqueswereappliedto an aspectof the
multidisciplinarydesignoptimizationof ahighspeedcivil transport.Twodynamicload
balancingalgorithms(randompollingandglobalroundrobinwithmessagecombining)
togetherwith twonecessaryterminationdetectionschemes(globaltaskcountandtoken
passing)wereimplementedfor the reasonabledesignspaceidentificationparadigm.
Performancewasevaluatedonup to � el� � processorsfor all combinationsof dynamic
load balancingand terminationdetectionschemes,plus the staticdistribution case.
The effect of variousalgorithmic parameterswas also explored, and found to be
negligible except at extremevalues. The resultswere very encouragingin terms
of the effectivenessof dynamic load balancing(35–50percentimprovementover
a staticdistribution), and the scalabilityof the algorithms(speedupwasessentially
linear). Most importantly, thetime spentidentifying thereasonabledesignspacehas
beendramaticallydecreased,permittingthelow fidelity analysisof � million designs,
whichwasimpracticalbefore.Thelogicalnext stepis to gobeyondmerelyidentifying
thereasonabledesignspace,andto identify gooddesignregionswithin thereasonable
designspace,which would thenbepassedoff to mildly parallelmachines(e.g.,IBM
SP/2or SGIOrigin 2000)for “local” highfidelity optimization.

This effort is a steppingstonetowardsthe goal of a MDO problemsolving en-
vironmentthat will provide a completeandconvenientcomputingenvironmentfor
interactivemultidisciplinaryaircraftdesign.As shown by theexperienceof Burgeeet
al. [7, 14] andmany others,somecrucial disciplinaryanalysiscodes(for structural
mechanics,fluid dynamics,aerodynamicanalysis,propulsion,to nameafew) perform
very poorly in a multidisciplinaryparallelcomputingenvironment.Thesecodesrep-
resenthundredsof man-yearsof experienceanddevelopment,andareunlikely to be
rewrittenfor parallelmachinesany timesoon.Thusthechallengeis to find approaches
to MDO (e.g.,variablecomplexity modelingandresponsesurfacetechniques)which
permit the useof massively parallelcomputingfor somephasesof the process(one
suchphasewasdemonstratedhere)andlegacy disciplinarycodesonserialcomputers
for otherphases.Onehighly toutedsolutionis “network computing”,but that still
remainsfar from practicalfor seriouslarge-scalemultidisciplinarydesign.
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of utmostimportance.Sparsedirect methodsarethemostrobust methodsover a wide
rangeof numericalpropertiesandthereforePARDISOhasbeenintegratedinto complex
semiconductordevice andprocesssimulationpackages.We have investigatedpopular
sharedmemorymultiprocessorsandthe mostpopularnumericalalgorithmscommonly
usedfor thesolutionof theclassicaldrift-diffusion andthediffusion-reactionequations
in processsimulation.Thestudyincludesapreconditionediterative linearsolverpackage
andourparalleldirectlinearsolver. Moreover, wehaveinvestigatedtheefficiency andthe
limits of our parallelapproach.Resultsof severalsimulationsof up to 100’000vertices
for three-dimensionaldevicesimulationsarepresentedto illustrateourapproachtowards
robust,parallelsemiconductordeviceandprocesssimulation.

10.1 INTRODUCTION: SEMICONDUCTOR DEVICE
SIMULA TION AND ALGORITHMS

Numerical semiconductordevice and processsimulation is basedon the solution
of a coupledsystemof non-linearpartial differentialequations(PDE’s) that canbe
eitherstationary, time dependent,or even complex with continuousdependenciesof
a parameter, dependingon the problemconsidered[9, 10]. The nonlinearnatureof
thesemiconductortransportequations,with exponentialrelationsbetweenvariables,
leadstodiscretizedequationsandthesparselinearsystemsaretypically ill -conditioned.
Thesesystemsaresolvedby iterativemethodsor directmethods.

Generally, the memoryrequirementsof an iterative methodarefixed, known in
advance,andthesemethodsrequirelessmainmemorythandirect methods.Heiser
et al. [8] comparedsparsedirect anditerative algorithmsfor semiconductordevice
simulationsandexpectedmainmemoryrequirementsfor sparsedirectmethodsin the
10-100Gbytesrangefor a simulationwith 100’000verticesand300’000unknowns.
However, they usedonly local fill-in reductionmethodslike minimum-degreebased
algorithms[17] andthesparsedirectsolver did not exploit thememoryhierarchyof
thecomputingarchitecture.

The rapid andwidespreadacceptanceof sharedmemorymultiprocessors, from
thedesktopto thehigh-endserver, hasnow createda demandfor paralleldevice and
processsimulationonsuchsharedmemorymultiprocessors.In this paper, wepresent
a studyof large-scalesemiconductordevice andprocesssimulationsandcomparethe
time requirementsof completesimulationsusingiterative methodsandour parallel
directsolver. PARDISO exploits thememoryhierarchyof thearchitectureusingthe
clique structureof the elimination graphby supernodealgorithms,thus improving
memoryandprocessorlocality. The reorderingfeaturesstate-of-the-arttechniques,
e.g. multilevel recursive bisection[13, 14], for the fill-in reduction. The combi-
nationof block techniques,parallelprocessing,andglobal fill-in reductionmethods
for threedimensionalsemiconductordevicesresultsin a significantimprovementin
computationalperformance.

In section10.2we describein detail thealgorithmsusedin theparallelsparseLU
solver. Furthermore,we provide anoverview of thesharedmemorymultiprocessors
(SMPs)andpresentthenumericalresultson theseSMPs. Section10.3providesthe
comparisonof iterativemethodsandsparsedirectmethodsfor severalsemiconductor



SEMICONDUCTORDEVICEANDPROCESSSIMULATION 143

devicesimulationexamplesondifferentarchitectures.Thescalabilityis demonstrated
for the simulator DESSISðòñÑó�ô with õ+öø÷CùCú�û4ü for a realistic 3-D example with
105’237verticesand315’711unknowns. Section10.4 containsa summaryof our
results.

10.2 HIGH COMPUTATION AL PERFORMANCE FOR
PARALLEL SPARSE LU FACTORIZATION

In 3-D semiconductorprocessanddevice simulation,typical valuesfor the grid size
rangefrom several thousandup to severalhundredthousandvertices,today. If three
non-linearpartial differential equationsare solved in a fully coupledscheme,the
numberof unknownsis up to 300’000. Thelinearsolver usuallydominatestheCPU
timesof thesimulationon a single-processorarchitecture.It is, therefore,mandatory
to usethefastestmethodsandimplementationavailable.

Regardingthenumericalstability of sparseGaussianeliminationit is well known
thatthemethodis guaranteedto benumericallystablewhensymmetricpositivedefi-
nitesystemsaresolved[7]. In theareaof semiconductordevicesimulationthesparse
matricesresultingfrom thediscretizationof the drift-dif fusionequationsareunsym-
metric. If suchanunsymmetricmatrix resultsin anunstableeliminationprocess,one
usuallyappliespivotingstrategiesto curetheproblem.However, it is ourexperience
thatonecanoftensolvetheseunsymmetricsystemswith acceptableaccuracy with re-
strictedpivoting. Hence,thenon-symmetricstructureof ý is extendedto a structural
symmetriconeandthereorderingcanbecomputedin advance.Theexperienceclearly
shows thatthestructuredsymmetricapproachwith pivoting in densediagonalblocks
is themostfavourableonefor our classof problems— if it fails dueto thepivoting
restrictions,thesimulatorperturbesthematrix.

We find that it is importantto tacklethreedifferentissuesfor an efficient sparse
LU directsolver. Thefirst aim is to reducethefill-in duringtheeliminationprocess,
the secondone is a high single-nodeperformance,and the third goal high parallel
efficiency ona sharedmemorymultiprocessor.

10.2.1 Reordering: minimum degreeand nesteddissection

Due to therestrictedpivoting schemewe cannow concentrateon the reorderingfor
structurallysymmetriclinear systems. From the theory of sparsedirect matrices
[4, 6] it is well known thatreorderinghasa drasticeffect on thetime andthememory
requirementsof theLU factorizationof thesparsematrixA. Thereorderingis typically
solvedby two competingtypesof methods— minimumdegreealgorithmsandnested
dissectionalgorithms.

Theminimumdegreealgorithmis a localalgorithm.At eachstepit eliminatesthat
nodeswith the smallestdegreesincethis is a heuristicsthat often minimizesfill-in
locally for planargraphs.Thenesteddissectionalgorithmis a global algorithm. At
eachstepa vertex separatorof the graphis found which splits the graphinto two
or more disconnectedcomponents.The vertex separatoris orderedlast, sincethis
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guaranteesa minimalfill-in at theendof thefactorization.In recentyears,significant
progresshasbeenmadein graphpartitioningandreorderingalgorithms— especially
with respectto thenesteddissectionalgorithmfor sparsematrices.Amongthemany
heuristicsproposedfor approximatelysolving theNP-hardcombinatorialproblemis
therecursivespectralbisectionmethodfirst proposedby Pothen,SimonandLiou [20].

We have investigatedseveral heuristicsfor the minimum degreeand the nested
dissectionalgorithm. Up to now, the only oneswe find effective for our problem
arethemultipleminimumdegreealgorithm[17] andtherecursivebisectionalgorithm
implementedintoMETIS[13], apopularpackagethatdelivershighqualityreorderings
for sparsematrices.Tables10.1shows the quality of thereorderingwith both types
of fill-in reductionmethodsfor typical semiconductordevice andprocesssimulation
matrices.

Table10.1 Comparisonof multiple minimumdegree(MMD) andrecursive nesteddissection
(METIS) for 2-D and3-D semiconductordeviceandprocesssimulationmatricesþ ÿ���þ �yþ ��þ

Matrix Rows Nonzeros MMD METIS

1 2D eth-points 151’389 1’046’105 5.62 6.04
2 2D eth-load.bic 56’941 393’415 6.44 6.69
3 2D ise-mosfet-1 12’024 250’740 6.11 6.24
4 2D ise-mosfet-2 24’123 504’765 6.47 6.66
5 3D eth-eeprom 12’002 630’002 13.12 10.48
6 3D ise-igbt-coup18’668 412’674 24.07 18.45
7 3D eth-eclt 25’170 1’236’312 20.44 14.49
8 3D ise-soir-coup 29’907 2’004’323 20.69 14.14
9 3D eth-mosfet 31’789 1’633’499 23.48 16.36
103D eth-eclt-big 59’648 3’225’942 33.06 19.77

Comparingthe fill-in for the sparseLU factorizationwith the two popularfill-in
reductionalgorithmsallows us the draw the conclusionthat the multiple minimum
degreealgorithmis only suitablefor two-dimensionalgrids. The nesteddissection
approachof theMETIS packageresultsin muchsmallerfill-in for three-dimensional
matricesfrom semiconductordevice andprocesssimulations.

10.2.2 High singlenodeperformancewith block algorithm

Thekey ideabehindthefactorizationfor sparselinearsystemsis basedontheconcept
of asupernode[1, 18]. Duringthesymbolicfactorization, supernodesareidentifiedas
asetof contiguouscolumnsin thefactorL thatsharethesamesparsitystructurebelow
the densetriangularblock. The supernodeblock numericalfactorizationoperates
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on groupsof columnsat the sametime and involves mainly densematrix-matrix
multiplications. Themaineffect is a strongreductionof memorytraffic — resulting
in asignificantimprovementof computationalperformance[19, 23,3].

10.2.3 Parallel sparseLU factorization on shared memory
multipr ocessors

Ng andPeyton [19] have introduceda parallelsparsesupernodeCholesky algorithm
on a shared-memoryvectorsupercomputerCrayY-MP. They implementeda parallel
left-looking supernodealgorithmthatschedulesthesupernodetasksdynamicallyon
the available processors.The numberof interprocesssynchronizationsrequiredin
that Cholesky factorizationalgorithm is proportionalto the numberof compressed
subscripts[24]. The numberof compressedsubscriptsis preciselythe numberof
off-diagonalnonzeroentriesin the last columnof all supernodes.Furthermore,the
left-lookingalgorithmproposedin [19] is implementedwith �����
	
� operationsin the
terminologyof theBLAS [15] to allow supervectorspeedon theCraysupercomputer.

Basedon theobservationthat �����
	
� operationsarenot suitablefor BLAS level-3
speedonRISCmultiprocessorarchitecturesandthattheinterprocesscommunicationis
animportantfactor, wedevisedanalgorithmthatis closeto optimalin computational
performancefor the classof matricesstudied. The main featuresof our approach
arethat it is basedon a panelpartitioningtechnique,it reducesthe communication
overheadto order ������� , and it is completelyindependentof the reordering. The
algorithmwith reducedsynchronizationis shown in Figure10.1.

To obtainamoderateloadbalancingonSMPsweintroducepanelsat theendof the
eliminationprocess.Panelsarefractionsof supernodesandthefactorizationof panels
makesthe computationalkernelshighly efficient. The synchronizationis organized
within two critical sections,codesegmentsthat canbeexecutedby only onethread
at a time. A schedulerdynamicallyassignsa sub-supernodeto a thread. Thereis
no notionof ownershipof sub-matricesby processors- theassignmentis completely
dynamic,only dependingon theexecutionspeedof eachindividualprocessor. After
theassignment,thethreadexecutesthefirst critical sectionandremovesall previously
computedexternalsub-supernodesfromthequeue.Theexternalsupernodeupdatesare
now completelyindependentfrom othertasksresultingin a highlevel of concurrency.
Having performedall externalupdates,thethreadcomputestheinternalsupernodeLU
factorization.As soonasthefactorizationof thissupernodeis finished,thesupernode
is markedasready. Thethreadentersthesecondcritical sectionandmarksall parent
sub-supernodes.In terminologyof left andright looking [4, 19] both techniquesare
usedfor this interplayandthealgorithmintroducesorder ������� critical locks.

