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Preface

Scientificandengineeringcomputinghasbecomea key technologywhich will play
animportantpartin determiningpr atleastshapingfutureresearclanddevelopment
actiitiesin mary academi@andindustrialbranchesTheincreasingorocessingpeed
andexpandedstoragecapacityof modernhigh-performanceomputerstogethemith

new adwancednumericalmethodsand programmingtechniqueshave significantly
improved the ability to solve comple scientificand engineeringoroblems. In order
to efficiently tacklethosecomple scientificandengineeringproblemswe arefacing
today it is very necessaryo recourseo parallelcomputing.

Theapplicatiorof parallelanddistributedcomputergo numericallyintensie prob-
lemsbringstogetherseveralissueghatdo notappeain cornventionalcomputing.New
algorithms,codesand parallel computingtechniquesare requiredin orderto effec-
tively exploit the useof thesenovel computerarchitecturesndachieve very modest
improvementof performancen vectorandparallelprocessors.

Theworkshop,Frontiersof Parallel NumericalComputationg&nd Applications,is
organizedn thelEEE 7th SymposiunontheFrontierson Massvely ParallelComput-
ers(Frontiers’99)at Annapolis,Maryland,February20-25,1999. The mainpurpose
of this workshopis to bring togethercomputerscientists,applied mathematicians
andresearcherso presentdiscussand exchangenovel ideas,new results,work in
progressindadwancingstate-of-the-atechnique i theareaof parallelanddistributed
computingfor numericaland computationabptimizationproblemsin scientificand
engineeringpplications.

This book containsall paperspresentedt the above workshopwith someinvited
papergromtheleadingresearcheraroundheworld. Thepapersncludedin thisbook
cover abroadspectrunof topicson parallelnumericalcomputatiorwith applications
suchasdevelopmentof advancedparallelnumericaland computationabptimization
methods,novel parallel computingtechniquesand performanceanalysisfor above
methods,applicationsto numericalfluid mechanicsmaterialsciencesapplications
to signal and image processingdynamic systems,semiconductotechnology and
electroniccircuitsandsystemslesignetc.

Theeditoris gratefulto all authordor theirexcellentcontributionsandAlex Greene
of Kluwer Academid”ublishergor hispatienceandsupporto makethisbookpossble.

iX
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Wehopethisbookwill increas¢heawarenessf thepotentialof new parallelnumerical
computatiorandapplication@amongscientistandengineers.

TIANRUO Y ANG, LINKOPING, SWEDEN, 1999
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1 PSHASES:BUILDING A HIGH

PERFORMANCE
SCALABLE PARALLEL DIRECT SOLVER

FOR SPARSE LINEAR SYSTEMS®
MaheshV. Joshi,Geoge Karypis, Vipin Kumar,

Departmenbf ComputeiScience,
Universityof MinnesotaMinneapolis USA

{mjoshi karypis,kumar} @cs.umn.edu

AnshulGuptaandFredGustason

MathematicalScience®epartment,
IBM T. J. WatsonReseach Center
YorktownHeights,New York, USA

{anshul,gustav} @watson.ibm.com

Abstract: Marny problemsin engineeringand scientificdomainsrequiresolving
large sparsesystemf linearequationsasa computationallyintensive steptowardsthe
final solution. It haslong beena challengeto develop efficient parallel formulations

*This work wassupportecby NSFCCR-9423082by Army ResearclOffice contractDA/DAAG55-98-1-
0441,by Army High Performanc&ComputingResearctCentercooperatie agreemenhumberDAAHO4-
95-2-0003/cotractnumberDAAH04-95-C-0008,by the IBM PartnershipAward, and by the IBM SUR
equipmentgrant. Accessto computingfacilities was providedby AHPCRC, MinnesotaSupercomputer
Institute. Relatedpapersareavailablevia WWW at URL: http://www.cs.umn.edu/"kumar.
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4  PARALLELNUMERICALCOMPUTATIONWITHAPPLICATIONS

of sparsedirect solversdueto several differentcomples stepsinvolved in the process.
In this paper we describePSRASES, one of the first efficient, portable, and robust

scalableparallel solvers for sparsesymmetricpositive definite linear systemsthat we

have developed. We discussthe algorithmicandimplementatiorissuesnvolvedin its

developmentandpresenperformancandscalabilityresultsonCray T3EandSGIOrigin

2000.PSRASEScouldsolvethelargestsparsesysten{1 million equationsgversolvedby

adirectmethod,with the highestperformancg51 GFLOPSfor Cholesly factorization)
everreported.

1.1 INTRODUCTION

Solving large sparsesystemf linear equationds at the heartof mary engineering
andscientificcomputingapplications.Therearetwo methodgo solve thesesystems
- direct anditerative. Direct methodsare preferredfor mary applicationsbecause
of variouspropertiesof the methodandthe natureof the application. A wide class
of sparsdinear systemsarisingin practicehave a symmetricpositive definite (SPD)
coeficient matrix. The problemis to computethe solutionto the systemAz = b,
where A is a sparseand SPD matrix. Sucha systemis commonly solved using
Cholesly factorization. A direct methodof solution consistsof four consecutie
phasewiz. ordering,symbolicfactorization,numericalfactorizationandsolutionof
triangularsystems Duringtheorderingphasea permutatiormatrix P is computedso
thatthe matrix P A P7 will incuraminimalfill duringthefactorizationphase During
the symbolic factorizationphase the non-zerostructureof the triangularCholesky
factor L is determined.The symbolicfactorizationphaseexists in orderto increase
the performanceof the numericalfactorizationphase. The necessarnpperationgo
computethe valuesin L thatsatisfyPAPT = LL”, areperformedduringthe phase
of numericalfactorization. Finally, the solutionto Az = b is computedby solving
two triangularsystemsviz. Ly = b’ followedby L7z’ = y, whereb’ = Pb and
z' = Pz. Solving the former systemis called forward elimination and the latter
procesof solutionis calledbackwardsubstitution Thefinal solution,z, is obtained
usingz = PTx'.

In this paper we describeone of thefirst scalableand high performanceparallel
directsolversfor sparsdinear systemdanvolving SPD matrices. At the heartof this
solver is a highly parallelalgorithmbasedon multifrontal Cholesly factorizationwe
recentlydeveloped[2]. Thisalgorithmis ableto achieve high computationatates(of
over 50 GFLOPSon a 256 processolCray T3E) andit successfullyparallelizesthe
mostcomputationallyexpensve phaseof the sparsesolver. Fill reducingorderingis
obtainedusinga parallelformulationof the multilevel nestedissectioralgorithm[5]
thathasbeenfoundto be effective in producingorderingsthatare suitedfor parallel
factorization. For symbolicfactorizationandsolutionof triangularsystemswe have
developedparallel algorithmsthat utilize the samedatadistribution as usedby the
numericalfactorizationalgorithm. Both algorithmsareableto effectively parallelize
the correspondingphases.In particular our parallelforward eliminationandparallel
backwardsubstitutionalgorithmsare scalableand achieze high computationalates

[3].
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We have integratedall thesealgorithmsinto a softwarelibrary, PSRASES( Parallel
SFArseSymmetriadirEctSolver). It usesheMPI library for communicationmaking
it portableto awiderangeof parallelcomputersFurthermorehighcomputationatates
areachievedusingserialBLAS routinego performthecomputationsteachprocessor
Variouseasy-to-us@unctionalinterfacesandinternalmemorymanagemergreamong
otherfeaturef PSIASES.

In the following, first we briefly describethe parallelalgorithmsfor eachof the
phasesandtheir theoreticalscalability behaior. Then,we describethe functional
interfacesandfeaturesof the PSRASES library. Finally, we demonstratéts perfor
manceandscalabilityfor awide rangeof matriceson Cray T3E andSGI Origin 2000
machines.

1.2 ALGORITHMS

PSRASESimplementsscalableparallelalgorithmsin eachof the phases.In essence,
the algorithmsare driven by the eliminationtree structureof 4 [8]. The ordering
phasecomputesan orderingwith the aims of reducingthe fill-ins andgeneratinga
balanceckliminationtree. Symbolicfactorizationphasdraverseghe eliminationtree
in abottom-upfashionto computehenon-zerastructureof L. Numericaffactorization
phases basedn a highly parallelmultifrontal algorithm. This phasedetermineghe
internaldatadistribution of A4 and L matrices. Thetriangularsolve phasealsouses
multifrontalalgorithms.Following subsectiongive moredetailsof eachof thephases.

1.2.1 Parallel Ordering

We useour multilevel nesteddissectiorbasedalgorithmfor computindfill-reducing
ordering.

Thematrix A is corvertedto its equivalentgraph,suchthateachrow i is mapped
to a vertex ¢ of thegraphandeachnonzeroa;; (i # j) is mappedo anedgebetween
verticesi and j. A parallelgraphpartitioning algorithm [5] is usedto computea
high quality p-way partition, wherep is the numberof processorsThe graphis then
redistributedaccordingto this partition. This pre-partitioningphasehelpsto achieve
high performancdor computingthe ordering,which is doneby computingthe log p
levels of the eliminationtreeconcurrently At eachlevel, multilevel paradigmis used
to partitionthe verticesof the graph. The setof nodedying at the partitionboundary
formsasepantor . Separatorst all levels are stored. Whenthe graphis separated
into p parts,it is redistributedamongthe processorsuchthateachprocessorecevesa
singlesubgraphwhichit ordersusingthemultiple minimumdegree(MMD) algorithm
. Finally, aglobalnumberingsimposednall nodessuchthatnodesn eachseparator
andeachsubgrapharenumberedtonsecutiely, respectinghe MMD ordering.