10.2.4 Sharedmemory multipr ocessorsystems

The technicaldataof the multiprocessorarchitecturesusedin the benchmarksare
gatheredin Table10.2andTable10.3. In this studywe considertwo differentshared
memoryarchitectures:sharedmemoryparallelvectorsupercomputers,a12-CPUNEC
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Figure10.1 Parallelleft-right lookingsparseLU factorization

SX-4anda 16-CPUCrayJ90, andsharedmemorymultiprocessorservers,an8-CPU
DEC AlphaServer 8400, an8-CPUSGI Origin 2000, andan8-CPUSunEnterprise
4000. Table10.3summarizesthecharacteristicsof theindividualprocessors,including
the clock speed,thepeakMflop rate,andthepeakLINPACK performance.We use
64-bit-arithmeticfor all factorizationsonall multiprocessorarchitecturesdiscussedin
thispaper.

10.2.5 Computational Performance

Theexperimentsarecarriedout with thesparsematricespresentedin Table10.1. All
linearsystemshaveanirregularstructureandtheexampleshaveupto2%non-zerosen-
triesin thefactorsL andU. Implementationissuesareveryimportant— thedifference
betweenagoodandapoorimplementationmayreachfactorof twentyor more.Aswe
canseefrom thedatapresentedin Figures10.3to 10.8,PARDISOdeliverssubstantial
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Table10.2 Characteristicsof thesharedmemorymultiprocessorsystemsusedin thebench-
marks.

SMPMachine Processor CPUsBandwidth

SunEnterprise4000 UltraSPARC-II 8 1.3GB/s
DECAlphaServer8400EV5.621164 8 1.2GB/s
SGIOrigin 2000 MIPS R10000 64 780MB/s
CrayPVP J90 16 51.2GB/s
NECPVP SX-4 12 256GB/s

Table10.3 Clock speed,peakfloatingpoint andLINPACK (1000x1000)performanceof one
processor.

Peak LINPACK
Processor Clock speed Mflop/s Mflop/s

UltraSPARC-II 336MHz 672 461
AlphaEV5.621164 612MHz 1224 764
MIPSR10000 195MHz 390 344
J90 100MHz 200 202
SX-4 125MHz 2000 1929

computationalperformanceonsupercomputersandhigh-endworkstationsandservers.
For largersparsematrices,weseethatthepackageachievesapproximately220Mflop/s
onaone-processorSGIORIGIN 2000.Comparedto thevendor-optimizedLINPACK
, this translatesto roughly68%of thatperformance.This is theconsequenceof using
level-3 BLAS efficiently. Table10.2shows the influenceof thenew synchronization
scheme.Theleft-right lookingsupernodealgorithmdecreasestheamountof synchro-
nizationeventsto only ������� andit deliverssubstantialspeedup,even for moderate
problemsizes.

10.3 COMPARING ALGORITHMS AND MACHINES
FOR COMPLETE SEMICONDUCTOR DEVICE
SIMULA TIONS

Forourcomparisonin Table10.4,weusedfivetypicalsemiconductordevicesimulation
cases:a 2-D transientsimulationwith a hydrodynamicmodeland14’662 vertices,
andfour 3-D quasistationarydevice simulations,onewith 10’870 vertices,onewith
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Figure 10.2 Speedupon variousplatformsfor matrix eth-eclt-bigwith the left-looking ap-
proach(upper, synchronizationeventsproportionalto numberof compressedsubscripts)and
theleft-right lookingapproach(lower, synchronizationeventsproportionalto ������� ).
12’699vertices,onewith 26’855verticesandonewith 105’237vertices.All gridsare
highly irregularandthe linearsystemsarevery sparse.The irregularity of the grids
leadsto morecomplicatedstructuresof thelinearsystemsthatmustbesolvedduring
thesimulation. Themachinesaresharedmemorymultiprocessorsandtheprocessor
characteristicsaresummarizedin Table10.3. We usedan 32-processorSGI Origin
2000with sixteenGbytesof mainmemory, aneight-processorDECAlphaServerwith
two Gbytes,andan eight-processorSUN Enterprise4000with two Gbytesof main
memory.

Comparingtheperformanceof two sparsedirectsolversonthesamemachinewith
onesingleprocessor, weseethat in all casesPARDISO [22] is significantfasterthan
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Figure10.3 SpeedupandMflop/son a12-CPUNECSX-4

SUPER�Q��� [16, 12]. PARDISOusesthememoryhierarchybetweencacheandmain
memorysignificantlybetter, andtheimprovementof thereorderingis especiallylarge
for 3-Dgrids. Table10.4clearlyreflectstheperformancedifferenceduetoalgorithmic
improvements.

On the otherside,preconditionedsparseiterative methodsplay an importantrole
in the areaof semiconductordevice and processsimulations. Of the wide variety
of iterative solvers available in the literature[2, 21] it hasbeenfound that only a
few arecapableof solving the equationsof large semiconductordevice andprocess
simulations.This is mainlydueto thebadconditioningof thematricesin thecoupled
solutionscheme.So far, BiCGstab(2)[25] with a fast andpowerful incompleteLU
decompositionpreconditioningandreverseCuthill-McKeeorderingappearsto bethe
bestchoicefor solvinglargesparselinearsystems[5, 11]. Thedefaultpreconditioning
in thepackageSLIP90�Q��� is ILU(5,1E-2).For increasinglydifficult linearsystems,the
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Figure10.4 SpeedupandMflop/sona16-CPUCrayJ90

fill-in levelandthethresholdvaluefor droppingafill-in entryin theILU decomposition
is changedin five stepsto ILU(20,1E-5).

However, the resultsfor the linear solver have to be seenin the context of the
completesimulationtask. Oneoftenobservedproblemof theiterative methodsused
is the strongreductionof the averagestepsizeduring a quasistationaryor transient
simulationdue to convergenceproblems. The typical time stepsize for non trivial
examplesis in therangeof 0.01to 0.001timesthat found for a directmethod. Fur-
thermore,lookingatthequasistationary3-D simulationwith 105’237verticesin Table
10.4we seethat the iterative solver failed during thesimulation. Themainmemory
requirementof DESSIS�Q��� with theparalleldirectsolver wasabout4 Gbyteson the
SGIOrigin 2000for thelargestexamplewith 105’237vertices.
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Figure10.5 SpeedupandMflop/son an8-CPUDECAlphaServer8400

Up to now, function evaluation and Jacobiancomputationare not parallelized;
likewise, the reuseof factorizedmatricesas preconditionersin a CGS iteration (a
featureof PARDISOandcontrolledby measuredtimesautomatically)is notactivated
by thesimulationprograms.Hencethecrossoverpointfromdirectto iterativemethods
for theproblemclassis onbandwidthlimited RISCmachineswell above �8��� vertices.
For moderatelysizedproblemsthe parallelizationof the assemblingof the linear
equationswould reducethe time consumption(compareTable10.5). For thedevice
simulatorDESSIS�Q��� , which is written in the object orientedlanguageC++, it is
naturalto startthetaskaftertheannouncementof OpenMPfor C++.

TheTable10.6showstwosemiconductordevicesimulationcasesona32processor
SGI Origin 2000. Thesolutionof thesparselinearsystemsdominatestheexecution
time of theserialimplementationespeciallyfor the3D grid with 105’237unknowns.
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Figure10.6 SpeedupandMflop/son an8-CPUSGIOrigin 2000

Thenumericalresultsdemonstratescalabilityfor for todaysvery largesemiconductor
device simulations.

10.4 CONCLUSION

We have presentedPARDISO, a parallel direct solver for robust parallel semicon-
ductordevice andprocesssimulation. The implementationfeaturesstate-of-the-art
techniques. In order to perform large scaleparallel simulations,we have investi-
gatedpopularsharedmemorymultiprocessors.A high level of sequentialandparallel
efficiency hasbeenachieved on typical sharedmemoryparallel servers and super-
computers.The crossover point from direct to iterative methodsfor semiconductor
processanddevice simulationon bandwidthlimited RISCmachineswell above �8�$�
vertices.For largerproblemsizesup to 100’000verticesand300’000unknowns32
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Figure10.8 Mflop/son an8-CPUSunEnterprise4000

processormachinescanbe usedefficiently dueto the paralleldirect linear solution
algorithm. Tangiblebenefitscanbeachieved on today’s eight-processorworkgroup
servers. However, the gapbetweensome �)�$� and �)�$� verticesmay be bridgedby
multigrid methods.
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Table10.4 Comparisonof differentalgorithmsandpackageson high-endservers.Wall clock
times in hoursfor one completesemiconductordevice simulationwith DESSIS�D�8� on one
processor.

SLIP90 SUPER PARDISO
iterative direct direct

2-D 14’662vertices,
sixnonlinearPDE’s

DECAlpha 17.0 25.2 11.1
SUNEnterprise 37.0 55.0 24.4
SGIOrigin 29.3 44.2 19.5

3-D 10’870vertices
threenonlinearPDE’s

DECAlpha 2.3 2.5 0.7
SUNEnterprise 2.2 3.9 1.3
SGIOrigin 4.1 7.0 1.9

3-D 12’699vertices
threenonlinearPDE’s

DECAlpha 1.1 5.4 0.9
SUNEnterprise 1.9 7.6 1.5
SGIOrigin 1.3 6.0 1.2

3-D 26’859vertices
threenonlinearPDE’s

DECAlpha 3.2 no mem. 5.3
SUNEnterprise 7.0 no mem. 11.7
SGIOrigin 5.4 209.4 9.0

3-D 105’237vertices
threenonlinearPDE’s

DECAlpha failed no mem. no mem.
SUNEnterprise failed no mem. no mem.
SGIOrigin failed no mem. 401.1

the32-processorparallelDESSISð��Q��� benchmarkon theSGI Origin 2000. Finally
we want to mentionthe superbsupportwithin the CRAY-ETH Zurich SuperCluster
cooperation.
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Abstract:
In thispaper,parallelizationof theChimeraoverlapping-meshtechniqueandits imple-

mentationin conjunctionwith animplicit Riemannsolverispresented. Theparallelization
of themethodis basedonthePVM approach.Computationsareperformedfor compress-
ible flowsovermulti-elementairfoils. Efficiency resultsarepresentedfor fairly complex
domainsconsistingof a large numberof meshesoverlappingeachother in an almost
arbitrarymanner, includingmultipleoverlaps.Theparallelperformanceof themethodis
investigatedon theCrayCS6400andCrayT3E computingplatforms.

11.1 INTRODUCTION

Simulationof fluid flow in complex geometriescontinuesto be one of the major
researchareasin ComputationalFluid Dynamics(CFD). SeveralCFD methodshave
beendevelopedover the last two decades,but improvementof their accuracy and
efficiency remainsa challengingproblem. Nowadays,several differentapproaches
canbeemployedto reducethecomputationalcost,includingparallelization,implicit
solversandtechniquesfor theaccelerationof thenumericalconvergencee.g.multigrid.

TheOverlappingMeshTechniqueknown alsoastheChimera methodor Unstruc-
turedDomainDecomposition(e.g. [1, 5,8,9]) canbeemployedasanefficienttool for
grid generationin complex geometries,while morerecentlyit hasreceivedparticular
attentiondueto its promisingcapabilitiesto handlemoving boundaries[11].

This techniqueis basedon thesubdivisionof thephysicaldomaininto overlapping
subdomains(seea partitionof flow domainaroundtheGA(W)-1 airfoil in Fig. 11.1)
andit is thereforeinherentlysuitablefor useonparallelcomputers.Subsequently, the
systemof flow equationsis solvedoneachsubdomainseparately, andtheglobalsolu-
tion is obtainedby iteratively adjustingtheboundaryconditionsoneachsubdomain.
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In thepresentstudyparallelizationof themethodhasbeenobtainedvia thePVM
approach.Investigationof the efficiency, including issuesrelatedto load balancing,
hasbeenperformedfor variousgrid topologies. Convergencestudiesareperformed
for subsonicandtransonicflowsaroundtwo-elementairfoils.

11.2 IMPLICIT UNFACTORED SOLUTION

Thecompressibleflow of aninviscidfluid is governedby theEulerequations. These
equationscanbewritten in dimensionlessconservationform andfor a generalcurvi-
linearcoordinatesystem,as:

��¢�£L��¤�¥h¦q§\¥�¨ª©ª«¬�"­ (11.1)

where ¢ is theJacobianof thetransformationfrom curvilinear �¯®�°1±
� to Cartesianco-
ordinates��²³°1´�� ; thevector £ containstheconservative variables£µ«¶�¸·�°D·
¹³°º·
»
°D¼���½
where · is the density, ¹ , » arethe Cartesianvelocity componentsand ¼ is the total
energy perunit volume. Theinviscid fluxesaredenotedas ¦ and ¨ . Thesystemof
thegoverningequationsis completedby theperfectgasequationof state.

Theimplicit discretizationof equation(11.1)yields

¢ £�¾
¿�À�Á`£ª¾Â�Ã ¥h¦ ¾
¿�À§ ¥�¨ ¾
¿�À© «µ��­ (11.2)

The systemof equations(11.2) is solved by a Newton-typemethod. A third-
order characteristics-basedscheme[2, 3] is employedfor discretizingthe inviscid
fluxesusing the characteristicvaluesof the conservative variablesat the cell faces.
A Godunov-typeupwindschemeup to third-orderaccuracy hasalsobeenemployed
for thecalculationof thecharacteristiccell facevalues.

11.3 THE OVERLAPPING-MESH ALGORITHM

Theoverlapping-meshtechniqueconsistsof thefollowing steps

decompositionof the physicaldomaininto overlappingsubdomains(seeFig.
11.1);

advancementof the solutionon eachsubdomainusing the implicit Riemann
solver ;

updateof boundaryconditionson the boundaryinterfacesusing information
from all localsolutions.

Thelasttwo stepsareperformediteratively until convergenceis reached.

In thecaseof arbitraryoverlapof subdomains,thereexist two difficultiesthatneedto
betakeninto account:
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Figure11.1 Thesystemof 22overlappinggridsaroundthetwo-elementGA(W)-1 airfoil

in generalthegrid pointsdo not coincidein theoverlapregion (seepoint A in
Fig. 11.1);

someinterfacepointsareoverlappedby morethanonesubdomain(multiple-
overlap)andit is not clearfrom which subdomain’ssolutionthenew boundary
conditionsshouldbegenerated(seepointB in Fig. 11.1).

To overcomethefirst difficulty oneneedsto employsuitableinterpolationprocedure.
The seconddifficulty canbe tackledby combiningall local solutionsinto a global
solutionusingblendingfunctionssimilar to thoseproposedin thereferences[8, 9] for
incompressibleflows. Thiscombinationof localsolutionsis usedin turnto updatethe
boundaryconditionsat theinterfaces.

11.3.1 Generalstructureof overlapping and grid generation

We considerherethe generalcasein which the flow domain Ä is fully coveredby
severaloverlappingsubdomainsÄ À °)­)­8­�°QÄYÅ , Äh«ÆÄ À�Ç ­)­8­ Ç ÄYÅ . If È and ÈÊÉ denote
theboundariesof Ä and Ä�É subdomains,respectively, then Ë)É.«¶È�ÉvÌ�È will denote
theinterfacebetweenthesubdomainsin whichboundaryinformationtakesplace.

In ordertoobtainconvergenceof theglobalsolution,sufficientoverlappingbetween
subdomainsmustexist. This requirementcanbeexpressedusingthe internaldistance
function Í É �?ý�� [8, 9] definedas:

Í$É
�[ýÎ�YÏÐ« Ñ � ýÓÒÔ Ä�É·��?ýL°DË8É
� ý Ô Ä�É (11.3)
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where ·��?ý�°ºË)É�� standsfor the distancebetweenpoint ý and the interface Ë8É . The
characteristicsizeof theoverlapstructureis definedasÕ ÏÐ« ÖØ×�ÙÚ�Û�Ü Í��?ý��YÏÐ« ÖÝ×
ÙÚ�Û$Ü Þ.ß�àÉ)á Àãâåäåäåä�â Å Í$É
�[ýÎ� (11.4)

The overlappingis called uniform if
Õ

is strictly positive. In the presentstudy
non-uniformoverlappingis alsoconsidered.In suchcasesÍ��?ý�� is allowedto vanishat
isolatedpointsonthephysicalboundary(at thecornerpointsof È ) remainingpositive
in thewholeinterior of Ä . Theinternaldistancefunction Í$É��?ý�� is subsequentlyused
to definetheblendingfunctions.

In practicethesubdomainsarecreatedautomaticallyby thesuitablegridgeneration
algorithm. In the first stepcurvilineargridsaregeneratedwhich fully surroundthe
physicalboundary(in thepresentcase,theinnerphysicalboundaryis formedby each
airfoil, theshapeof outerboundaryis arbitrary). In thesecondstepfar-field gridsare
createdextendingupto15-50airfoil chordsfromtheprofile. Thesegridsare,asarule,
distantfrom eachairfoil. The remainingvoid spaceis filled with rectangulargrids.
Duringthisprocedurethesizeandtheshapeof eachsubdomainmustbechosensothat
(i) thissubdomaindoesnotoverlaptheprofileitself, and(ii) eachpointof thephysical
domainis sufficiently overlappedby at leastoneof the local grids. An exampleof a
grid systemgeneratedby this procedureis presentedin Fig. 11.1(the far-field grids
areonly partiallyvisible).

11.3.2 Identification and interpolation procedures

As canbe observed in Fig. 11.1part of eachgrid boundarymay coincidewith the
physicalboundary, while theremainingpartformstheinterfaceonwhichtheexchange
of informationbetweenthesubdomainstakesplace. However, thegrid pointsin the
overlapregion donot necessarilycoincide(e.g. seepoint A in Fig. 11.1). As a result
eachinterfacialgridpoint æ Ô Ë�ç hastobelocalizedin thereferenceframeof eachgrid
in thesystem.This procedureis performedonceat thebeginningof thecalculations;
thecomputationalcostis notsignificantin comparisonwith thecomputationalcostof
a singlesweepof theEulersolver.

Oncetheinterfacialpointsareproperlyidentifiedtheinterpolationproceduremust
be definedin order to prolongatethe local solutiononto the whole subdomain. In
contrastto [9] wherehigh-orderinterpolationwas employed,in the presentstudy
bilinearoratmostbiquadratic interpolationformulaswerefoundtoprovidesatisfactory
results.

11.3.3 Blending functions.

Theseconddifficulty is relatedto the fact that thesolutionobtainedon varioussub-
domainsremainsdifferentin the overlappingregions. This is dueto eitherdifferent
discretizationor the fact that the solutionprocedurehasreacheda differentstagein
varioussubdomains.
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Despitethe above, new boundaryconditionon the interfacesmustbe generated
usingsomekind of averaging(e.g.atpointB of Fig.11.1).

For thispurposeweightfunctionsè�é aredefined,(henceforthcalledblendingfunc-
tions), and subsequentlyare usedto constructthe global solution. The blending
function è é associatedwith the ê -th subdomainÄ é is definedas

è�é��ëæL�ìÏÐ« Í$é��ëæL�í �ëæL� ,
í �ëæL�qÏÐ« Åî

É8á À
Í$É
��æL� , ê�«ï�$°Qð
°)­8­)­�°Dñ9­ (11.5)

whereÍ À °)­)­8­�°ºÍ
Å arethe internaldistancesdescribedearlier(Eq. 11.3).

Theblendingfunctionsarenon-negative andcontinuous,forming the partitionof
unity ( è À ¥ò­)­)­�¥hè Åªó � on Ä ). Otherpropertiesaredescribedin [9]. Oneshould
noticethatequations(11.3)and(11.5)haveasimplealgebraicform andasaresultthe
blendingfunctionscanbeeasilyevaluatednumerically. Their valuecanbecomputed
oncetheoverlappingstructureis identifiedat thebeginningof all calculations.

11.3.4 Global solution and full algorithm

Letusassumethat £\ô é&õ is thesolutionvectordefinedonthesubdomainÄ�é andextended
to thewhole Ä by assigning£ ô é&õ ��æL� ó � for æöÒÔ Ä é (hence£ ô é&õ hasdiscontinuityatË é ).

Theglobalsolution £���æ�� is definedthenas

£b��æL��« Åî
é�á À

è é �ëæL�ã£ ô é&õ ��æL� , æ Ô Äh­ (11.6)

It shouldbenotedthat £��ëæL� remainscontinuousonall interfacesdespitethefact that
each£ ô éQõ is discontinuouson thecorrespondinginterfaceË é . On theotherhand,the
discontinuitiessuchasshockwaveswill remainintactin theglobalsolution.

Thefull algorithmencompassesthefollowing steps:

1. Giventhegrid in eachsubdomainÄ�é , localizeinterfacialgrid pointsin thecells
of remaininggridsandevaluateall blendingfunctionson theinterfaces.

2. Initialize boundaryconditionsat theinterfacesË8é (ê÷«ï�$­)­)­8­�°ºñ ).

3. Performa few iterationsusingtheEulersolveroneachlocal grid to obtainnew
localsolutions£ ô é&õ , (ê�«ø��°8­)­)­�°Dñ ).

4. Interpolateeachlocalsolutionon theprescribedinterfaces.

5. Evaluatetheglobalfunction £b��ùÐ� oneachinterfaceusingEq. (11.6).

6. Checktheconvergenceonall interfacesandif thereis noconvergencereturnto
step3.
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It is importantto pointoutthatthestep5 cannotbeperformedin parallel.It requires
interprocessorcommunicationif differentsubdomainsareservedby differentproces-
sors. However thecomputationalcostassociatedwith thesteps4 and5 is negligible
comparedto the cost for step3. The numberof floating point numberstransferred
betweenprocessors(if differentsubdomainsareservedby differentprocessors)is pro-
portionalto the numberof boundarypoints,while the costof step4 is oneorderof
magnitudehigher. As a resultoneshouldexpectthatthebenefitsof parallelismwould
increasewhenincreasinggrid size.

11.4 NUMERICAL RESULTS

Thefinite volumemethodpresentedin Section2 hasbeentestedin thepastfor various
steady(seee.g. [2, 3, 4]) andunsteady(seee.g. [13]) compressibleflows. In this
paper, threetestcaseshave beenselectedto assessthe numericalpropertiesof the
overlappingmesh-techniquein conjunctionwith theimplicit Riemannsolver.

The first caseis the compressibleflow over a 10%circular-arc airfoil. This case
wasselectedfor testingthe influenceof the overlapsizeon the convergenceof the
iterativeprocedure.Variousgrid systemswereusedin thenumericalexperimentswith
theoverlapsize ú rangingfrom 1%(case8b) to 26%(case8e). Theinfluenceof ú on
thenumberof iterationsrequiredto reacha prescribedaccuracy is shown in Fig. 11.2
(detailscanbefoundin [7]).

Oneexpectsthatthenumberof iterationswill increasewhenú is reduced.However,
thepresentnumericalexperimentsreveal that the influenceof theoverlapsizeon the
numericalconvergenceis notsignificant,thoughasmalleroverlapresultsin aslightly
largernumberof iterations.For thetransoniccase(see[7]) theconvergenceis affected
at low convergencelevels, but the resulting numberof iterationscannotbe fully
correlatedwith theoverlapsize. It, however, seemsthatthecritical factormaybethe
proximity of theshockwave to theinterface(thereforesuchconfigurationsshouldbe
avoided).Theabove holdsalsofor caseswheremoregridsareemployed.

Thesecondcaseis thesubsonicflow aroundtheGA(W)-1 airfoil with a ð�û�ü flap
deflectedby ý
þ$ÿ . Thefree-streamMachnumberis equalto 0.2andtheangleof attack
is þ�ÿ . Two differentgrid systemsB1 andB2 werechosenhereto prove thatsolution
convergeswhengrids arerefined(grid systemB2 containedroughly twice asmany
grid pointsasB1). Thetotalnumberof gridswas22with 17gridsactuallyin contact
with oneof theairfoil profiles(Fig. 11.1showsthegrid systemB1).

TheMachnumberdistributionobtainedonthegrid systemB2 is shown aroundthe
flap region in Fig. 11.3. Thesolid lines in theflowfield correspondto the interfaces
of theoverlappinggrids. Thesmoothtransitionof Machvaluesbetweenthevarious
subdomainscaneasilybeobservedin Fig. 11.3.

Quantitatively, the accuracy of the algorithmcanbe assessedby comparing(Fig.
11.4)theexperimentalresultsof [12] with thecomputedpressurecoefficient distribu-
tions. The æ é valuesarevery similarly predictedonbothgridsandbothsolutionsare
in very goodagreementwith the experiment. In all casesthe iterationsconverge to
almostthemachineaccuracy.
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Figure11.2 Convergencehistoryfor varioustwo-gridpartitionsof theflow domain.

Figure 11.3 Mach numberdistribution aroundthe GA(W)-1 airfoil for ��������� 	 , (zoom
neartheflap);solid linesdenoteinterfaces.
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Figure 11.4 Pressurecoefficient distribution 
�� on the main airfoil and on the flap of the
GA(W)-1 airfoil ( � � �
����	 ).

Figure11.5 Grid systemB1 aroundtheSKF-1.1airfoil.
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Figure 11.6 Machnumberdistribution aroundtheSKF-1.1airfoil for ��������� ��� , ����	��
(caseB3).

Figure11.7 Grid convergencestudyfor theSKF-1.1airfoil for � � �
��� ����������	 � .
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Figure 11.8 SKF-1.1airfoil - comparisonwith experiment[10], flow for ��������� ��� , �
�� ��� � � (caseB3).

The third caseis the transonicflow aroundthe supercriticalSKF-1.1airfoil with
thedeflectedmaneuver-flap [10]. The free-streamMachnumberis  "!$#¶þ&%('�þ and
the angleof attackis )*# ð�+ . Hereagainthreegrid systemsB1, B2, andB3 with
increasingdegreesof refinement,arechosento demonstratethe convergenceof the
numericalsolution.Thesystemsconsistof 20grids(25for B3) asshown in Fig. 11.5.
Thenumberof grid pointsis 18410for B1, 42183for B2 and55304for B3.