Detailsof the multilevel paradigmcanbe foundin [5]. Briefly, it involvesgradual
coarsenin@f a graphto a few hundredvertices thenpartitioningthis smallergraph,
andfinally, projectingthe partitionsbackto the original graphby graduallyrefining
them. Sincethefiner graphhasmore degreesof freedom suchrefinementsmprove
thequality of the partition.
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Figurel.1 Orderingasystenfor4processaos. (a)Structureof areorderednatrix,(b) Separator
treecorrespondingo it.

Whenamatrixis reorderediccordingo theorderinggeneratethy abose algorithm,
it hasaformatsimilarto thatshavn in Figurel.1(a). Theseparatotreecorresponding
to thereorderedyraphhasa structureof theform shavn in Figure1.1(b).

1.2.2 Parallel Numerical Factorization

Wewill firstdescribeheparallelnumericafactorizationphasebecausalgorithmused
heredecidesthe datadistribution of L, and hencedrivesthe symbolicfactorization
algorithm. We useour highly scalablealgorithm[2] thatis basedon the multifrontal
algorithm[9].

Givenasparsenatrixandtheassociatedliminationtree themultifrontalalgorithm
canberecursvely formulatedasfollows. Considean N x N matrix A. Thealgorithm
performsa postordertraversalof the eliminationtree associatedvith A. Thereis a
frontal matrix F* andanupdatematrix U* associateavith ary nodek. Therow and
columnindicesof F* correspondo theindicesof row andcolumnk of L, thelower
triangularCholesly factor, in increasingorder In the beginning, F* is initialized to
an (s + 1) x (s + 1) matrix, wheres + 1 is the numberof non-zerosn the lower
triangularpartof columnk of A. Thefirst row andcolumnof thisinitial F* is simply
theuppertriangularpartof row £ andthelowertriangularpartof columnk of A. The
remainderwof F* isinitializedto all zeros.

After the algorithm hastraversedall the subtreegootedat a nodek, it endsup
with a(t + 1) x (¢ + 1) frontalmatrix F*, wheret is the numberof non-zerosn the
strictly lower triangularpart of columnk in L. Therow andcolumnindicesof the
final assembled™ correspondo ¢ + 1 (possibly)noncontiguousndicesof row and
columnk of L in increasingorder If k is aleafin the eliminationtreeof A, thenthe
final F* is the sameastheinitial F*. Otherwisethefinal F* for eliminatingnodek
is obtainedby meging the initial F* with the updatematricesobtainedfrom all the
subtreesootedat k via anextend-addperation. Theextend-adds anassociatie and
commutatve operatoron two updatematricessuchthe index setof the resultis the
unionof theindex setsof theoriginalupdateanatrices.Eachentryin theoriginalupdate
matriceds mappedntosomeocationin theaccumulatednatrix. If entriesfrom both
matricesoverlapon a location,they areadded. Empty entriesare assigned value
of zero. After F¥ hasbeenassembleda single stepof the standarddenseCholesly
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Figure 1.2 (a). An examplesymmetricsparsematrix. The non-zeroof A are shown with
symbol“x” in theuppertriangularpartandnon-zero®f L areshavnin thelowertriangularpart
with fill-ins denotedby the symbol“o”. (b). The procesf parallelmultifrontal factorization
using8 processorsAt eachsupernodethefactoredfrontal matrix, consistingof columnsof L
(thick columns)andupdatematrix (remainingcolumns),is shavn.

factorizationis performedwith node % asthe pivot. At the end of the elimination
step,the columnwith index k is remavedfrom F* andformsthecolumnk of L. The
remainingt x ¢+ matrixis calledthe updatematrix U* andis passean to the parentof
k in theeliminationtree.
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A collectionof consecutie nodesn theeliminationtree,eachwith only onechild,
is called a supernode Nodesin eachsupernodeare collapsedtogetherto form a
supernodakliminationtree, which correspondso the separatotree[Figure 1.1(b)]
in thetoplog p levels.

The serial multifrontal algorithm can be extendedto operateon this supernodal
treeby extendingthe singlenodeoperationgerformedwhile forming andfactoring
the frontal matrix. The frontal matrix correspondindo a supernodevith I nodesis
obtainedby megingthefrontalmatricesof theindividualnodesandthefirst! columns
of this frontal matrix arefactoredduringthefactorizationof this supernode.

In our parallelformulationof themultifrontal algorithm ,we assuméhatthesupern-
odaltreeis binaryin thetoplog p levels®. Theportionsof thishinarysupernodareeare
assignedo processorssingasubtree-to-subculstratey illustratedin Figurel.2(b),
whereeight processorsire usedto factor the examplematrix of Figurel1.2(a). The
subcube®f processorsvorkingonvarioussubtreegreshovn in theform of alogical
meshlabeledwith P. The frontal matrix of eachsupernodas distributedamongthis
logical meshusing a bitmaskbasedblock-gyclic scheme[2]. Figure 1.2(b) shavs
sucha distribution for unit blocksize. This distribution ensureghat the extend-add
operationgequiredby the multifrontal algorithm can be performedin parallelwith
eachprocessoexchangingroughly half of its dataonly with its partnerfrom theother
subcube Figurel.2(b)shavsthe parallelextend-addprocesdy shoving the pairsof
processorshat communicatevith eachother Eachprocessosendsout the shaded
portions of the updatematrix to its partner The parallel factor operationat each
supernodés a pipelinedimplementatiorof the densecolumnCholesky factorization
algorithm.

1.2.3 Parallel Symbolic Factorization

During the symbolicfactorizationphasehe non-zerostructureof thefactormatrix L
is determinedTheserialalgorithmto generatéhe structureof L performsapostorder
traversalof theeliminationtree. At eachnodek, the L indicesof all its childrennode
(excludingthe childrennodeshemseles)andthe A indicesof £ aremegedtogether
to form the L indicesof nodek.

This algorithmcan be effectively parallelizedusingthe samesubtree-to-subcube
mappingusedby the numericalfactorizationalgorithm. The basicstructureof the
algorithmis illustratedin Figure 1.3. Initially, matrix A is distributedsuchthatthe
columnsof A of eachsupernodaredistributedusingthe samebitmaskbasedolock-
cyclic distributionrequiredby the numericafactorizationphase’. Now, thenon-zero
structureof L is determinedn a bottom-upfashion. First the non-zerostructureof
theleaf nodesis determinechndit is sentupwardsin the tree,to the processorshat
storethe next level supernode Theseprocessorsleterminehe non-zerostructureof
their supernode@ndmeige it with the non-zerostructurereceved from their children
nodes. For example,considerthe computationinvolvedin determiningthe structure

1The separatotree obtainedfrom the recursie nesteddissectionparallel orderingalgorithmusedin our
solveryieldssuchabinarytree(Fig. 1.1(b).
2This distributionis performedafter computingordering.
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Figure1.3 Parallel SymbolicFactorization

of L for the supernodeonsistingof the nodes{6,7,8} which aredistributedamong
a2x 2 processogrid. First,the processorsleterminethe non-zerostructureof L by
performinga unionalongtherows of thegrid to collectthe distinctrow indicesof the
columnsof A correspondingo thenodes{6,7,8}. Theresultis {6,8} and{7} atthe
first and secondrow of processorstespectrely. Now the non-zerostructureof the
childrennodesarereceved (excluding the nodesthemseles). Sincethesenon-zero
structuresare storedin the two 1x2 sub-gridsof the 2x 2 grid, this informationis

sentusinga similar communicatiorpatterndescribedn Section1.2.2,however only
the processor thefirst columnof the subgridsneedto communicateln particular
processol0 splits the list {6,7,8 into two parts{6,8} and {7}, retains{6,8} and
sends{ 7} to processoR. Similarly processo? splitsthelist {6,7,8,1§ into two parts
{6,8,18 and{7}, retains{7} andsends{6,8,18 to processof. Now processor§

and2 mewge theselists. In particular processof meiges{6,8}, {6,8} and{6,8,18

andprocessoR meges{7}, {7} and{7}.

1.2.4 Parallel Triangular Solve

During thephaseof solvingtriangularsystemsaforwardeliminationLy = ', where
b = Pb, is performedfollowedby a backwardsubstitutionL” z’ = y to determine
the solutionz = PT2'. Our parallel algorithmsfor this phaseare guidedby the
supernodaéliminationtree. They usethe samesubtree-to-subcub@appingandthe
sametwo-dimensionalistribution of the factor matrix L as usedin the numerical
factorization.
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Figurel.4(a)illustratesthe parallelformulationof theforwardeliminationprocess.
Therighthandsidevectord’, is distributedto theprocessorthatown thecorresponding
diagonalblocksof the L matrix asshavn in the shadedlocksin Figurel.4(a). The
computationproceedsn a bottom-upfashion. Initially, for eachleaf nodek, the
solutiony;, is computedandis usedto form the updatevector {/;,yx } (denotedby
"U" in Figurel.4(a)). The elementof this updatevectorneedto be subtractedrom
the correspondinglementf 4’, in particularl;yx will needto be subtractedrom
b;. However, our algorithmusesthe structureof the supernodatreeto accumulate
theseupdatesipwardsn thetreeandsubtracthemonly whenthe appropriatanodeis
beingprocessedFor exampleconsidethecomputatiorinvolvedwhile processinghe
supernodg6,7,8}. First the algorithm meigesthe updatevectorsfrom the children
supernode® obtainthe combinedupdatevectorfor indices{6,7,8,1§. Notethatthe
updatedo thesamed’ entriesareaddedup. Thenit performsforwardeliminationto
computeys, y7 andys. This computationis doneusinga two dimensionabipelined
densdorwardeliminationalgorithm. At theendof thecomputationthe updatevector
on processo containsthe updatedor for b}, dueto ys, y» andys aswell asthe
updateseceved from supernode{5}. In generalat the end of the computationat
eachsupernodethe accumulatedipdatevectorresideson the columnof processors
thatstorethelastcolumnof the L matrix of thatsupernodeThis updatevectorneeds
to be sentto the processorshat storethe first columnof the L matrix of the parent
supernode Becausef the bitmaskbasedblock-gyclic distribution, this canbe done
by usingat mosttwo communicatiorstepq3].