TheMach-numberfield correspondingto thegrid systemB3 is shown in Fig. 11.6.
Theshockwave is well visible in themiddlepartof themainairfoil, while a second,
muchweakershockappearsover the flap. Figure11.7 presentsthe comparisonof
thecomputedæ�é distributionson themainairfoil andon theflap for all grid systems
usedin thecomputations.Again,theresultsshow thatthenumericalsolutionsaregrid
independent.

Figure11.8containscomparisonswith theexperimentalresultsof [10] for  "!,#þ-%.'�þ , )/# Á þ&%.'�+ . All in all, a fairly good agreementbetweencomputationsand
experimenthasbeenobtainedfor themainairfoil profile,but somediscrepanciesexist
on thesuctionsideof theflap.

11.5 PARALLEL IMPLEMENT ATION

Parallelizationof themethodis basedon theassignmentof a singlegrid or a groupof
gridsto eachprocessor. Therefore,thedecompositionof theflowfield into subdomains
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determines,at the grid generationstage,the granularityof the parallelproblem. As
a result, the numberof processors0 cannotexceedthe total numberof grids ñ .
Moreover, sincethe gridsareof differentsize, the numberof processors0 mustbe
significantlylower than ñ , otherwiseanunevenloaddistributionwill severelyaffect
theparallelperformance.

MASTER

1. Initializescalculations
2. Spawnsall processes1

Communicationbuffor1 1 1
SLAVE 1

Performs few iterations
of the local solveron the
groupof grids

SLAVE 2

Performs few iterations
of the local solver on the
groupof grids

( 232�2 ) SLAVE n

Performs few iterations
of the local solver on the
groupof grids1 1 1

Communicationbuffor1
MASTER4 collectssolutionfrom localgrids4 evaluatesnew boundaryconditions4 checksfor convergence

5 NO CONVERGENCE

6 7

18 9: ;END

Figure11.9 Parallelimplementationscheme

Theparallel implementationwasdoneusingthe PVM technique(seeFig. 11.9).
Themaster-processwasresponsiblefor initializing thecalculationsandcontrollingall
slave-processes.Eachslavewasanindependentflow solvercapableof advancingthe
iterative processon a singlegrid or on a prescribedgroupof grids. After performing
a fixed numberof iterations,all slavesweresendingupdatedboundarydatato the
master-process. The master-processwas subsequentlyre-calculatingthe boundary
data,sendingthembackto theslaves. This procedurewasrepeateduntil numerical
convergencewasobtained.

Theoverall computationaleffort andtotalnumberof iterationsdoesnotdependon
thenumberof processors.They were,however, slightly dependenton thenumberof
gridsin thesystemandoverlapsize,etc. (severalresultsfrom numericalexperiments
canbefoundin [7], seealsoFig. 11.2).

Thenumberof inneriterationsof thelocalsolverwasfixedequalto <�#Æð , eachof
themcontainingfour additionaliterationsfor solvingthefinal linearizedsystem[3, 2].
Theincreaseof < resultsin aslightdecreaseof thenumberof outeriterations,but the
totalworkloadincreases.
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Toestimatetheparallelspeed-upwehavemeasuredtheexecutiontime =?> necessary
for performinga fixed numberof iterations(in our case100 iterations)on an 0 -
processorsystem.Thespeed-upfactor )@> andthecorrespondingefficiency A�> were
definedas )B>C# =�D=E>GF A�>H# )@>0 # =ID0J=?> %
11.5.1 Static load balancing

Eachiterationof theoverlapping-meshalgorithmconsistsof a finite numberof fixed
workloadsassociatedwith eachgrid. Eachworkloadis practicallydeterminedby the
numberof computationalcellsin thecorrespondinggrid. Thisnumbermayvary from
grid to grid evenby two ordersof magnitude(seeTable11.3,wherethesmallestand
largestgridshave ð�ý and K�L�þ�þ points,respectively). Therefore,gridsmustbecarefully
groupedin orderto balancetheloadbetweenprocessors.Thiscanbedonein advance
sinceneitherthegridsnor their interconnectionchangeduringtheiterationprocess.

In orderto quantifytheload-balancingeffectsthecoefficient M is definedby:M�NO# P ND>RQ >S áTD P S F M�# U�V�WN$áTD â�X�X�X�â > M�N F
whereP N standsfor theworkloadassignedto the ê -th processor( P N is proportionalto
thenumberof grid pointsassignedto the ê"Á ÃZY processor).Thedenominatorin the
first formuladescribesthe workloadobtainedby the ideal balancing.Therefore,the
coefficient M is alwayslargerthan1 and M�#[K correspondsto anidealload-balancing
(thisanalysisis correctfor homogeneoussystemsonly). In particularit is evidentthat
thenumberof processors0 shouldnot significantlyexceed

0J\^].# int

_ Pa` ÿ `P \cb
where Pa` ÿ ` and P \ standfor the total workloadandtheworkloadon the largestgrid
respectively.

In orderto minimizethecoefficient M , for agivensystemof grids,asimplegrouping
algorithmwasusedaccordingto whichgrids(in descendingloadorder)wereassigned
to processorswith the lightest load. The resultsof this procedureweresatisfactory
as can be seenin Tables11.2 and 11.4. Furtherimprovementcan be obtainedby
usinga more time consumingalgorithm, in which consecutive ð Fed-F ý F %�%�% -element
permutationsof grids (betweenprocessors)areconsideredto minimize the valueof
the M coefficient.

11.5.2 Parallel tests

Variousparalleltestswereperformedfor theflowsaroundtheGA(W)-1 andSKF 1.1
airfoils usingthe 16-processorCS6400computer(for the GA(W)-1 airfoil), andthe
64-processorCRAY T3E(for theSKF1.1airfoil).
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For theGA(W)-1airfoil theflow domainwascoveredby asystemof d�d overlapping
grids. Thetotalworkloadwas K�L$ýfK&ý (in termsof grid cells)while thebiggestgrid had
anassociatedworkloadof ý
þ�þ�þ . As a resultthemaximumnumberof processorswas0 \ #�g . Theparallelcommunicationwasimplementedby usingconsecutive callsto
pvmfsentandpvmfrecvsubroutines.

Table11.1presentstheaccelerationfactor)B> , totalefficiency Ah> andloadbalancing
coefficient M for computationsusingup to 5 processors.

Table11.1 Theaccelerationfactor �ji , totalefficiency k�i andloadbalancingcoefficient l for
a16-processorCS6400computer(GA(W)-1 profilewith 33 overlappinggrids).

L =?> [sec] )@> Ah> M
1 1185 — — —

2 640 1.85 0.93 1.02

3 448 2.65 0.88 1.08

4 367 3.23 0.81 1.04

5 311 3.81 0.76 1.09

Table11.2 Theaccelerationfactor � i totalefficiency k i andloadbalancingcoefficient l for
a64-processorCRAY T3E (SKF-1.1profilewith 25 overlappinggrids).

L = > [sec] ) > A > M
1 1148 — — —

2 585 1.96 0.98 1.0004

3 396 2.90 0.97 1.0005

4 303 3.80 0.95 1.0011

5 245 4.69 0.94 1.028

6 243 4.72 0.78 1.125

For the SKF 1.1 airfoil two differentgrid systemswereused. Thefirst consisted
of 25 grids with the total workloadof g d�d ý�ý (grid B3 from previous Section). The
largestandthesmallestgridshadanassociatedworkloadof K8þ�þ�þ�þ andd g , respectively,
allowing theuseof up to 6 processors.
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Table11.3 Workloadassociatedwith eachof 57gridsfor theSKF-1.1airfoil.

No. þ�m K8þ�m n�þ�m d þ�m ý
þ�m g�þ�m
1 504 24 400 440 120 1750
2 360 144 324 72 1350 75
3 468 360 192 42 1350 153
4 112 196 256 48 990 81
5 288 216 1750 64 1800 286
6 70 144 1800 80 1800 195
7 48 360 1350 84 1800 195
8 288 324 1200 1600 1800 —
9 30 224 1225 1600 1200 —

10 144 396 1225 1600 1750 —

Table11.2collectsthevaluesof )@> , Ah> , M obtainedona64-processorCRAY T3E
( 0"#[K F %�%�% F ' ). Thecase0"#�' is alreadypoorlybalancedand,therefore,no further
accelerationis possible.

For 0�#og the communication-to-computationperformanceratio can be easily
observed in Fig. 11.10,which was obtainedwith the VAMPIR performanceanal-
ysis tool [6]. Insteadof pvmfsent-pvmfrecv this implementationused,asa variant,
callsto pvmfreduce-pvmfbcast-pvmfrecv. No significantperformancedifferenceswere
observedthough.

The secondgrid systemcontainedg�p grids allowing the useof a larger number
of processors.Table11.3 shows the workload qsr3t associatedwith eachgrid in the
system. The total workloadis equalto d '�p$ý-p , andthe workloadof the largestgrid
is K�L�þ�þ . Therefore,themaximumnumberof processorscanbeup to 0J\O#[n�þ . The
parallelperformanceonCRAY T3Eis shown in Table11.4. It is worthnoticingthatin
this caseacceleration) > grows steadilywith growing 0 (up to 0u#[K8û ). Thedropin
efficiency for larger 0 canbecorrelatedwith a relatively smallercomputationalload
of eachprocessor(only 2000grid cellsareassignedto eachprocessorfor 0�#[K8û ).

Thevariantwith callstopvmfreduce-pvmfbcast-pvmfrecvresultedherein improving
theaccelarationfactorby 5-10%(for 0�v�K8þ ).
11.6 CONCLUSIONS

Thepresentresultsrevealthattheoverlapping-meshtechniquecanbeefficiently used
ona multi-processorsystemin conjunctionwith implicit methodsandcharacteristics-
basedschemes.Grid-independentsolutionswereachievedfor all thecasesconsidered
here. The efficiency of suchan approachwill increasewith the complexity of the
problem,provided that the workload can be distributedbetweenthe processorsas
evenlyaspossible.Thiscanbeachievedby furthersubdivisionof existing gridsor by
re-groupinggridsassignedto processors.
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Figure11.10 Singleiterationof thesolverfor CRAY-T3Eusing5processors- communication
to computationperformanceratio.
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Abstract: In fluid dynamics,theconvection-diffusionequationmodelsfor example
theconcentrationof apollutantin theair. Wepresentaniterative,non-overlappingdomain
decompositionmethodfor solvingthisequation.Thedomainisdividedinto subdomains,
andthe physicalproblemis solved in eachsubdomain,with specificconditionsat the
interfaces.This permitsto solve very big problemswhich couldn’t be solved on only
oneprocessor. A reformulationof the problemleadsto an equivalentproblemwhere
theunknownsareon theboundaryof thesubdomains[14]. Thesolvingof this interface
problemby aKrylov typealgorithm[15] is doneby thesolvingof independantproblems
in eachsubdomain,soit permitsto useefficiently parallelcomputation.In orderto have
very fastconvergence,we usedifferentialinterfaceconditionsof order1 in thenormal
directionandof order2 in thetangentialdirectionto the interface,which areoptimized
approximationsof AbsorbingBoundaryConditions(ABC) [13], [8]. Wepresentsimula-
tionsperformedontheparagonintel atONERA(100processors),whichshow averyfast
convergence,nearlyindependantbothof thephysicalandthediscretizationparameters.

12.1 THE OPTIMIZED ORDER 2 METHOD

We considertheconvection-diffusionproblem:wyx{z}| #�~ z mu� x�� Fe� |�� z� � m�� x�� Fe� |�� z� � Á�� Â�z #�� in � (12.1)�Bx�zf| #�� on �f�
where� is aboundedopensetof �H� , ��# x � F � | is thevelocityfield, � is theviscosity,�

is a linearoperator, ~ is a constantwhichcouldbe ~�# D� ` with
Â�Ã

a timestepof a
backward-Eulerschemefor solvingthetimedependentconvection-diffusionproblem,
and � F � aregivenfunctions.

The OO2 methodis basedon an extensionof the additive Schwarzalgorithmwith
non-overlappingsubdomains:

Let �� #*�@�� áTD �� � , with � �f� �@��#*� FJ���#�� . We denoteby � � â � thecommoninterface
to � � and � � F��c�#�� . The outwardnormalfrom � � is �@  and ¡@  is a tangentialunit
vector. Let

z
be the solutionof problem(12.1),and

z N � the approximationof
z

at
iteration ¢ in eachsubdomain� � F K¤£ � £*q . Theadditive Schwarzalgorithmwith
non-overlappingsubdomainsis :

wyx{z Nh¥TD� | # � in � �¦ � x{z Nh¥TD� | # ¦ � x{z N� | on � � â � F§�¨�#�� (12.2)�Bx�z Nh¥TD� | # � on �f� � � �}�
where

¦ � is aninterfaceoperator. TheoriginaladditiveSchwarzalgorithm[10], with
Dirichlet interfaceconditions(

¦ � #�©�ª ), convergeonly with overlappingsubdomains.
In [11], theinterfaceconditionsareRobintypeconditions(

¦ � # ««h¬®­ m¯~ � , where~ � isa
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constant),whichleadstoaconvergentalgorithmfor non-overlappingsubdomains.The
choiceof the interfaceconditionsis fundamental.Many methodshasbeenproposed
(seefor example[4], [3], [2], [16] ).