The detailsof the two-dimensionapipelineddenseforward eliminationalgorithm
areillustratedin Figure 1.4(b)for a hypotheticalsupernode The solutionsarecom-
putedby the processorswning diagonalelementf L matrix andflow down along
acolumn. Theaccumulatedipdatesiow alongtherow startingfrom thefirst column
andendingat the last column of the supernode.The processings pipelinedin the
shadedegions andin otherregionsthe updatesare accumulatedising a reduction
operatioralongthedirectionof theflow of updatevector

The algorithmfor parallelbackwardsubstitutionis similar, exceptfor two differ-
ences First, thecomputatiorproceeddrom thetop supernod®f thetreedown to the
leaf. Secondthe computedsolutionthat getscommunicatedcrosghe levels of the
supernodatreeinsteadof accumulatedipdatesandthis is achieved with at mostone
communicatiorperprocessarReferto [3] for detalils.

1.2.5 Parallel Runtime and Scalability Analysis

Analyzingagenerabparsesolveris adifficult problem.Wepresentheanalysidor two
wide classe®of sparsesystemsarisingout of two-dimensionabndthree-dimensional
constaninode-dgreegraphs. We refer to theseproblemsas2-D and 3-D problems,
respectiely.

Let aproblemof dimensionV besolvedusingp processorsDefinel asalevel in
the supernodatreewith [ = 0 for thetopmostlevel. Thus,the numberof processors
assignedo alevell supernodés p/2'. With anestedlissectiorbasedrderingscheme,
it hasbeenshavn thatthe averagesizeof afrontalmatrixatlevel ! is§(N/2%) for 2-D
problemsandd(N*/3 /24) for 3-D problems.Also, the numberof nodesin alevel-!
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Figure 1.4 Parallel TriangularSolve. (a). Entire processof parallel forward elimination
for the examplematrix. (b). Processingvithin a hypotheticalsupernodamatrix for forward
elimination.

supernodés on anaveraged(/N/2") andé((N/2')2/3) for 2-D and3-D problems,
respectiely. The numberof non-zerosn L is N log N for 2-D problemsand N4/3
for 3-D problems.Usingthis information,the parallelalgorithmspresenteearlierin
this sectionhave beenanalyzedor their parallelruntime. For details,referto [1, 3].

Tablel.1 shavstheserialruntimecompleity, paralleloverheadandisoeficiengy
functions[7] for all four phases. It can be seenthat all the phasesare scalable
to varyingdegrees. Sincethe overall time compl«ity is dominatedoy the numerical
factorizatiorphasetheisoeficieng functionof theentireparallelsolveris determined
by thenumericafactorizationphaseandit is O (p'-*) for both2-D and3-D problems.
As discussedn [7], the isoeficieng/ function of the denseCholesly factorization
algorithmis alsoO(p'-?). Thusour sparsedirect solver is as scalableasthe dense
factorizationalgorithm.

1.3 LIBRARY IMPLEMENT ATION AND
EXPERIMENT AL RESULTS

We have implementedall the parallelalgorithmspresentedn previous section,and
integratectheminto alibrary calledPSRASES[4]. Thislibrary usedViPI call interface
for communicationand BLAS interfacefor computationwithin a processar This
makesPSASES portableto a wide rangeof parallelcomputers.Furthermorepsing
BLAS, it isableto achieze highcomputationaperformancespeciallyontheplatforms
with vendortunedBLAS libraries.



12 PARALLELNUMERICALCOMPUTATION WITHAPPLICATIONS

Tablel.1 Compleity Analysisof variousphase®f our parallelsolver for N-vertex constant
node-dgreegraphs. Notations: T, = Serial RuntimeCompleity, T,, = Parallel Overhead=

pT, — T., whereT,, is the ParallelRuntime. ISoEf is theisoeficiengy functionindicatingthe

rateat which the problemsize shouldincreasewith the numberof processorso achiese same
efficiengy.

| 2-Dconstannhode-dgreegraph || 3-D constanhode-dgreegraph |
Phase| T, | T, [ IsoEf || T, | T, | IsoEf |

| Order [O(Nlog N)| O(p*logp) |O(p*log p) [O(N log N) O(p® log p) [O(p® log p)
|SymFaciO(N log N)|O(v/Nplog p)| O(plogp) | O(N*/*) [O(N*/*\/p) O(p) |
INumFact O(N®*/2) | O(N,/p) | Olpyp) || O(N?) |O(N**p)| Opy/p) |
|TriSolvelO(Nlog N)|  O(vVNp) |0(p*/logp)| O(N*/?) | O(N**p) | O(p*) |

Wehaveincorporatedomeamnorefeaturesnto PSFASESto maket easy-to-useThe
library providessimplefunctionalinterfacesandallows userto call its functionsfrom
bothC andFortran90 programslt usegheconcepbf acommunicatowhichrelieves
theuserfrom managinghe memoryrequiredby variousinternaldatastructures The
communicatorlsoallows to solve multiple systemswith samesparsitystructure or
samesystentfor multiple setsof right handsidematrix, B. PSRASESalsoprovidesthe
userwith usefulstatisticalinformationsuchasthe load imbalanceof the supernodal
eliminationtree,numberof fill-ins (both of which canbe usedto judgethe quality of
ordering),operationcountfor factoroperationandestimationof memoryfor internal
datastructures.

We have testedPSIASES on a wide rangeof parallelmachinesfor a wide range
of sparsematrices. Tables1.3, 1.4, 1.5and1.6 give experimentalresultsobtained
ona32-processobGl Origin 2000anda 256-processoCray T3E-1200 respectiely.
We usednative versionsof boththe MPI and BLAS libraries. The notationsusedin
presentingheresultsare describedn Table1.2. We give numbergor the numerical
factorizationand triangularsolve phasesnly. The parallel orderingalgorithmwe
useis incorporatednto a separatdibrary called ParMetis[6], andPSRASESlibrary
functionsjust call the ParMetislibrary functions. ParMetisperformancenumbersare
reportedelsevhere[6]. The symbolicfactorizationtook relatively very smalltime,
andhencewe do notreportthosenumbershere.

It shouldbenotedthattheblocksizeof distributingsupernodainatricesandtheload
balancef thesupernodaireeplayedmportantrolesin determinngtheperformancef
thesolver. Also, sincemostof today’s parallelcomputershave bettercommunication
performanceor larger databeing communicatedblocksizeoptimal for numerical
factorizatiomneednotbeoptimalfor triangularsolve phasewhichhasrelatively small
datacommunicationper computationablock. For the resultspresentedplocks of
1024or 4096doubleprecisiomumbersvorkedbestfor numericafactorizationphase.
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Table1.2 Notationsusedin the presentedesults

N :  Dimensionof A.

NNZ_LowerA : Numberof non-zerosn Lowertriangular
partof A (includingdiagonal).

np : Numberof Processors.

NNZ_L : Numberof non-zerosn L.

Imbal :  ComputationaloadImbalancedueto
supernodatreestructure.

FAC_OPC : Operationcountfor NumericalFactorphase.

Ntime : NumericalFactorTime (in seconds).

Nperf . NumericalFactorPerformancgin MFLOPS).

Ttime : Redistritutionof b andx + TriangularSolve

Time for nrhs= 1.

It canbe seerfrom Tablesl1.3, 1.4, 1.5and1.6thatnumericafactorizationphase
demonstratekigh performanceandscalabilityfor all the matrices. Triangularsolve
phasealsoyieldsavery high performancebut for largernumberof processorg tends
to shav anunscalablebehaior. We profiled variouspartsof the codeto seewhere
the unscalabilitywasappearingandfound thatit wasin the partwhereb andz’ are
beingpermutedn parallel(y’ = Pbandz = PTz'). Analyzingit furthershovedthat
badperformancef all-to-all operationf underlyingMPI library for large chunksof
databeingexchangedamonglarge numberof processorsausedsucha behaior. The
basicalgorithmsfor both forward elimination and backwardsubstitutionperformed
scalably

The highestperformanceof 51 GFLOPSwasobtainedfor numericalfactorization
for the 1-million equationsystemCUBE100,0n 256 processor®f Cray T3E-1200.
To our knowledge,this is the largestsparsesystemever solved by a direct solution
method with the highestperformancever reported.

We havemadePSRASESlibrary andmoreexperimentatesultsavailablevia WWW
atURL: http://www .cs.umn.edu/"mjoshi/pspases
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Table1.3 Performancéor factorizationandsolve phase®n SGI Origin 2000(1)

| np | NNZL | Imbal | FAC.OPC | Ntime | Nperf | Ttime |

|  matrix: MDUAL2, N: 988605NNZ_LowerA: 2.9357E+06 |

| 4| 1.77e+8| 1.29 | 3.20e+11| 685.420| 466.56| 8.899 |

| 8| 1.90e+8| 1.66 | 3.98e+11| 490.000| 811.57| 5.151 |

| 16 | 1.96e+8| 1.32 | 4.09e+11| 256.588| 1592.17| 3.217 |

| 32 | 1.92e+8| 1.43 | 3.63e+11| 140.110| 2590.74| 2.399 |

| matrix: AORTA, N: 577771 NNZ_LowerA: 1.7067E+06 |

| 4| 7.64e+7| 1.48 | 7.95e+10 | 163.648| 485.87| 4.475 |

| 8] 7.79e+7| 1.74 | 8.47e+10| 92.727| 913.89| 2.566 |

| 16 | 8.20e+7| 2.59 | 9.46e+10| 79.850| 1185.14| 1.633 |

| 32 | 8.49e+7| 2.46 | 1.02e+11| 52.877| 1936.23| 1.314 |

| matrix: CUBE65,N: 274625 NNZ_LowerA: 1.0858E+06 |

| 4| 1.33e+8| 1.11 | 4.04e+11| 737.626| 547.68| 4.878 |

| 8| 1.32e+8| 1.15 | 4.04e+11| 485.296| 832.73| 2.550 |

| 16 | 1.36e+8| 1.27 | 4.19e+11| 306.904| 1363.67| 1.423 |

| 32 | 1.40e+8| 1.27 | 4.27e+11| 137.730| 3100.99| 1.379 |
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Table1.4 Performancdor factorizationandsolve phase®n SGIOrigin 2000(2)

| np | NNZ_L | Imbal | FACLOPC | Ntime | Nperf | Ttime |

| matrix: S3DKQ4M2,N: 90449,NNZ_LowerA: 2.4600E+06 |

2 | 1.90e+7| 1.05 | 8.87e+09 | 22.418| 395.49| 0.946 |

|
| 4] 1.92e+7| 1.10 | 8.72e+09| 12.351| 705.93| 0.570|
| 8| 217e+7| 1.44 | 1.29e+10| 12.249| 1051.67| 0.583 |

| 16 | 2.18e+7| 1.43 | 1.25e+10| 7.357 | 1702.44| 0.613 |

| 32 | 2.29e+7| 1.58 | 1.36e+10| 6.404 | 2124.37| 0.596 |

| matrix: COPTER2N: 55476 NNZ_LowerA: 4.0771E+05 |

2| 9.88e+6| 1.01 | 5.84e+09 | 14.433| 404.61| 0.624 |

|
| 4] 1.02e+7| 1.08 | 6.47e+09| 9.102| 710.73| 0.438|
| 8] 1.06e+7| 1.50 | 6.85e+09| 6.960| 984.09| 0.397 |

| 16 | 1.11e+7| 1.39 | 7.38e+09| 4.616| 1599.81| 0.380 |

| 32 | 1.19e+7| 1.39 | 8.29e+09| 4.121| 2011.69| 0.422 |

|  matrix: BCSSTK18N: 11948 NNZ_LowerA: 8.0500E+04 |

2| 6.18e+5| 1.35 | 1.01e+08| 0.672| 149.58| 0.084 |

|
| 4| 6.54e+5| 1.88 | 1.17e+08| 0.496| 234.91| 0.051]
| 8| 6.71e+5| 1.47 | 1.21e+08| 0.272| 444.55| 0.034 |

| 16 | 8.10e+5| 2.30 | 1.82e+08| 0.302| 602.09| 0.034 |

| 32| 7.56e+5| 1.95 | 1.45e+08| 0.270| 537.83| 0.051|




16 PARALLELNUMERICALCOMPUTATION WITHAPPLICATIONS

Table1.5 Performancdor factorizationandsolve phase®n Cray T3E-1200(1)

| np| NNZL |Imbal | FACOPC| Ntime|  Nperf| Ttime |

| matrix: CUBE100N: 1000000NNZ_LowerA: 3.9700E+06 |

| 256 | 9.06e+08| 1.28 | 6.03e+12| 117.084| 51471.67| 4.361 |

| matrix: MDUAL2 N: 988605NNZ_LowerA: 2.9357E+06 |

| 32| 1.64e+08| 1.89 | 2.51e+1l| 47.787| 5247.15| 1.062 |

| 64| 1.64e+08| 163 | 2.52e+11| 25.044| 10073.15| 0.896 |

| 128 | 1.64e+08| 1.59 | 2.54e+11| 16.180| 15699.65| 1.258 |

| 256 | 1.63e+08| 1.72 | 2.47e+11| 8.501| 29035.15| 2.267 |

| matrix: AORTA N: 577771 NNZ_LowerA: 1.7067E+06 |

8 | 7.86e+07| 1.65 | 8.43e+10| 60.566| 1391.39| 1.448 |

16 | 7.72e+07| 1.92 | 8.20e+10| 33.599| 2440.07| 0.855 |

32 | 7.84e+07| 2.33 | 8.58e+10| 26.651| 3220.07| 0.614]

64 | 7.76e+07| 2.08 | 8.26e+10| 11.056| 7472.44| 0.530 |

| 128 | 7.96e+07| 2.11 | 8.63e+10| 7.088 | 12175.47| 0.639 |

| 256 | 7.92e+07| 2.03 | 8.53e+10| 3.675]| 23198.01| 1.190 |

| matrix;: CUBEG5N: 274625 NNZ_LowerA: 1.0858E+06 |

| 32| 1.20e+08| 1.18 | 3.46e+11| 49.944| 6927.02| 0.446 |

| 64| 1.21e+08| 1.16 | 3.50e+11| 27.313| 12822.10| 0.471 |

| 128 | 1.20e+08| 1.13 | 3.47e+11| 14.931| 23259.87| 0.567 |

| 256 | 1.21e+08| 1.20 | 3.49e+11| 8.665| 40239.15| 1.112 |
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Table1.6 Performancdor factorizationandsolve phase®n Cray T3E-1200(2)

| np| NNZL | Imbal | FACOPC| Ntime |  Nperf | Ttime |

| matrix: S3DKQ4M2N: 90449 NNZ_LowerA: 2.4600E+06 |

2 | 1.81e+07| 1.00 | 7.21e+09| 14.910| 483.39| 0.512

4 | 1.81e+07| 1.01 | 7.24e+09| 7.797| 928.73| 0.278|

8 | 1.81e+07| 1.15 | 7.22e+09| 4.444| 1625.43| 0.163

16 | 1.82e+07| 127 | 7.27e+09| 2.632| 2761.03| 0.116 |

32 | 1.82e+07| 1.26 | 7.31e+09| 1.432| 5106.93| 0.093 |

64 | 1.82e+07| 1.31 | 7.24e+09| 0.859| 8420.89| 0.109 |

128 | 1.79e+07| 1.33 | 7.05e+09| 0.517 | 13625.52| 0.090 |

256 | 1.74e+07| 1.40 | 6.81e+09| 0.361| 18877.46| 0.114

| matrix: COPTER2N: 55476, NNZ_LowerA: 4.0771E+05 |

2 | 9.54e+06| 1.03 | 5.43e+09 | 11.271| 482.08| 0.431 |

4| 9.46e+06| 1.14 | 5.26e+09| 5.912| 890.14| 0.240 |

8 | 9.34e+06| 1.32 | 5.16e+09| 3.355| 1537.90| 0.146 |

16 | 9.68e+06| 1.44 | 5.57e+09| 2.390| 2328.89| 0.103 |

32 | 9.62e+06| 1.38 | 5.46e+09| 1.211| 4510.29| 0.074 |

64 | 9.55e+06| 1.46 | 5.37e+09| 0.737| 7284.67| 0.066 |

128 | 9.64e+06| 1.59 | 5.45e+09| 0.526 | 10350.46| 0.075 |

256 | 9.65e+06| 1.68 | 5.55e+09| 0.413| 13432.96| 0.140 |

| matrix; BCSSTK18N: 11948 NNZ_LowerA: 8.0500E+04 |

2 | 6.18e+05| 1.35 | 1.01e+08| 0.540| 186.20| 0.076 |

4| 6.54e+05| 1.88 | 1.17e+08| 0.411| 283.40| 0.045 |

8 | 6.72e+05| 2.04 | 1.22e+08| 0.258| 473.10| 0.029 |

32 | 7.84e+05| 1.75 | 1.61e+08| 0.125| 1288.02| 0.022|

64 | 7.08e+05| 2.14 | 1.20e+08| 0.101| 1191.23| 0.020 |

|
|
|
| 16 | 8.10e+05| 2.30 | 1.82e+08| 0.220| 824.45| 0.023 |
|
|
|

128 | 6.80e+05| 2.44 | 1.12e+08| 0.087 | 1282.71| 0.024
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Abstract: LU andQR factorizationsarethe mostwidely usedmethodfor solving
densdinear systemsf equationsandhave beenextensively studiedandimplemented
on vectorandparallelcomputers.Sinceeachparallelcomputerhasvery differentper
formanceratios of computationand communicationthe optimal computationablock
sizeswhich generatéhe maximumperformancef analgorithm,aredifferentfrom one
another Thereforethedatamatrix mustbedistributedwith themachinespecificoptimal
block size beforethe computation. Too small or large block size makesgettinggood
performancen a machinenearimpossible.In sucha case gettinga betterperformance
mayrequireacompleteredistritution of thedatamatrix. If theblocksizeis very smallor
verylarge, it is impossibleto expectgoodperformancen the machine.The datamatrix
mightbe completelyredistritutedto getthe betterperformance.