TheOO2interfaceconditionsarebasedontheconceptof AbsorbingBoundaryCondi-
tions(ABC) [5], [6]. Thisconceptenablesto understandthemathematicalmecanisms
on theinterfaces,andthereforeleadsto stableandefficientalgorithms.
We introducefirst theOO2interfaceoperator

¦ � basedon this concept,andthenthe
substructuringformulationof themethod.

12.1.1 OO2 interface conditions

It hasbeenprovedin [14] thattheoptimalinterfaceconditionsfor algorithm(12.1)are
theexactAbsorbingBoundaryConditions.Unfortunately, astheseconditionsarenot
partialdifferentialoperators,they arenumericallycostlyanddifficult to use.Then,it
hasbeenproposedin [13] to useTaylor approximationsof order0 or 2, for low wave
numbers,of theseoptimalinterfaceconditions.

Forexample,the"Taylororder0" interfaceoperatoris:
¦ � # ««h¬�° ÁC± X ¬�° �³² ´ ± X ¬�°¶µ¶· ¥}¸?¹»º� º .

(in [4] and[2], theinterfaceconditionscanbeinterpretedasTaylorapproximationsof
order0).
Numericaltestsonafinitedifferenceschemewith overlappingsubdomainshaveshown
thattheTaylororder2 interfaceconditionsleadto very fastconvergence,comparedto
theTaylororder0or Dirichlet interfaceconditions,exceptin thecaseof avelocityfield
tangentialto theinterface,wheretheconvergenceis very slow. So, insteadof taking
low wave numbersapproximations,it hasbeenproposedin [7], [8] to usedifferential
interfaceconditionsof order2 alongtheinterfaceswich are“good” approximationsof
theABC, notonly for low wavenumbers,but for agivenrangeof wavenumbers.This
meansthat the interfaceoperatoris chosenin orderto optimizetheconvergencerate
of algorithm(12.1).This“OptimizedOrder2” interfaceoperatoris definedasfollows:

OO2interfaceoperator :¦ � # ��¼�   Á ��% �   Á�½ x �¾%��   | � m�ý�~��n�� mu~ � ��¼¡   Á"~e¿ �f��¼¡ � 
where ~ � #À~ � x ��% �@  F �¾%�¡B  | and ~e¿H#À~e¿ x �¾%��@  F �¾%�¡@  | minimize the convergencerate
of algorithm(12.1). Theanalyticanalysisin the caseof 2 subdomainsandconstant
coefficientsin (12.1)reducestheminimizationproblemto a oneparameterminimiza-
tion problem. This techniqueis extendedin the caseof variablecoefficients and
anarbitrarydecomposition,that is only oneparameteris computed,andwith this pa-
rameterweget ~ � and~ ¿ (see[8]). SotheOO2conditionsareeasytouseandnotcostly.

In the caseof 2 subdomains,the convergenceof algorithm (12.1) with the OO2
interfaceconditionsis provedby computingexplicitely theconvergencerate Á in term
of wave numbersÂ :
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Theorem 12.1.1 Let ��#��H� bedecomposedin 2 subdomains�ÃDs#�� ��Ä � and� � #�� ¥ Ä � . Then,Å¾��v þ F ~ÇÆ þ F ��ÈÉ� F �ÃÈÉ� ,Å�Â�ÈÉ� FËÊ Á x Â F ~ � F ~e¿ | Ê�Ì K
Moreover, whenthemeshsizetendsto 0, theconditionnumberis asymptoticallymuch
betterfor OO2thanfor Taylororder0 or 2 interfaceconditions:

Theorem 12.1.2 Let ��#��H� bedecomposedin 2 subdomains� D #�� ��Ä � and� � #�� ¥ Ä � . Let ��ÈÉ� F � �#µþ , ��#µþ and ~ÃÆ þ in (12.1).Let
Y

bethemeshsize,
andlet

x Á�ÍaÎeÏ |»ÐeÑ bethemaximumof Á on þ¤£�Â�£�ÒÓ with theinterfacecondition ©ÕÔ .
Let )Ö#�KJm ¸?º�¹Î · . Then,when

Y�× þ :x Á ÍaÎeÏ |�Ø ÎeÙeÚ ÿ�Ûìÿ�Û�ÜeÝÞÛJßÇà KYÁ �Ò )cá· xhâ Î â Óº |x Á ÍaÎeÏ |�Ø ÎeÙeÚ ÿ�Ûìÿ�Û�ÜeÝÞÛR��à KYÁ ¸Ò ) á· x â Î â Óº |x Á ÍaÎeÏ |�ãTã �Ãà KYÁ"Lh) áä x D¸ Ò â Î â Óº | áå
An importantpoint is that in thecaseof N subdomains(strips)theconvergencerate
canbeestimatedin functionof theconvergencerateof the2 subdomaincaseandthe
decompositiongeometry[12]. Theconvergenceis provedby usingtechniquesissued
from formal languagetheory.

12.1.2 Substructuring formulation

In [14], the non-overlappingalgorithm (12.1) is interpretedas a Jacobialgorithm
appliedto a problemwherethe unknowns areon the boundaryof the subdomains.
That is, the actualunknowns of the problemare the terms

¦ � x{z � | on the interface� � â � F§�¨�#�� . In thediscretecase,this interfaceproblemcanbewritten in theform :æ�ç #G� (12.3)

where
ç
, restrictedto � � , representsthe discretizationof the term

¦ � x�z � | on the
interface� � â � F§�¨�#�� , and

æ
is aninterfacematrix.

Toaccelerateconvergenceagain,theJacobialgorithmisreplacedbyaKrylov algorithm
(GMRES,BICG-STAB, ...) [15]. As we usean iterative method,we needonly to
computeat eachsteptheproduct

æ�ç
, which restrictionto � � is thediscretizationof

thejump
¦ � x�z � | Á ¦ � x{z � | on theinterface� � â � F§�Ã�#�� , wherethe

z � F KÃ£ � £�q , are
solutionof thelocalproblem:wyx{z � | # þ in � �¦ � x{z � | # ç � â � on � � â � F§�¨�#���@x{z � | # þ on �}� �¾� �}�
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with
ç � â � the restrictionof

ç
on the interface � � â � . So the solving of the interface

problem(12.3)by a Krylov methodis doneby thesolvingof independantproblems
in eachsubdomain,that is we useefficiently parallelcomputation: eachsubdomain
is assignto a processorwhich solve his problemindependently. The interactions
betweensubdomainsareprocessedby thecommunicationsbetweenprocessors.Once
wehavecomputedanapproximatesolution

ç
of problem(12.3),wegettheapproximate

solution
z � of thesolution

z
of problem(12.1)in eachsubdomain� � F KÃ£ � £uq , by

solvingthelocalproblem:wyx{z � | # � in � �¦ � x{z � | # ç � â � on � � â � F§�a�#���@x{z � | # � on �f� �}� �}�
12.2 NUMERICAL RESULTS

Theconvection-diffusionequationis discretizedby a finite volumescheme[1] (col-
laborationwith MatraBAe DynamicsFrance).Theglobaldomain � is decomposed
in q non-overlappingsubdomains.Theinterfaceproblem(12.3)is solvedby aBICG-
STAB algorithm.This involvessolving,ateachiteration,q independantsubproblems
(onepersubdomain)whichcanbeperformedin parallel.

Eachsubproblemis solvedby a directmethod.We denoteby
Y

themeshsize.We
comparetheresultsobtainedwith theOO2interfaceconditionsandtheTaylororder0
or 2 interfaceconditions.

Remark: The optimizedcoefficients in the OO2 methodare computedin an ini-
tialisationstep,that is in thecomputationof thelocalmatrix. They arenot computed
againin the iterationsof BICG-STAB. Moreover, eachiterationof BICG-STAB has
the samecost for all the interfaceconditions(Taylor order0, Taylor order2, OO2),
becausethe useof order2 conditionsdoesnot increasethe bandwidthof the local
matrix. So,in theBICG-STAB algorithm,theCPUtimeis proportionalto thenumber
of iterations.

12.2.1 Flow in a square

We solvethefollowing problem:wyx{z}| # þ F þ¤£ � £�K F þ¤£ � £�KzTx þ FE� | #Æþ F � z� � x K FE� | # þ F þè£ � £�K (12.4)zTx{� F þ | #[K F � z� � x{� F K | # þ F þè£ � £GK
Weconsideracartesianmeshwith constantmeshsize

Y
. Theunit squareisdecomposed

in qsÏ Ä qsÙ subdomains,where q¤Ï (resp.q¤Ù ) is thenumberof subdomainsin the
�

(resp.� ) direction.Weconsidertwo typesof convectionvelocityfield : ashearvelocity
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( ��# �&F �O# þ ) anda rotatingvelocity ( ��#öÁCé�êìë x{í@x � Á D� |�|-îeï é x{í@x�� Á D� |�| F �s#îeï é x�í@x � Á D� |3| é�êìë x{í@x�� Á D� |3| ). Theisovaluesof thesolutionof problem(12.3)with
the shearvelocity are representedin Figure 12.5, andwith the rotating velocity in
Figure12.1.

In Table 12.4, we take a decompositionin strips in order to observe the influence
ontheconvergenceof theconvectionvelocityangleto theinterfaces.Weobservethat
theOO2interfaceconditionsgiveasignificantlybetterconvergencewhichis indepen-
dantof theconvectionvelocity angleto the interfaces.Oneof theadvantagesis that
for agivennumberof subdomains,thedecompositionof thedomaindoesn’t affect the
convergence.Particularlyhere,for 16subdomains,thedecompositionin strips(Table
12.4)or in squares(Figure12.2)doesn’t affect theconvergence.
Figure 12.3 shows that the convergencewith the OO2 interfaceconditionsis sig-
nificantly better for a more generalconvection velocity (the rotating velocity) and
decomposition(in ý Ä L subdomains).
Theconvergencewith theOO2interfaceconditions,for thestudiednumericalcases,
is also nearly independantof the meshsize (seeTable 12.1 and Table 12.2). We
practicallyfit to thetheoreticalestimatesof theorem1.2.
Theconvergencewith theOO2 interfaceconditionsis alsovery little sensibleto the
variationsof theCFL, asit shown onTable12.3.
Figure 12.4 shows the speed-up# Ñ¾ðjñ ` � Í Ý ´ D ÜDÿ ÍaÎ �ìò µÑ¾ðjñ ` � Í Ý ´ �uóÞôhõ ÜDÿ ÍaÎ �ìò ó�µ of the method. Let� ÍaÎeÏ (resp. � ÍaÎeÏ ) be the numberof grid points in the

�
(resp. � ) direction,for the

global domain. We note q � ` the numberof BICG-STAB iterations. For a decom-
positionof thedomainin q Ï Ä q Ù subdomains,the total costcanbeestimatedby :)RD x ��öf÷�ø� ø | ¿ � öf÷3ø�Bù m�) � q � ` x ��öf÷3ø� ø | � � öf÷�ø�@ù , where )aD and ) � areconstants.Figure12.4
shows that for a small numberof subdomains,the first term (arising from the LU
factorizationof thelocalmatrix) is predominant.Then,thesecondterm(arisingfrom
theBICG-STAB algorithm)becomepredominant.After 32subdomains,theestimate
is nomorevalid,becauseof thecommunicationcostswhichcannotbeneglected.

12.2.2 Flow around a cylinder, issuedfr om a Navier-Stokes
computation

Theconvectionvelocity field is theoneof a Navier-Stokesincompressibleflow, with
Reynolds number úÃû�#üK8þ�þ�þ�þ , arounda cylinder. This velocity field is issued
from a computationperformedwith the AEROLOG softwareof the aerodynamic
departmentat MatraBAe DynamicsFrance.Thecomputationaldomainis definedby��#�ý x{� FE� | # x{þTîeï é x¶ÿ�| F þ é3ê ë x ÿ�|?| F Kc£ þ £�ú F þC£ ÿ £ n í � with ú vøþ given.
We solvethefollowing problem:wyx{z}| # þ in �z # K on ý x{� Fe� | # x îeï é x¶ÿ�| F é�êìë x¶ÿ�|?| F þ¤£ ÿ £�n í � (12.5)z # þ on ý x{� Fe� | # x ú î ï é x ÿ�| F ú�é�êìë x ÿ�|?| F þc£ ÿ £ n í �
The grid is ý x{� � Fe� � | # x{þ � îeï é x¶ÿ � | F þ � é�êìë x¶ÿ � |�| F K�£ �ÞF � £ '�g � , and is refined
aroundthecylinderandin thedirectionof theflow (seeFigure12.5).Theisovaluesof
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Decompositionof thedomain OO2 Taylororder2 Taylororder0

normalvelocity to theinterface 15 123 141��� Ä � subdomains

tangentialvelocity to theinterface 21 not 86� Ä ��� subdomains convergent

Table12.1 Numberof iterationsversusthe convectionvelocity’s angle �H���-�	�s�*����
��� � 
 � 	���
����C� � � 
����	�O����	� � ������� ���  �!�"#"%$&"#')( � � 
 � �
grid '�g Ä '�g K�n�û Ä K�n�û n�ýfK Ä n$ýfK
OO2 15 15 15

Taylororder2 49 69 123

Taylororder0 49 82 141

Table12.2 Numberof iterationsversusthemeshsize, *,+.-/* subdomains,���0�-���J�
����
s���� � � ��
����H� � � 
��������1� ���  �!�"#"2$�"#'3( � � 
 � �
thesolutionof problem(12.4)arerepresentedin Figure12.5(withoutthegrid) andin
Figure12.6(with thegrid). Wenote q ÍaÎeÏ thenumberof pointson theboundaryof a
subdomainmultiply by thenumberof subdomains.TheOO2interfaceconditionsgive
alsosignificantlybetterconvergencein thatcase(Figure12.7). We observe in Table
12.4thattheconvergenceis practicallyindependantof theviscosity � .

12.3 REMARK

Numerically, the convergenceratio of the methodis nearly linear upon the number
of subdomains.So it is necessarlyto sendglobal informationbetweensubdomains,
in orderto have a convergenceratio independantof the numberof subdomains.To
tacklethisproblem,in [9], a“low wavenumber”preconditioneris appliedto theOO2
method.

12.4 CONCLUSION

The OO2 methodappliedto convection-diffusionproblemsappearsto be a very ef-
ficient method. Its main advantageis that it is a generaldomain decomposition
technique,with noapriori knowledgeof theboundarylayersor therecirculationzones
location.Theconvergenceratiois numericallynearlyindependantbothof thephysical
parametersandthediscretizationparameters.
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grid '�g Ä '�g K�n�û Ä K�n�û n�ýfK Ä n$ýfK
OO2 25 26 30

Taylororder0 76 130 224

Table 12.3 Numberof iterationsversusthe meshsize, 45-64 subdomains,rotating ve-
locity, �G� �87�9;:  �<= � � �� '	'�> � 7  �<= @? � �� '	' �8�u� > � 7  �<= � � �� '	' 7�9;:  �<= @? � �� '	' , 
 �� � 
 � 	��³
����C� � � 
����A���1� ���  �!�"B"2$&"B'C( � � 
 � �

ÔED¤0�#[Kh%�ª�þ ÔFDs0�#[Kh%�ª d ÔEDs0
# K�% ª¼g ÔEDs0
# K�%�ª�û
OO2 3 12 15 15

Taylorordre2 2 21 58 123

Taylorordre0 3 18 48 141

Table12.4 Numberof iterationsversusthe CFL, *,+G-H* subdomains,�è�I�-�J�y�����J
C�� � 
 � 	��³
����C� � � 
����=�O� ��	� � �A���1� ���  �!�"B"2$&"B'C( � � 
 � �

OO2 Taylororder2 Taylororder0��# K�% ª�Áug 56 41 119��# K�% ª�Ázý 43 121 374��# K�% ª�Á d 32 q ÍRÎeÏ #�p�'�L q ÍRÎeÏ #Gp�'�LK@L �¼D ß x�Msþhþ L þh| #ÆÁÇg-%.g�n K@L �¼D ß x�Msþhþ L þh| # ÁÇn-%åý�ý
Table12.5 Numberof iterationsversustheviscosity, 4/-ON subdomains,Navier-Stokesflow
velocity, 
s� � � 
 �OP �j
����C� � � 
����Q���1� ���  �!�"#"2$�"#'R( � � 
 � �
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Abstract: This work presentsa parallelversionof a complex numericalalgorithm
to solve a lubricationproblemstudiedin Tribology. The executionof the sequential
algorithmona workstationrequiresahugeamountof CPUtimeandmemoryresources.
So,in orderto reducethecomputationalcost,wehaveappliedparallelizationtechniques
to themostcostlypartsof theoriginal sourcecode.Someblocksof thesequentialcode
werealsoredesignedfor theexecutiononamultiprocessor. In thispaper, wedescribeour
parallelversion,we show somerunningtime measuresthat illustrateits efficiency, and
wepresentsomenumericalresultsthatrepresentthesolutionof our lubricationproblem.
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Intr oduction

Our work is concernedwith the analysisof the lubricantbehaviour of an industrial
device thatarisesin MechanicalEngineering.For a widerangeof thesedevices,such
asthe journalbearingdevice, themaintaskis to calculate,for a givenimposedload,
the pressuredistribution of the lubricantfluid and the gapbetweentwo surfacesin
contact[2].

Most of the lubricateddevices appearingin industrial applicationscan be rep-
resentedby meansof a ball-bearinggeometry(Figure13.1). In this geometry, the
industrialdevicesurfacesarerepresentedby a sphereandaplane.In orderto perform
arealisticnumericalsimulationof thedevice,theproblemis describedby amathemat-
ical model(Section13.1)of thedisplacementof thefluid betweenarigid planeandan
elasticandloadedsphere.An approximationto thesolutionof themathematicalmodel
is calculatedusinga numericalalgorithm(Section13.2)that includesfixedpoint and
finite elementtechniques, anddualitymethods(see[4] for furtherdetails).

R

PSfragreplacements

q

Figure13.1 Ball–bearinggeometry.

In this work, we focuson the parallelizationof the algorithm(Section13.3) on
the Fujitsu AP3000multiprocessorusingMPI asmessage-passinglibrary. We also
presentrunningtime measuresthat illustratethe efficiency of the parallelcode,and
somenumericalresultscorrespondingto an approximationof the solution of the
lubricationproblem(Section13.4).Finally, conclusionsandfutureworkarediscussed
(Section13.5).

13.1 DESCRIPTION OF THE PROBLEM

In order to perform a realistic numericalsimulationof the device, an appropriate
mathematicalmodelmustbeconsidered.Ourmodelis posedover a two-dimensional
domain(Figure13.2) which representsthe meanplaneof contactbetweenthe two
surfacesin contactin theball-bearinggeometry(Figure13.1).

In our mathematicalformulation,the goal is to determinethe pressurer andthe
saturations of the lubricant, the gap t betweenthe ball and the plane, and the
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Figure13.2 Ball–bearingtwo-dimensionaldomain� .

minimum referencegap t w . The model consistsof the following set of nonlinear
partialdifferentialequations:��=� ���f�Y��� t p � r�=�)� { ��=� �A�,�=�&� t p � r�=���������,��� ��Y�yt��,r6��� , s_��� in

x z
(13.1)��=�5� s,tY�0���F�5rG��� , �F ¡s¢ �� in

xyw
(13.2)�,�=�&� t p � r�y£¤ �¥�1�f�1� � � ~ s,�Ut6¦#§f¨ � £¤ � £© �C�5rG�ª� in

v
(13.3)

tO��t � � � � �	rY�R��t w { � � { � ��,« { �¬S­5®�¯ r �±° �%²=�³ � � ~ ° � � { � � ~ ²=� �µ´ ° ´ ² (13.4)

s��¶s w on
u w

(13.5)

r·�¸� on
u

(13.6)

q � ® ¯ r � � � � � ´ � ´ � (13.7)

wherethe unknown vector is � r¹�ºs��#t¹�%t w � and the two-dimensionaldomain,the lu-
bricatedregion, thecavitatedregion, the freeboundary, thesupplyboundaryandthe
boundaryatatmosphericpressureare,respectively (seeFigure13.2):x � � ~µ� � � � � ��» � ~ | � | �x�z � ¼ � � � � ��È x6½ r � � � � �C����¾xyw � ¼ � � � � ��È x6½ r � � � � �J�ª��¾v � � x�z6¿Xxu¹w � ¼ � � � � ��È � x6½ � � ~[� � ¾u � � xÁÀ�u¹w



194 PARALLELNUMERICALCOMPUTATION WITHAPPLICATIONS

being� � , � � and
|

positiveconstants.Theinputdataareshownin Table13.1.These
arethevelocity field � ���#�,� , thepiezoviscositycoefficients � w and Â , theunit vector

£¤
normalto

v
pointingto

xyw
, theunit vectorin the

�
–direction

£© , theYoungequivalent
modulus ­ , the sphereradius « , andthe load q imposedon thedevice in a normal
to the planedirection. Equations13.1-13.3model the lubricantpressurebehaviour,
assumingtheBaruspressure-viscosityrelation.Equation13.4establishestherelation
betweenthegapandthelubricantpressure.Equation13.7balancesthehydrodynamic
andtheexternalloads.Consult[3] for a widerexplanationof thephysicalmotivation
andthemathematicalmodelling.

Table13.1 Input dataof thenumericalalgorithm.

Symbol Physicalparameter� ���#�,� Velocity field� w PiezoviscositycoefficientÂ Piezoviscositycoefficient£¤ Normalunit vector£© Ã -axisunit vectort w Minimum referencegap­ Youngequivalentmodulus« Sphereradiusq Imposedload

13.2 THE NUMERICAL ALGORITHM

Thenumericalalgorithmcorrespondingto themathematicalmodelmainly combines
fixedpoint techniques, finite elementsandduality methods[4]. Thestructureof the
numericalalgorithmis depictedin Figure13.3.

In order to obtain a more accurateapproachof different real magnitudes,it is
interestingto handlefiner meshes.This meshrefinementinvolvesa greatincreasein
storagecostandexecutiontime. So,theuseof highperformancecomputingtechniques
is requiredin orderto reducetheimpactof this computationalcostproblem.

As we canseein Figure13.3, the algorithmconsistsof four nestedloopscalled
load, gap,characteristicsandmultipliers loops, respectively. The executionbegins
usinga predefinedvalueof thegapparametert w . In thetwo innermostloops,namely
characteristicsandmultipliers,thepressurer andthesaturations of thelubricantfluid
arecomputed(Blocks 5 and8, respectively). The computationsin thesetwo loops
mainly involve the recursive finite elementsolutionof linearizedpartial differential
equations,obtainedfrom theapplicationof a transport-diffusiontechniquecombined
with a multiplier methodfor thesaturationvariable. In gaploop, thegap t between
the sphereand the planeis updated(Block 10) in termsof the pressurefollowing
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PROGRAM tribology

load loop: DO Ä�ÅHÆ , Ç[È�É#Ê
gap loop: DO Ë3Å0Æ , Ç[È�É�Ì

Computefinite elementmatrix Í ! *** Block 1 ***

Computesecondmemberfixed in characteristics ! *** Block 2 ***

characteristicsloop: DO Î�Å0Æ , Ç[È�É�Ï
Computesecondmemberfixedin multipliers ! *** Block 3 ***

multipliers loop: DO Ð�Å5Æ , Ç[È�É,Ñ
Computefinal secondmemberÒ ! *** Block 4 ***

Linearsystemsolution Í=Ê[ÅOÒ ! *** Block 5 ***

Computemultiplier ! *** Block 6 ***

IF (multiplier convergence) EXIT ! *** Block 7 ***

END DO multipliers loop

Computefluid saturationÓ ! *** Block 8 ***

IF (pressure convergence) EXIT ! *** Block 9 ***

END DO characteristicsloop

IF ( Î\ÅRÅ6Ç}È1É�ÏnÔOÆ ) EXIT load loop

Updategap Õ ! *** Block 10 ***

IF (gap convergence) EXIT ! *** Block 11 ***

END DO gap loop

IF (Ë3ÅRÅ6Ç}È1É�ÌnÔOÆ ) EXIT load loop

Computehydrodynamicload ! *** Block 12 ***

IF (load convergence) EXIT ! *** Block 13 ***

END DO load loop

END PROGRAM tribology

Figure13.3 Pseudocodeof thenumericalalgorithmin Fortran90-style.TheparametersÖE×�Ø�Ù ,ÖE×�Ø�Ú , ÖE×�ØUÛ and ÖF×�ØUÜ representthemaximumnumberof iterationsfor load,gap,characte-
risticsandmultipliersloops,respectively.

Equation13.4.Thiscostlyprocessrequirestheintegrationover thewholedomainfor
eachfinite elementnode.Finally, thehydrodynamicloadgeneratedby thepressureof
thefluid iscomputed(Block12)bymeansof numericalintegrationin Equation13.7. If
thecomputedintegral is closeto theimposedload,thealgorithmfinishes.Otherwise,
a new value t w is determinedby a bisectiontechniqueand the algorithmperforms
a new iterationin load loop. For a wider explanationof this complex algorithmwe
addressthereaderto [4].

13.3 THE PARALLELIZA TION PROCESS

In this section,we presenta versionof thealgorithmfor a distributed-memorymul-
tiprocessor. We have focussedon the most costly partsof the algorithm in terms
of executiontime. So, firstly, we have performedan analysisof the distribution of
the executiontime, which led us to the conclusionthat approximately96% of this
time concentrateson multipliers loop andon the updategaph functionalblock (see
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Figure13.3). In spiteof that, aswe will seelater in this section,it is necessaryto
parallelizemorepartsof thealgorithm.Hereafter, wewill describetheparallelization
processof themostinterestingblocks.

First, in the computationof the final secondmemberÝ (Block 4 in Figure13.3),
finite elementdiscretizationallows to obtain it in two differentways: by traversing
thesetof finite elementsor by traversingthesetof nodesof themesh.Thedifference
betweenbothmethodslies in theorderin whichthecontributionsof all finite elements
to thefinal valueof Ý aresummedup. In thefirst method,implementedin theoriginal
sequentialcode,vector Ý is computedasfollows:Þ

triangular finiteelementß=àÝ�á â � ß à �#ã��åäV��æ Contrib� ß à �%ã��ç�èãn�����#���#é
whereâ � ß=àU�#ã�� representsthenumberof thenodeof themeshthatisassociatedwith theã@ê@ë vertex of theelementß=à , andContrib� ß=à��#ã�� is thecontributionof theelementß=à
to thenodenumberedas â � ß à �#ã�� . Notethatvector Ý is referencedthroughanindirect
index. Theparallelizationof this algorithmintroducescommunicationsoverheadthat
reducestheefficiency of theparallelprogram.