In this chapter we presentparallel LU and QR factorizationalgorithmswith an
“algorithmic blocking” stratgy on 2-dimensionablock cyclic datadistribution. With
the algorithmicblocking, is possibleobtainingthe bestperformancérrespectie of the
physicablocksize. Thealgorithmsareimplementedndcomparedvith theScaLARACK
factorizationroutineson the Intel Paragoncomputer

2.1 INTRODUCTION

In mary linearalgebraalgorithmsthe distribution of work maybecomeunesenasthe
algorithmproceeddor exampleasin LU factorizatioralgorithm([8, 11], in whichrows
andcolumnsaresuccesskly eliminatedfrom the computation.The way in which a
matrix is distributed over the processefiasa majorimpacton the load balanceand

19
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communicatiorcharacteristicef a parallelalgorithm,andhencelargely determines
its performancendscalability

Thetwo-dimensionablock cyclic datadistribution[9, 14], in which matrix blocks
separatedy a fixed stride in the row and column directionsare assignedo the
sameprocesshasbeenusedasa generalpurposebasicdatadistribution for parallel
linearalgebrasoftwarelibrariesbecausef its scalabilityandload balanceproperties.
And mostof the parallelversionof algorithmshave beenimplementecbn the two-
dimensionablock cyclic datadistribution[5, 19].

Sinceeachparallelcomputethasvery differentperformanceatiosof computation
and communicationthe optimal block sizes,which generatehe maximumperfor
manceof an algorithm, are differentfrom one another The datamatrix must be
distributedwith the machinespecificoptimalblock sizebeforethe computation.Too
smallor largeblock sizemakegyettinggoodperformancen a machinenearimpossi-
ble. In suchcase gettinga betterperformancemay requirea completeredistritution
of thedatamatrix.

The matrix multiplication, C < C + A - B, might be the most fundamental
operationin linear algebra. Several parallel matrix multiplication algorithmshave
beenproposednthetwo-dimensionablock-gyclic datadistribution[1, 6,10,13,18].
Theparallelmatrix multiplicationschemeusingaseriesof rank-K updateg1, 18] has
beendemonstrateds high performancescalability andsimplicity. It is assumedhat
thedatamatricesaredistributedon thetwo-dimensionablock cyclic datadistribution
andthe columnblock sizeof A andtherow blocksizeof B are K. However getting
a goodperformancavhenthe block sizeis very smallor very largeis difficult, since
the computationare not effectively overlappedwith the communication. The LCM
concep(10, 17] hasbeenintroducedo DIMMA [6] to usea computationallyoptimal
block sizeirrespectve of thephysicalblock sizefor the parallelmatrix multiplication.
In DIMMA, if thephysicalblock sizeis smallerthanthe optimalblock size thesmall
blocksarecombinednto alargerblock. And if the physicalblock sizeis largerthan
theoptimalblocksize theblockis dividedinto smallerpieces.Thisis the“algorithmic
blocking” strateyy .

Therehave beerseveraleffortsto developparallelfactorizationalgorithmswith the
algorithmicblockingon distributed-memoryconcurrencomputers Lichtensteinand
Johnssorj16] developedandimplementedlock-gy/clic ordereliminationalgorithms
for LU andQRfactorizationonthe ConnectiorMachineCM-200. They usedacyclic
ordereliminationonblockdatadistribution, only schemehattheConnectiorMachine
systemcompilerssupported.

And P. Bangalordg3] hastried to developa datadistri-bution-independeritU fac-
torizationalgorithm. Herecomposedomputationgbaneldo obtainacomputationally
optimalblocksize,but followedtheoriginalmatrixordering.Accordingto theresults,
theperformancés superiotto theothercasejn whichthematrixis redistritutedwhen
the block sizeis very small. He useda tree-typecommunicatiorschemeto make
computationapanelsfrom several columnsof processesHowever, if possible using
apipelinedcommunicatiorschemewhich overlapscommunicatiorandcomputation
effectively, would bemoreefficient.
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The actualalgorithmwhich is selectedat runtime dependingon input dataand
machineparameterss called“polyalgorithms”[4] . We aredeveloping“PoLAPACK”
(Poly LAPACK) factorizationroutines,in which computersselectthe optimal block
sizeat run time accordingto machinecharacteristicandsize of datamatrix. In this
paperwe expandedandgeneralizedheideain [16]. We developedandimplemented
parallelLU and QR factorizationalgorithmswith the algorithmicblocking strateyy
on 2-dimensionablock cyclic datadistribution. With POLAPACK , it is possibleto
have thebestperformancérrespectve of the physicaldata-distrilutionon distributed-
memoryconcurrenicomputerdf all of the processebave the samesize of matrices.
ThePoLAFACK factorizationroutinesdoesnt follow the conventionalcomputational
ordering,andthe solutionvector z (possibleto expandthe vector z to the solution
matrix X') which wascomputedwith optimal block size may be recomposedo the
samepositionastheright-handsidedvectot b.

The POLAFACK LU and QR factorizationroutinesare implementedbasedon
ScalL ARACK , but theinternalsare very different. ScaLARACK usesglobal param-
eters,but POLAPACK usesboth global andlocal parameterbecausef the compu-
tationalcomplity to computeindices,which representhe currentrow andcolumn
of processesandthe global size of the matrix andlocal sizesof submatricego be
computed. Currentlythe POLAFACK factorizationroutinesareimplementedbased
on block cyclic datadistribution, but it is alsoeasyto applytheideato ary matrices
which aredecomposewith otherdecompositions.

The POLARACK LU and QR factorizationalgorithmsare implementedon Intel
Paragoncomputerat SamsungAdvancedInstitute of Technology Suwon, Korea,
andtheir performances comparedvith the correspondingcaLARACK factorization
routines.

2.2 POLAPACK LU FACTORIZATION ALGORITHM

We will briefly explain the right-looking versionof the block LU factorizational-
gorithm,whoseparallelimplementatiorin distributed-memorgoncurrentomputers
minimizescommunicatioranddistributesthecomputatioramongprocessegherefore
it hasgoodload balanceand scalability on distributed-memoryconcurrentcomput-
ers[11]. TheLU factorizationappliesa sequencef Gaussiareliminationsto form
P.-A=1L-U,whered andL areM x N matricesandU isanN x N matrix. L is
aunit lowertriangularmatrix, U is anuppertriangularmatrix,and P is apermutation
matrix, whichis storedin amin(Af, V') vectot

At the k-th stepof the computation(k = 1, 2, ---), it is assumedhatthe m x n
submatrixof A(k) (m = M — (k — 1)ny, n = N — (k — 1)ny) is to bepartitionedas
follows,

p A Ao _ Ly 0 Uin U
Az Ao Ly Lo 0 U

_ LUy LUz
Ly1Uin Ly Uiy 4 LaaUss
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Figure2.1 A snapshoof block LU factorization.

wheretheblock 411 iSnp X ng, A12iSnp X (1 —np), A21 IS (M —np) x np, and Az,

iS (m — np) x (n —ng). Lq1q1 is aunit lower triangularmatrix, and U is anupper
triangularmatrix. At first, a sequencef Gaussiareliminationsis performedon the
firstm x np panelof A(k) (i.e., A1; and Az;). Oncethisis completedthe matrices
Ly1, Ly1, andUy; areknown, andwe canrearrangehe block equations,

Uip «  (L11) '4qa,
A.(]i’ =+ 1) «— Azz — L21U12 = L22U22-

Theblock LU factorizationcanbe doneby recursvely applyingthe stepsoutlined
aboretothe (m — ny) x (n — ny) matrixof A(k + 1). Figure2.1shovsasnapshoof
theblock LU factorization.It shovs how the columnpanel,L;; andLy;, andtherow
panel,U; andU, 3, arecomputedandhow thetrailing submatrix4s,, is updated.n
thefigure,the shadedhreagepresentatafor which the correspondingomputations
arecomplete.Later, row interchangewvill beappliedto Lo andLy; .

In the ScaLARACK factorizationroutines[8], a columnof processeperformsa
factorizationon its own columnof blocks, and broadcast# to others. Thenall of
processesipdatethe restof the datamatrix. The basicunit of the computationis
the physicalsize of the block, with which the datamatrix is alreadydistributedover
processes.