Thesecondmethodoverridestheproblemdescribedin thepreviousparagraphby
usingthefollowing algorithm:Þ

nodeì of themeshÝíá ì�äV� æ Contrib� ß à �#ã�� Þ triangular finiteelementß à �^ãn�����#���#é
Theadvantageof thismethodlies in thefactthatit is cross-iterationindependent,that
is, the calculationof the valueassociatedto any nodedoesnot dependon the value
correspondingto any othernode. Therefore,computationscanbe distributedin the
mostappropriatewayfor thesubsequentstagesof ourprogram.

In orderto solvethe symmetricpositivedefinitesystemî�rÁ�ïÝ (Block 5 in Fig-
ure 13.3) at eachstepof the innermostloop, we have experimentedwith a parallel
sparseconjugategradientmethod[1, Chap.2],andwith a parallel sparseCholesky
method[6], combinedwith reorderingstrategiesto reducethefill-in in matrix î [5,
Chap.8]. Although we have checkedthat both methodsarehighly scalablefor the
characteristicsof ouralgorithm,wehave chosenthesecondonebecauseit wasproved
tobelesscostlyin termsof executiontime. Notethat Ý variesateachstepof multipliers
loop,andthatthefinite elementmatrix î is thesamein eachiterationof gaploop(see
Figure13.3).

Thecomputationof themultiplier (Block 6 in Figure13.3)consistsof a loopwhere
therearetrue dependences[8] amongthe valuesof the multiplier on the last nodes
(thosebelongingto therightboundaryof thedomain

x
). Thisblockcanbeparallelized

efficiently by performingthecalculationscorrespondingto thelastnodesonthesame
processor. So,wehave useda standardblockdistributionsatisfyingthisconstraint.
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At thispoint,multipliersloopis parallelizedbut characteristicsloopis executedin a
sequentialmanner, whichmakesnecessaryto performtwo gatheroperationsfor each
iterationin thelatterloop. Thiscommunicationsoverheadwasreducedbyparallelizing
the blocks includedin characteristicsloop asfollows. First, the computationof the
secondmemberfixedin multipliers (Block 3 in Figure13.3)hasbeenimplemented,
on the onehand,by usinga cross-iterationindependentalgorithmthat traversesthe
setof nodesof themeshand,on theotherhand,by imposinga constrainton thedata
distributionsothatthecomputationscorrespondingto thenodeslocatedat thesupply
boundary

u w
areassignedto thesameprocessor. Second,thecomputationof thefluid

saturation (Block 8 in Figure 13.3) and the convergencetest on pressure (Block 9
in Figure13.3)arealsocross-iterationindependentalgorithms,sotheir computations
have beendistributedaccordingto the standardblock distributionsubjectto the two
previouslydescribedconstraints.

Regardingtheupdatingof thegap (Block 10 in Figure13.3),it is oneof themost
costly stagesof the original sequentialalgorithm. For eachnodeof the mesh,the
gap is calculatedaccordingto Equation13.4. This computationis cross-iteration
independent,whichmakestheefficiency of theparallelizationprocessindependentof
thedatadistributionscheme.So,in orderto avoid dataredistributions,we have used
thesamedistributionasin thealreadydescribedfunctionalblocks.

13.4 EXPERIMENT AL RESULTS

In thissection,wepresentresultsin termsof executiontimes(Table13.2)for different
architectures,aswell asapproximatednumericalresults(Figures13.4-13.7)for the
solutionof ourlubricationproblem,thatis, for thepressure,thesaturationandthegap.
In ourtests,wehaveusedauniformmeshcomposedof éfð�ñò�f� triangularelementsand�1ó,ôf�U� nodesto discreticizethedomainof theproblem

x
. Thenodesareorderedup

anddown, left andright so that the first nodescorrespondto the boundary
u¹w

. The
dimensionsof the sparsematrix î are ��ó,ôf�U��»õ��ó,ô,�A� , andthe numberof non-zero
entriesis ófö,ó,öA� .

In apreviouswork[7], wedescribedanefficientversionof thealgorithmspecifically
developedfor the Fujitsu VP2400vectorcomputer. This versionproved to be very
suitablefor a vector architecture,as demonstratesthe fact that the percentageof
vectorizationof the sourcecodewasapproximatelyófö,÷ . The running time of the
whole programusingthe meshdescribedabove was ñ�é,t�øJéfð,ù¶øJéfð,� , from whiché,é,tOøfñòô,ùúøòôf�,� wereexecutedon thevectorunit of theVP2400.

In orderto reducethecomputationalcostof thealgorithm,wedevelopeda parallel
versionfor theFujitsuAP3000distributed-memorymultiprocessor. Thismachinecon-
sistsof UltraSparc-IImicroprocessorsat300MHzinterconnectedin atwo-dimensional
torustopology. Theparallelprogramwaswritten in Fortran77usingMPI asmessage-
passinglibrary. Table13.2showsexecutiontimemeasuresfor themostcostlypartsof
thealgorithm,andfor upto eightprocessors(this limit wasimposedby theconfigura-
tion of our parallelmachine).The last two rows makereferenceto therunningtime
of the whole programandto the correspondingspeedups,respectively. The results
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Table13.2 Executiontimesandspeedups.Timesaredisplayedin hours,minutesandseconds
( û�ûGü,Ö¢Ö�ü�Ü#Ü ).
Numberof PEs 1 2 4 8

Characteristicsloop 10:02 6:45 4:10 2:58
Multipliers loop 124:38:18 71:25:16 38:01:34 23:34:51
Updategaph block 8:33:59 4:36:08 2:21:15 1:12:47

Wholealgorithm 133:23:53 76:09:04 40:27:48 24:51:18
Speedup 1.00 1.75 3.30 5.37

for one processorare estimationsbasedon the executiontimes of one iterationof
characteristics,multipliersandgaploops.Thetotalnumberof iterationsin multipliers
loopwas ��ö�ñ��,�,�A� . Wedisposedof coarsermeshes,but it is notworthexecutingthose
testsona multiprocessorbecausetheircomputationalcostis not highenough.

Thereductionin theexecutiontime of theprogramis significant. As we cansee,
goodspeedupswereachieved by restructuringthe sequentialcodeandapplyingan
adequatedatadistributionto reducethecommunicationsoverheadthatarisesfrom the
describeddependences.

The aim of this work wasnot only to reducecomputingtime, but alsoto test in
practicetheconvergenceof thefinite elementspacediscretization.Next, we present
somenumericalresultscorrespondingto theuniformmeshdescribedat thebeginning
of thissection( é,ðíñò�f� triangularelementsand ��ó,ôf�U� nodes).Therealparameterthatis
relevantin ourtestsistheload q thatis imposedontheindustrialdevice. In Figures13.4
and13.6,approximationprofilesfor the pressurer (setof curveswith a maximum)
andthe gap t (setof curveswith a minimum) aredepictedfor q �ýé and q �þô ,
respectively. In Figures13.5and13.7,thesaturations profile is shown, respectively,
for thesamevaluesof q . In thefigures,the

�
-axisrepresentsthelongitudinal section

of thedomain.Eachcurverepresentstheapproximatedvaluesof aphysicalmagnitude
(r , t or s ) in thenodesof themeshthathave thesame

�
-coordenate,beingthehighest

curve theonecorrespondingto thecentralline.

Although the analysisof the numericalresultsis beyond the scopeof this paper,
we briefly commentthe mostoutstandingaspectsof thegraphspresentedbefore. In
Figure13.4,we canseethat the sphereand the planearemorecloseto eachother
aroundthe contactpoint. For this reason,in that region, the gapcurveshave their
minimumwhile thepressureoneshavetheirmaximum.Besides,thereis nocavitation
wherethe pressureis positive. Therefore,the saturationis equal to the unit (see
Figure13.5).

13.5 CONCLUSIONS AND FUTURE WORK

In this work, we have describedthe parallelizationof a numericalcodeto solve an
elastohydrodynamicpiezoviscouslubricationproblem.Theparallelalgorithmreduces
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theexecutiontime significantly, which will allow usto obtainnew numericalresults
for sometestswhoseCPUcostis extremelyhigh to berunonastandardworkstation.

Asfuturework,wewanttocheckthescalabilityof ourparallelalgorithmbyrunning
it onahighernumberof processors.To dothat,weintendto adapttheparallelcodeto
thearchitectureof theCrayT3Emultiprocessor. This way, numericalresultsfor even
finerfinite elementmeshescouldbecomputed.
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b
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d
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d
e^
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e^ r o` f o` vr e^ rlaf p_ p_ e^ da  laf yq e^ rs\  is\  da e^ cn ida e^ da  bo yq  t[ he^  da is\ s\ o` cn iaf t[ io` n fo` rmug laf t[ io` n o` f e^ qw ug af t[ io` ns\ .
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e
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d
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b
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a
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he^  s\ yq mme^ t[ ryq  p_ laf ne^ . Fo` r t[ he^  e^ xis\ t[ e^ ncn e^  o` f

t
[
he^  t[ raf ns\ vr e^ rs\ af l vr o` rt[ icn e^ s\  in t

[
he^  o` t[ he^ r t[ wy o`  da ire^ cn t[ io` ns\ ,x  t[ he^  int

[
e^ ns\ it[ yq  o` f t[ his\  maf in vr o` rt[ e^ x is\
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lo` wy e^ r t[ haf n t
[
haf t[  o` f t[ he^  vr o` rt[ e^ x o` f 2d
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-cn af vr it[ yq  lida  da rivr e^ n p_ ro` bo le^ m in t

[
he^  s\ af me^  Re^ yq no` lda s\

nug mb
o
e^ rs\ .

 The^  p_ re^ s\ s\ ug re^  cn o` nt
[
o` ug rs\  o` f t

[
he^  t
[
hre^ e^  mid

a
-p_ laf ne^ s\  af re^  s\ ho` wy e^ da  in Figs ug re^  14.5

�
. It
[
’s\

r] e^ p_ o` r] t[ e^ da  t[ hd af t[  t[ hd e^  o` s\ cn ib le le af t[ ib o` nc  o` cn cn ug r] s\  ib nc  t[ hd e^  p_ r] e^ s\ s\ ug r] e^  cn o` nc t[ o` ug r]  wy h
d
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o
e^ r]

h
d
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�
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 af nc da  wy h

d
e^ nc  t[ hd e^  cn af le cn ug le af t[ ib o` nc  ib s\  e^ x� e^ cn ug t[ e^ da  bo yq  G� af le e^ r] kv ib nc  fp ib nc ib t[ e^  e^ le e^ mj e^ nc t[  mj e^ t[ hd o` da .

This\  is\  bo e^ cn af ug s\ e^  t[ he^  G� af le^ rkin FEM b
o
e^ af rs\  af  re^ s\ e^ mb

o
laf ncn e^  t[ o`  t[ he^  cn e^ nt

[
raf l da iffe^ re^ ncn e^  in t

[
he^

p_ ro` p_ e^ rt[ yq  o` f ne^ gs af t[ ivr e^  d
a
is\ s\ ip_ af t[ io` n. In t

[
his\  p_ af p_ e^ r,x  t

[
he^  o` s\ cn illaf t[ io` n o` f p_ re^ s\ s\ ug re^  d

a
o` e^ s\ n’ t

[
o` cn cn ug r wy he^ n Re^ yq no` lda s\  nug mb

o
e^ r is\  10

�
0
�
0
�
. This\  maf yq bo e^  bo e^ cn af ug s\ e^  in t

[
he^  cn af lcn ug laf t[ io` n o` f t[ he^

inne^ r flo` wy ,x  t
[
he^  p_ e^ rip_ he^ raf l b

o
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a
af rie^ s\  cn af n limit

[
 t
[
he^  nug me^ ricn af l d

a
is\ s\ ip_ af t[ io` n t

[
o`  s\ o` me^

e^ x� t[ e^ nc t[ . IZ nc  t[ hd e^  cn af le cn ug le af t[ ib o` nc  o` fp  R� e^ yq nc o` le da s\  nc ug mj b
o
e^ r]  5� 0� 0� 0� ,x  p_ r] e^ s\ s\ ug r] e^  o` s\ cn ib le le af t[ ib o` nc  o` cn cn ug r] s\ ,x  af s\
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b
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Õ
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  CONCLUDING REMARKS O
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N MPI

S
u

o` lvr ings  t
[
he^  N

t
af vr ie^ r-Su t

[
o` ke^ s\  Eqw ug af t[ io` ns\  fo` r t

[
he^  incn o` mp_ re^ s\ s\ ibo le^  flo` wy ,x  b

o
yq  p_ af raf lle^ l

cn o` mp_ ug t[ af t[ io` naf l me^ t[ ho` da s\ ,x  wy e^  s\ imug laf t[ e^ da  t[ he^  t[ hre^ e^ -da ime^ ns\ io` naf l cn af vr it[ yq  lida -da rivr e^ n p_ ro` bo le^ m
s\ ug cn cn e^ s\ s\ fug llyq  af nd

a
 t
[
he^  s\ p_ e^ e^ da ug p_  is\  af lmo` s\ t[  line^ af r.