ThebasicLU factorizatiorroutineis to find the solutionvectorz afterapplyingLU
factorizationto A from thefollowing linearequation

Az = b.
Thatis, afterconverting A to P- A = L - U, thencomputey from the following

equation
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Figure2.2 Performancef ScaLARACK LU factorizationroutineonan8 x 8 Intel Paragon

which is definedfrom LU - x = P -b = bg andU - z = y. Now it is possibleto
computex from thefollowing equation

Uz = y. (2.2)

Mostof LU factorizationalgorithmsincludingLAPACK [2] andScaLARACK find
thesolutionvectorz aftercomputingthefactorizationof P- A = L -U. Wemeasured
the performancehe ScaLARACK LU factorizationroutine and its solutionroutine
with variousblock sizeson the Intel Paragon. Figure 2.2 shows the performanceon
ans8 x 8 procesgyrid from N = 1, 000 to 10,000with block sizesof N = 1, 5, 8, 20,
and50. It shavsthatthe bestperformancas obtainedwhen N, = 8, andalmostthe
samebut slightly slowerwhenN, = 5. The performancaleterioratedo 2-3% when
Ny = 20, 13%whenN, = 50, andmorethan45%whenN, = 1. If the datamatrix
is distributedwith N = 1, it maybe muchmoreefficientto performthefactorization
afterredistrituting the datamatrix with the optimalblock sizeof V] = 8.

In ScaLARACK, the performancef the algorithmis greatlyaffectedby the block
size. However the POLAPACK LU factorizationis implementedvith the conceptof
algorithmicblocking andalwaysshaows the bestperformancef NV, = 8 irrespectve
of physicalblock sizes.

If adatamatrix A is decomposedver 2-dimensionap x ¢ processesvith block
cyclic datadistribution, it may be possibleto regardthe matrix A beingdecomposed
alongtherow andcolumndirectionsof processesThenthe new decompositioralong
the row and columndirectionsare the sameas applying permutationmatricesfrom
theleft andtheright, respectiely. Onestepfurther, if we wantto computea matrix
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with anew block size,we mayneedto redistrilutethe matrix, andwe canassumehat
theredistritutedmatrix is of theform P, - A - P]', whereP, and P, arepermutation
matrices.Andit maybepossiblgo avoid redistritutingthematrixphysicallyif thenew
computatiordoesnt follow the givenorderingof the matrix A. Thatis, by assuming
thatthegivenmatrix A is redistritutedwith a new block sizeandtheresultingmatrix
iSP,-A- PqT, it is now possibleto apply the factorizationto A with a new optimal
blocksizefor thecomputation And this factorizatiorwill shav thesameperformance
regardles®f thephysicablocksizesf eachprocesgetsthesamesizeof thesubmatrix
of A. Thesestatementsareillustratedwith thefollowing equations,

(P,AP])-(P;z) = P,-b. (2.3)

Let A; = PpAPT, andzy, = P,z. After factorizing 4, to Pi4; = P; -
(P,API') = L, - Uy, thenwe computethe solutionvectorz. The above equation
Eq.2.3is transformedasfollows:

Ly Uy (Pgx) = Ly Uy -xy = Py - (Ppb) = by.
Asin Eqg.2.1andEq.2.2,y, is computedrom
Ly-yp = by, (2.4)
andz is computedrom
Up-z1 = 41 (2.5)

Finally thesolutionvectorz is computedrom

P,z = z;. (2.6)

Thecomputationgreperformedwith A andb in placewith theoptimalblock size,
andz is computedwith P, asin Eq.2.6. Butwe want P, - x ratherthanz in orderto
makez have the samephysicaldatadistributionasb. Thatis, we compute

Py-x = P,- Pl -z. (2.7)

Assumethat we have a 24 x 24 block matrix A is distributed with a block
size of N, over a 2 x 3 processgrid asin Figure 2.3. When the optimal block
size is the sameas the physical block size (i.e., N; = N;), the computational
ordering of the POLAFACK is the sameas that of the ScaLARACK as in Fig-
ure 2.3(a). However, if the optimal block sizeis twice the physicalblock size (i.e.,
N{ = 2-N), thePoLAPACK routinecomputeswith two columnsof blocks, A(:, 0)
and A(:, 3), andtwo rows of blocks, 4(0,:) and A(2,:) at the first stepasin Fig-
ure 2.3(b). But thosetwo columnsand rows of blocksbelongto the samecolumn
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Figure 2.3 Computatiorproceduresn progressin PoOLAPACK. (a) whenthe optimal block
sizeis thesameasthephysicalblock size,(b) whenthe optimalblock sizeis twice thephysical
blocksize.

androw of processesespectrely. In this example,the computationabrderingsof
the row and column blocks have beenchanged(0, 2), (1, 3), (4, 6),(5,7),---, and
(0,3),(1,4),(2,5),(6,9),(7,10),---, andthe new orderingsare obtainedby multi-
plying P, to A from the left and PqT from the right, respectrely. This procedure
doesnt includeary physicaldataredistribution.

2.3 IMPLEMENT ATION OF POLAPACK LU
FACTORIZATION

The POLARACK LU factorizationroutineis composeaf threeparts.

(1) LU Factorization:We implementedhe right-looking versionof the LU factor
ization algorithmasin Section2.2 We implementedhe LAPACK LU factorization
routines, DGETRFE, DGETF2,DLAMAX, DLAPIV, DLASWPR andDGETRSto the
correspondin@®oLAPACK LU factorizatiorroutines PoODGETREFPoODGETF2PoD-
LAMAX, PoDLAPIV, PODLASWR andPoDGETRSyespectrely. And we partially
implementedhelLevel 2 andLevel 3BLAS routinesDGER,DGEMM, andDTRSM,
to the correspondind?olyBLAS routines,PoODGER,PoD-GEMM, and PODTRSM,
respectiely, for the POLAPACK LU factorization.

Figure2.4shavsthecomputationaproceduref thePOLARPACK LU factorization.
Assumethata matrix 4 of 12 x 12 blocksis distributedovera 2 x 3 procesgrid as
in Figure2.4(a),andthe LU routine compute= blocksat a time (imagineN, = 4
but N} = 8). Sincethe routinefollows 2-D block cyclic ordering,the positionsof
the diagonalblocksareregularly changedyy incrementingone columnandonerow
of processeat eachstep. However, if 4 is 9 x 9 blocksasin Figure2.4(b),the next
diagonablockof A(5, 6) onps) is A(7, 7) onp4y, Notonpy). Thenthenext blockis
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Figure 2.4 ComputationaProcedurén PoLAPACK. Matricesof 12 x 12 and9 x 9 blocks
aredistributedon 2 x 3 processewith N, andN; = 2 . N, respectiely.
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Figure2.5 A snapshobf POLAPACK solver. A matrix T of 9 x 9 blocksis distributed on
3 x 3 processewith N, = 1 and N, = 4, respectiely, while the optimalcomputationablock
sizefor bothcasess N; = 1.

A(8,8) onp(z). Thecomputationaprocedureof the POLAPACK is very complicated,
andit is difficult to implement.

(2) TriangularSolver: We implementedhe Li andColemans algorithm[15] ona
twodimensionaprocesgridin thePolyBLASroutine,PoODTRSM.The2-dimensional
versionof thealgorithmis alreadyimplementedn the PBLAS routine, PDTRSM[7].
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But theimplementatiorof PODTRSMis muchmorecomplicatedsincethe diagonal
blockmaynotbelocatedregularlyif p is notequalto ¢ asin Figure2.4.

Evenif p is equalto ¢, theimplementations still complicated Figure2.5(a)shovs
asnapshoof theLi andColemansalgorithm[15] from processepoint-of-view, where
9 x 9 blocksof anuppertriangularmatrix T' aredistributedovera3 x 3 procesgrid
with N = N} = 1. Let'slook overthe detailsof thealgorithmto solvez = T'\ b.

At first, thelastblockatps) computes: (9) from T'(9, 9) andb(9). Processeis the
lastcolumnupdate2 blocks- actuallyp,) andp(s) updateb(7) andb(8), respectiely
- andsendthemto their left processesTherestof b (b(1 : 6)) areupdatedater At
thesecondstep,p4) computese(8) from T'(8, 8) andb(8), thelatteris receved from
p(5)- While p(;) recevesb(7) from p(), updatest, andsendsit to p(q), p(7) Updates
temporalb(6) andsendsit to p() -

Figure2.5(b) shavs the samesize of the matrix distribution T" with IV, = 4, but
it is assumedahat the matrix T is derived with an optimal block size N} = 1. So
the solutionroutine hasto solwe the triangularequationf Eq. 2.4 andEg. 2.5 with
Nj = 1. Thefirst two rows andthefirst two columnsof processelave 4 rows and4
columnsof T', respectiely, while thelastrow andthelastcolumnhave 1 row and1
column,respectiely. SinceNy = 1, thecomputatiorstartsrom p4), whichcomputes
z(9). Thenp(;y andp(4) updateb(8) andb(7), respectiely, andsendthemto their
left. Therestof b (b(1 : 6)) areupdatedater. At the next step,p(o) computese(8)
from T'(8, 8) andb(8), thelatteris receved from p(1). While p(3) recevesb(7) from
p(4), updatest, andsendst to theleft p(s), p(o) updatesatemporalb(6) andsendst
toits left p(,). However p(,) andp(s) don't have their own datato updateor compute
at the currentstep,and handthem over to their left without touchingthe data. The
PoLAFACK solver hasto complywith this kind of all theabnormakases.

(3) Solution Vector Redistrilution: 1t may be neededo redistritute the solution
vectorz with P, - PqT -« asin Eq.2.7. However, if p is equalto ¢, thenP, becomes
P, andP, - PT .z = z, therefore the redistritution is not necessary But if p is
not equalto ¢, the redistritution of z is requiredto get the solutionwith the same
datadistribution astheright handvectorb. And if p andg arerelatively prime,then
the problemis changedo all-to-all personalizedommunication. We are currently
implementingheroutineandthedetailswill be discussedh a separat@aper

We implementedhe PoOLAPACK LU factorizationroutine and measuredts per
formanceon an8 x 8 procesgrid. Figure2.6 shavsthe performancef theroutine
with thephysicalblock sizesof Ny = 1, 5, 8, 20, and50, but theoptimalblock sizeof
N{ = 8. Asshavnin Figure2.6,theperformancdinesarevery closeto theothersand
alwaysshav the nearmaximumperformanceérrespectve of thephysicalblock sizes.
Sinceall processedon't have thesamesizeof thesubmatricesf A with variousblock
sizesin somecasessomeprocessefiave moredatato computethanothers,which
causesomputationaloadimbalanceamongprocesseandtheresultingperformance
deggradation. For example,theline with a smallwhite circle in Figure2.6 shavs the
caseof Vy = 50, in which processe thefirst half have moredatato computethan
processem the secondhalf if the matrixsize N = 7,000 or 9, 000.
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Figure2.6 Performancef POLAPACK LU factorizationroutineonan8 x 8 Intel Paragon

2.4 POLAPACK QR FACTORIZATION
The QR factorizationis usedto solve theleastsquaregproblem[12],

(2.8)

in| Az — b,
min|| Az — b,

Givenan M x N matrix 4, the QR factorizationis computecby A = Q R, where
QisanM x M orthogonalmatrix,andR isan M x N uppertriangularmatrix.

The POLARACK QR factorizationandits solutionof the factoredmatrix equations
are performedin a manneranalogougo the POLARACK LU factorizationand the

solutionof thetriangularsystems Eq. 2.8 canbe changedis
[ Az = bll, = || (BAP]) - (Pyx) — Ppb|l,
whereP, and P, arepermutatiormatrices.Let 4, = P,-A- P, 2, = Pz, and
b, = P, b. After factorizing4, = P,AP] t0 Qs - Ry, thenwe computethesolution
vectorz. Theabove equationis transformedasfollows:
| Q2 By (Pyz) — (Bpb) [I; =] Q2+ By~ z2 — by ], (2.9)
If applying@7? to b, to form b3, Eq.2.9is changeds

| By-x2 — Q5 by ||y =|| Ra- w2 — bs ||y,
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wherebs = QT b,. Thenz, is computedrom
Ry - z9 = bs3.

Finally thesolutionvectorz is computedrom
Pz = =z,

Againasin Eq.2.7,wewantP, - = P, P] z ratherthanz to makez have thesame
physicaldatadistributionasb.

Figures2.7and2.8show theperformancef theScaLARACK andPoLAPACK QR
factorizationsandtheir solutionroutines,respectrely, with N, = 1,6, 8,20 and50
onan8 x 8 procesgrid of the Intel Paragon. Performancef the ScaLARACK QR
factorizatioralgorithmdepend®nthephysicalblocksize andthebestperformancés
obtainedwhen N, = 6. Howeverthe POLARACK QR factorizationalgorithm,which
computeswith the optimal block sizeof N} = 6, alwaysshaws the nearmaximum
performancendependenof physicalblock sizes.

2.5 CONCLUSIONS

Generallyin otherparallelfactorizationalgorithms,a columnof processeperforms
the factorizationon a columnof blocksof A at a time, whoseblock sizeis already
fixed, andthenthe other processesipdatethe restof the matrix. If the block size
is very small or very large, thenthe processesant give their optimal performance,
andthe datamatrix may beredistributedfor a betterperformance.The computation
followstheoriginal orderingof the matrix.

It may be fasterand more efficient to perform the computation,if possible,by
combining several columnsof blocks if the block size is small, or by splitting a
large column of blocksif the block sizeis large. This is the main conceptof the
algorithmicblocking. The POLAPACK factorizationroutinesrearrangehe ordering
of the computation. They computePpAPqT insteadof directly computingA4. They
proceedhe computatiorwith the optimalblock sizewithout physicallyredistrituting
A. Andthesolutionvectorz iscomputedy solvingtrianguar systemsthenconverting
zto PquT:n. Thefinal rearrangemendf the solutionvectorcanbe omittedif p = g.

Accordingto theresultsof theScaLARACK andthePoLAPACK LU andQRfactor
izationroutineson the Intel Paragonin Figures2.2,2.6,2.7and2.8,the ScaLAFACK
factorizationshave a large performanceifferencewith differentvaluesof N, but
the POLAPACK factorizationsalwaysshow a steadyperformancewhich is nearthe
best,irrespectve of the valuesof N,. The algorithmswe presentedn this paperare
developedbasedon the block cyclic datadistribution. This simpleideacanbe easily
appliedto the otherdatadistributions. But it is requiredto developspecificalgorithms
to rearrangehe solutionvectorfor eachdistribution.

Currentlywe areimplementingandtestingtheredistritution of the solutionvector
to supportthe caseof p # ¢. Futurework will focuson developing POLARACK
Cholesly factorizationroutine. Sincethe Cholesly factorizationhandlesa symmetric
triangularmatrix, it is impossibleto implementPoLAPACK Cholesly factorization
with thealgorithmicblockingtechniqueon procesgridsof p # ¢g. Howeverit maybe
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Figure2.7 Performancef ScaLARACK QR factorizatiorroutineonang8 x 8 Intel Paragon

3.0 . .
Nb=1,6,8,20,50

1.5+

1.0+

0.5+

0.0

I I I I I
0 2000 4000 6000 8000 10000
Matrix Size, N

Figure2.8 Performancef POLAPACK QR factorizationroutineonang8 x 8 Intel Paragon

possiblego implemenit onprocesgridsof p = q. If p # ¢, thePOLAPACK Cholesly
computeghefactorizationwith thephysicalblock size. It is possibleo getthebenefit
of thealgorithmicblockingontheCholesk factorizatiorfor thelimited caseof p = g¢.
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And we intendto supplythe completeversionof the POLAPACK in the nearfuture,
whichincludesthe threefactorizationroutinesandsupportsall numericdatatypes.
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Abstract: we considerthe parallelsolutionof stiff ordinarydifferentialequations
with implicit Runge-Kitta(RK) methods.In particulay we describgarallelimplementa-
tionsof classicalmplicit RK methodsindparallelimplementationsf diagonal-implicitly
iteratedRK (DIIRK) methodswhich have beenespeciallydevelopedfor a parallelexe-

cution. DIIRK methodshave computationatedundanyg but provide anadditionalsource
of parallelismin the form of independennonlinearequationsystemsto be solved in

eachtime step. To comparethe runtimesof the parallelRK methodswe applythemto

system®f ordinarydifferentialequationsesultingfrom aspatialdiscretizatiorof partial

differentialequations As programmingplatform,we usea Cray T3E.
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3.1 INTRODUCTION

Implicit methodsare usedfor the solutionof stiff initial value problems(IVPs) for

ordinarydifferentialequation§ODEs)of theform ¢/ (¢) = f(¢, y(t)) with y(t0) = wo

for a giveninitial vectory,. Theright-handside f is usuallya non-linearfunction.

Popularone-stepmethodsinclude implicit Runge-Kitta (RK) methods, diagonally
implicit RK methods, Rosenbrock-typenethods, and extrapolationmethods. We

focusonimplicit RK methodswhich resultin safeandprecisecodesfor mediumpre-

cision[3]. ModernRK methodauseanerrorcontrolandstepsizeselectiormechanism
sothatthe accurag of theresultingdiscretesolutionis consistentith a predefined
errortolerance.

Large systemof ODEsarise,e.g.,from a spatialdiscretizatiorof time-dependent
partialdifferentialequation§PDES). Thesolutionof thosesystemsnayleadto large
computationtimes which motivatesa parallelimplementation. Approximationsto
successke pointsin time have to be computedone afteranother Therefore parallel
solution methodsfor ODESs concentraten the parallel execution of onetime step.
Several parallelmethodshave beenproposedjncluding methodswith computational
redundang Suchmethodsrequiremore evaluationsof the function f thanthe best
sequentiaiethod$ut providemoreparallelisminsteadbecausseseralcomputations
within onetime stepcanbe computedn parallel. Combiningthe available degreeof
parallelismof thesemethodswith adistribution of the evaluationof thecomponentsf
f acrosseveralprocessorgesultsn solutionmethodsvith goodscalabilityproperties,
i.e., large relative speedupraluescanbe reachedgspeciallyif the evaluationof f is
costly

In this article, we comparethe parallel execution of implicit RK methodswith
a parallel execution of methodsthat have beenespeciallydesignedfor a parallel
executionto provide agoodscalability In particular we considerdiagonal-implicitly
iteratedRK (DIIRK) methodswvhich areobtainedby iteratingthe stage-ectorsystem
of an s-stageimplicit RK methodfor a fixed numberof times and by introducing
an additionaldiagonalmatrix [8, 9]. By choosingthe numberm of iterationsof the
stage-ectorsystemasm = r — 1 wherer is the orderof the original implicit RK
method,an implicit methodof the sameorderr results. A specificcharacteristiof
the DIIRK methodis thatfor eachiterationof the stage-ectorsystemthenon-linear
equatiorsystenof sizes - n (wheren is thesizeof the ODE system)actuallyconsists
of s decoupledsubsystemsf sizen each. Thus,onetime stepof the DIIRK method
requireghesolutionof s - m non-linearsystemsf sizen, leadingto a computational
compleity of s - m - n3, if a Newton methodis usedandif the Newton iterationsare
basedon a direct solution methodfor the internal linear equationsystems. For the
originalimplicit RK methodthenon-linearequatiorsystermis notdecoupledthusthe
computationatompleity of onetime stepis s - n3.