I
Z
t
[
 h
d
af s\  bo e^ e^ nc  cn o` nc fp ib r] mj e^ da  t[ hd af t[  Mk P

�
I
Z
 p_ af r] af le le e^ le  t[ o` o` le s\  cn af nc  bo e^  r] e^ af da ib le yq  r] e^ af le ib z3 e^ da  o` nc  P� C

z
 s\ yq s\ t[ e^ mj .

I
Z
t
[
 d
a
o` e^ s\ nc ’ t[  nc e^ e^ da  t

[
o` o`  mj ug cn hd  i

b
nc vr e^ s\ t[ mj e^ nc t[  o` nc  h

d
af r] da wy af r] e^  t

[
o`  gs af ib nc  h

d
i
b
gs hd  p_ e^ r] fp o` r] mj af nc cn e^ s\  o` fp

cn o` mp_ ug t[ af t[ io` n. It
[
’s\  no` t[  o` nlyq  s\ ug it[ af bo le^  fo` r t[ he^  maf s\ s\ ivr e^ lyq  p_ af raf lle^ l e^ nvr iro` nme^ nt

[
,x  bo ug t[  af ls\ o`

cn af n b
o
e^  ug s\ e^ da  in s\ o` me^  s\ maf l l-s\ cn af le^  s\ yq s\ t[ e^ m. S

u
ug cn h kind

a
 o` f s\ yq s\ t[ e^ m cn af n me^ e^ t[  t[ he^  ne^ e^ da s\  o` f

d
a
iffe^ re^ nt

[
 ug s\ e^ rs\ . Acn cn o` rda ings  t[ o`  t[ he^  int

[
e^ rnaf t[ io` naf l s\ t[ af nd

a
af rda ,x  MPI is\  af  p_ o` rt[ af bo le^  af nd

a
 s\ cn af laf bo le^

t
[
o` o` l cn o` ug lda  bo e^  e^ af s\ ilyq  ug s\ e^ da  in d

a
iffe^ re^ nt

[
 cn af s\ e^ s\  s\ ug cn h af s\  da iffe^ re^ nt

[
 o` p_ e^ raf t[ ings  s\ yq s\ t[ e^ m af nd

a
d
a
i
b
f
p
f
p
e^ r] e^ nc t[  mj af cn hd ib nc e^ s\ .
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The^  da e^ bo ug gs gs ings  o` f p_ af raf lle^ l p_ ro` gs raf m is\  re^ laf t[ ivr e^ lyq  mo` re^  da ifficn ug lt[  t[ haf n s\ e^ riaf l p_ ro` gs raf m.
Tho` ug gs h t

[
he^ re^  af re^  af lre^ af da yq  af  lo` t[  o` f da e^ bo ug gs  t[ o` o` ls\ ,x  it[  s\ e^ e^ ms\  t[ haf t[  t[ he^ yq  af re^  no` t[  vr e^ ryq  ro` bo ug s\ t[ .

S
u

o`  d
a
e^ vr e^ lo` p_ ings  mo` re^  p_ raf cn t[ icn af l d

a
e^ bo ug gs gs ings  t

[
o` o` ls\  is\  af n t

[
af s\ k fo` r b

o
o` t[ h ug s\ e^ rs\  af nd

a
d
a
e^ vr e^ le o` p_ e^ r] s\ .

W
E

h
d
e^ nc  b
o
r] e^ af kv ib nc gs  ug p_  o` nc e^  t

[
af s\ kv  i

b
nc t[ o`  s\ mj af le le  t

[
af s\ kv s\  b

o
yq  D
{

af t[ af  D
{

e^ cn o` mj p_ o` s\ ib t[ ib o` nc  (
l
D
{

o` mj af ib nc
De^ cn o` mp_ o` s\ it[ io` n)

m
 me^ t[ ho` da ,x  o` ne^  s\ ho` ug lda  t[ hink t

[
he^  da ire^ cn t[ io` ns\  o` f t[ he^  da e^ cn o` mp_ o` s\ it[ io` n o` vr e^ r.

F
h

o` r]  e^ x� af mj p_ le e^ ,x  fp o` r]  4�  p_ r] o` cn e^ s\ s\ o` r] s\ ,x  t[ hd e^  da o` mj af ib nc  cn af nc  bo e^  da e^ le ib mj i
b
t
[
e^ da  t[ o`  bo e^  1×4

�
,x  o` r]  2� ×2

�
,x  t[ hd e^

e^ fp fp ib cn ib e^ nc cn yq  mj af yq  bo e^  da ib fp fp e^ r] e^ nc t[ . H� o` wy  t
[
o`  da e^ cn o` mj p_ o` s\ e^  af  da o` mj af ib nc  e^ fp fp e^ cn t[ ib vr e^ le yq  da e^ p_ e^ nc da s\  o` nc  t[ hd e^

p_ af r] af le le e^ le  af r] cn hd ib t[ e^ cn t[ ug r] e^ ,x  t[ hd e^  p_ af r] af le le e^ le  p_ r] o` gs r] af mj  af nc da  t[ hd e^  t[ af s\ kv  ib t[ s\ e^ le fp .
I
Z
nc  t
[
h
d
e^  cn o` mj p_ ug t[ af t[ ib o` nc  o` fp  t

[
h
d
i
b
s\  p_ af p_ e^ r] ,x  f

p
o` r]  t
[
h
d
e^  cn o` nc vr e^ nc ib e^ nc cn e^  o` fp  t

[
r] af nc s\ fp e^ r] r] ib nc gs  d

a
af t[ af  o` fp

o` vr e^ rlaf p_ p_ e^ da  zo` ne^ ,x  t
[
he^  e^ xp_ licn it[  fo` rmug laf t[ io` n o` f t

[
he^  e^ qw ug af t[ io` ns\  is\  af p_ p_ lie^ da ,x  wy hicn h ne^ e^ da s\

s\ maf l l t[ ime^  s\ t[ e^ p_  fo` r af da vr af ncn ings . Su o`  t[ he^  af da vr af nt
[
af gs e^  bo ro` ug gs ht

[
 b
o
yq  p_ af raf lle^ l cn o` mp_ ug t[ af t[ io` n is\

imp_ af ire^ da  t
[
o`  s\ o` me^  e^ xt

[
e^ nt
[
. To`  s\ o` lvr e^  t

[
his\  p_ ro` bo le^ m,x  t

[
he^  ne^ wy  fug ncn t[ io` naf l p_ af raf lle^ l

f
p
o` r] mj ug le af t[ ib o` nc  s\ hd o` ug le da  bo e^  ib nc vr e^ s\ t[ ib gs af t[ e^ da  fp ug r] t[ hd e^ r] . T| h

d
i
b
s\  D{ e^ cn o` mj p_ o` s\ ib t[ ib o` nc  mj e^ t[ hd o` da  wy o` ug le da  t[ af kv e^

t
[
h
d
e^  cn hd af r] af cn t[ e^ r] ib s\ t[ ib cn  o` fp  Cz o` mj p_ ug t[ af t[ ib o` nc af le  Fh l

e
ug ib da  D{ yq nc af mj i

b
cn s\  ib nc t[ o`  af cn cn o` ug nc t[ ,x  e^ s\ p_ e^ cn ib af le le yq  s\ hd o` ug le da

mj af kv e^  fp ug le le  ug s\ e^  t[ hd e^  le af r] gs e^  af mj o` ug nc t[  o` fp  ib mj p_ le ib cn ib t[  s\ t[ af bo le e^  fp o` r] mj ug le af t[ ib o` nc  o` fp  Cz F
h
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15.2 IMPACT OF THE PARALLEL COMPUTING IN THE
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ma� t
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�
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15.3.1 Parallel implementation of the method of moments
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15.4.1 Per fect electr ic conducting body (σ� =∞, ε� 1=ε� 0)
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15.4.3 Numer ical implementation
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15.5 PARALLEL COMPUTATION
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absorbingboundarycondition,179,217
additive,55
additivealgorithm,54
additiveschwarzalgorithm,178
algorithmicblocking,20

backwardsubstitution,13
balancedbinarytree,91
BiCGStab,223
biconjugategradientmethod,64
biorthogonalizationalgorithm,64
BLAS routines,5
blockcyclic datadistribution,20
block recursiveordering,78
boundaryelementmethod,215
boundaryintegralmethod,215
boundedpolyhedraldomain,106
broadcast,35,224
broadcasttime,96
butcherarray, 37

CC-cubealgorithm,78
Choleskyfactorization,4
communicationcost,95
communicationpipelining,78
communicationtime,95
compressibleflow, 161
computationtime,95
conjugategradientmethod,107
ConnectionMachineCM-200,20
consecutiveexecutionscheme,42
convection-diffusionproblem,178
correctorstep,36
coupledtwo-termrecurrence,66,92
CrayCS6400,160
CrayJ90,145
CrayT3E,5, 35,160,225
cut-throughrouting,91
cyclic distribution,40

DECAlphaServer8400,146
degree-4,78
diagonal-implicitlyiteratedRK, 34
diagonallyimplicit RK methods,34
directmethods,142
dirichlet/neumannboundaryconditions,106
distributedsystem,130
division,80
domaindecompositionmethod,105,178,212
duality methods,194
dynamicloadbalancing,122

electromagneticscattering,215
errorcontrol,34
eulerequations,161
exchange,80
extrapolationmethods,34

fill in, 142
finite differencetimedomain,217
finite differencesmethod,105
finite elementtechniques,192
finite elementsmethod,105,203
finite volumetime domain,217
fixedpoint techniques,194
flit, 95
forwardelimination,13
fractionalmethod,205
FujitsuAP3000multiprocessor, 192

galerkinformulation,206
gaussianelimination,21,40
globalaccumulation,96
globalcommunication,64,90
globalreduction,35
globalroundrobin,122
globalsynchronizationpoints,64
globaltaskcount,131
grid generationalgorithm,163
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grid topologies,161
groupexecutionscheme,42

hypercube,91
hypercubeinterconnection,77

IBM SPPower 2, 106
implicit methods,34
implicit Riemannsolver, 161
implicit Runge-Kuttamethods,34
innerproduct,90
innerproducts,64
Intel Paragon,21
iterative methods,142

krylov subspacemethods,64

lanczosprocess,90
LAPACK, 23
lasttransition,80
lid-drivencavity flow, 208
LINPACK, 147
LINUX, 207
loadbalance,19,40
loadbalancing,171,219
look-aheadtechnique,67
LU factorization,19
lubricantfluid, 192

macrostep,36
magneticfield integralequation,219
matrixmultiplication,20
matrix-by-vectorproducts,64
matrix-vectormultiplications,90
mesh,91
messagepassinginterface,43
message-passing,35
MIMD systems,215
minimumdegreealgorithms,143
motionequations,206
MPI, 204,224
multifrontal,4
multilevel nesteddissectionalgorithm,4
multipleminimumdegreealgorithm,5
multiplicative,55
multiplicativealgorithm,54

navier-stokesequations,203
navier-stokesincompressibleflow, 182
NECSX-4,145
nesteddissectionalgorithms,143
newtonmethod,37
non-Hermitianlinearsystems,64

one-sidedJacobimethod,77
optimalstrategy, 56
optimizedorder2 method,179

ordinarydifferentialequations,34
overlapping,98
overlappingmeshtechnique,160
overlappingsubdomains,108,161

paralleldirectsolvers,4
paralleldistributedmemory, 90
parallellinearalgebrasoftwarelibraries,20
parallelvariabledistribution,54
partialdifferentialequations,34
performancemodel,95
per-hoptime,95
per-wordtime,95
Permuted-BR,78,83
Permuted-D4,85
pipeliningdegree,81
PoLAPACK, 21
Poly LAPACK, 21
polyalgorithms,21
preconditioner, 106
preconditioning,223
perfectmatchinglayers,217
pressurepoissonequation,206
primitive variableformulation,203
PSPASES,5
PVM, 161,224

quasi-minimalresidual,90

randompolling, 122
ring, 91
rosenbrock-typemethods,34

scalability, 5
ScaLAPACK, 21
schwartzalgorithm,108
selectionstrategy, 56
semiconductordevicesimulation,142
semiconductorprocesssimulation,142
separator, 5
SGIOrigin 2000,5, 146
sharedmemorymultiprocessors,142
singlenodeaccumulation,95
single-nodebroadcast,95
single-transfer, 35
spacedecomposition,55
sparselinearsystems,90
sparseLinearSystems,4
spatialdecomposition,54
spatialdiscretization,34Ø -stageRadauIa method,36Ø -stageRadauIIa method,36
stagevectors,36
stage-value,35
start-uptime,95
separatortree,8
stepsizeselection,34
stiff initial valueproblems,34
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store-and-forwardrouting,91
stronglyconvex,54
subtree-to-subcubemapping,8
SUNEnterprise3000,106
SunEnterprise4000,146
SUNSPARCstation20,106
supernodaleliminationtree,8
supernodes,144
symbolicfactorization,12,144
symmetriceigenvalue,77
symmetricpositive definite,4

termination,130
three-termprocedure,66
time step,36
tokenpassing,132
two-termrecurrences,90

uniform,163
unsymmetricLanczosprocess,91

velocity formulation,203

wrap-aroundconnection,95