For a parallel execution, the main differencebetweenthe implicit RK methods
andthe DIIRK methodss thatthe s non-linearequationsystemf oneDIIRK step
areindependenof eachothergiving the possibilityfor a taskparallelexecution. The
processorarepartitionednto s disjointgroupsandeachprocessogroupis responsible
for thesolutionof oneof the s equatiorsystems Sinceeachnonlinearequatiorsystem
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requireghesameamounif work, theprocessogroupsarechoseno beof equalsize.
The communicatiorbehaior of the parallelimplementationss mainly determined
by the internalcommunicationf the Newton methodwhich usessingle-transfer,
broadcast andglobalreductionoperations.

For animplementatiorasmessage-passimgogramon a specificparallelmachine,
thecommunicatiobehaior of themachineandthecharacteristicef thespecificODE
systemhave a large influenceon the resultingperformance.As target machineswe
considera Cray T3E . As examplesystemsyve considertwo classe®f ODE systems
thatdiffer in the evaluationtime of f.

Therestof thearticleis organizedasfollows. Section3.2 givesa shortdescription
of the implicit RK methodsthat are consideredn this paper Section3.3 describes
parallelimplementationdor the different methods. Section3.4 appliesthe paral-
lel implementationgo exampleproblemswith differentcharacteristics.Section3.5
concludes.

3.2 IMPLICIT RUNGE-KUTTA METHODS

In this section,we give a short descriptionof implicit Runge—Kitta methodsand
describénow theDIIRK methodsarederived. In thesubsequergubsectionsye sketch
animplementationshav how the numberof function evaluationscanbereducedor
the DIIRK methodsandsummarizehe stepsizecontrolmechanisnusingembedded
solutions.

3.2.1 Runge-Kutta methods

Runge-HKitta (RK) methodsare one—stepsolution methodsfor IVPs of ODEs[2]
[3] [7]. The time-stepsof an implicit RK methodcomputeiteration vectorsy,,
k = 1,2,3,... oneafteranotheraccordingo theformula

Ye+1 =¥x +h Zblf(vl) (3.1)
=1
wherethe stagevectorsv;, | = 1, ..., s, aredefinedby the s - n dimensionafully
implicit system:
Vi=ys + hZa”f(vi) I=1,...,s. (3.2)
i=1
The s—dimensionalectorsb = (b4,...,b,) ande = (c1,...,¢,) andthes x s

matrix A = (ay)1,i=1,...,» describethe basicRK method. Thenumbers is calledthe
stageof theRK methodandh is thestepsize Theformulae(3.1)and(3.2) aregivenin
stage-valuaotationwherethefunctionf is appliedonly to stagevectors(vy, . .. , v)
(in contrastto a notationwheref is appliedto the entireright handsideof equations
(3.1) and (3.2)). The stage-alue notationis more convenientfor the derivation of
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iteratedmethods.Theiterationvectory,, representtheapproximatiorof the solution
y attimet,, i.e.,y. = y(t.). Thecomputatiorof y,. .1 fromy, is calledatimestep
. (We usethe corventionto setvectorse.g.,y«, vi, in boldtype.)

For the computatiorof the stagevectorsv;, I = 1,..., s, accordingto Equation
(3.2),animplicit systemof sizes - n hasto be solvedwheren is the sizeof the ODE
system.Thesystencanbedescribedy F(z) = 0 usingafunctionF : IR*" — IR*"
wherez € IR*" is the concatenatiof the s stagevectorssolving Equation(3.2),
ie.,z = (z1,...,2s). F iscomposedf s componentsie., F = (Fy,..., F;) with
F; : IR*™ — IR™ definedby

Fi(z1,-..,2s) =21 — ¥« —hZaHf(zi) (3.3)
i=1

Popularimplicit RK methodsarethe s-stageRadaua andRadaula methodof order
2s — 1 andtheLobattolllA, 111B, andllIC method=f order2s — 2 [3].

3.2.2 DIIRK methods

IteratedRK methodsare obtainedby iterating Equation(3.2) for a fixed numberof
times[8]. IteratedRK methodsareexplicit methodghataresuitablefor the solution
of nonstiff systemsof ODEs. For the constructionof the (implicit) DIIRK method,
an additionaldiagonalmatrix D of dimensions x s is introducedin Equation(3.2)
resultingin thesystem:

Vi =Yy + h Z(CL” — cl”)f(vi) + hd”f(V[) (34)

i=1

forl = 1,...,s. Onetime stepof the DIIRK methodconsistof afixednumberm of
iterationstepsof Equation(3.4) usingthe term hdyf(v;) asimplicit part. Theinitial
iterationvectoris provided by the predictormethod. Herewe usea simpleone-step
predictormethod, thelast-step-valugredictor(see[9]), which yields the following
standarccomputatiorschemeor the DIIRK method:

v =y, 1=1,...,s, (3.5)
vl = y,.;—I—hi:(a”—du)f(vl(j_l))+hd”f(v,(j)) (3.6)
l:lf.l.,s, j=1,...,m,
Vel = yn+hzb:f(v,(m)). (3.7)
=1

Onetime stepfrom « to « + 1 accordingto system(3.5), (3.6), (3.7) is calleda
maciostepof the DIIRK method.Theexecutionof oneiterationstepfrom j to j + 1 of
Equation(3.6)is calleda correctorstep. Thenumberm of correctorstepsdetermines
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the cornvergenceorderof themethod. The convergenceorderof the DIIRK methodis
r* = min(r,m + 1) wherer is theorderof theimplicit basicRK method[8].

Consideringall m correctoriterationsof one macrostep,the DIIRK methodis
equialentto a diagonal-implicity RK methodwith block structure. This canbe
illustratedby the Butcherarrayof themethod[9]:

7=0 O

j=1|A-D D

j=2| O A-D D

j=3| O O A-D D

j=m| O O A-D D
| o 0" b”

whereA isthematrix of the RK correctorD is thediagonaimatrix, O isthe s x s
matrix containingo in every entryand0? is the s dimensionakectorcontainingo.

3.2.3 Computing the stagevectors

The main part of the computationtime of the implicit RK methodsandthe DIIRK
methodss usedfor thecomputatiorof thestagevectorsvl?). . .. | v{) whichrequires
to solvenonlineaimplicit systemsccordingo Equationg3.2)and(3.6),respectiely.
Implicit nonlinearsystemsof equationsarisingin implicit Runge-Kitta methodsare
usuallysolvedby aniterationmethodsuchasthe Newton method[4] whichwe usein
ourimplementation.

The DIIRK methodhasserveral propertieswhich areconsideredo producea fast
(parallel)implementation:

e Anautomaticstepsizeontrolis possiblavithoutadditionalcomputationag¢ffort
asthe iterationsof the RK methodin the correctorstepsprovide embedded
solutiong[3], seeSection3.2.5.

e Eachof the m systems(3.6) of size s - n actually consistsof s decoupled
subsystem®f size n, eachof which specifiesone iterationvectorv\’!), 1 =
1,...,s. Forthecomputatiorof v,(j) we have to solve the systemF; ;(z) = 0
with F;; : IR" — IR" definedasfollows

Fj’I(Z) =Z—Yx — h Z(a;i - d”)f(vl(j_l)) - hd”f(z) (38)
i=1

e In eachcorrectorstepthenumberof functionevaluationsof f canbereducedy
performingsomeprecomputations the previous correctorstep. The precom-
putedfunctionvaluescanalsobeusedfor the updatestep(3.7) andthe stepsize
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controlsuchthatbothcanbeimplementedvithoutary additionalfunctioneval-
uations.

In thefollowingtwo subsectionsye describéwo of thosepropertiesn moredetail,
thereductionof thenumberof functionevaluationin Subsectior8.2.4andthestepsize
controlmechanisnin Subsectior8.2.5.

3.2.4 ReducedNumber of Function Evaluations

The numberof function evaluationsin the correctorstepj + 1 for the computation
of v,(”l), ! = 1,...s, canbe reducedby exploiting the correctorstep;j. By a
reformulationof Equation(3.6) of correctorstep; we get:

fv) = (v —ye—h Y (s —di)f(v0 ™) /(hd)  (3.9)
i=1

forl = L...,s which representsn alternatve way for computingf at agument
vectorv,(’). All vectorsusedon theright handsideof Equation(3.9) areknown from
correctorstepy, i.e., we cancomputethe valuesof fval,(” = (v,(])) forl=1,...,s

immediatelyafterthecorrectorstep; hasbeenfinished.Insteadof (3.8), we now use

Fiu(z) =z —ye—hY (an — dy)fvall ™" — hdyf(z). (3.10)
i=1
Thecomputatioroff(v,(j)) accordingo formula(3.9)doesotonly save computation
time but alsoavoids anincreaseof the approximatiorerrorthatariseswvhenapplying
ftov
b
Thecomputatiorschemdor onemacrostemf the DIIRK methodwith thereduced
numberof functionevaluationshastheform:

fvall® = f(yﬁ) I=1,....s (3.11)
wh) = hz ai — dii)fval? Y (3.12)
v =y + w4 hdpf(vP)) (3.13)
fval,(j) = (v,(” — Vi — w,( )/(hdn), (3.14)
Yetl = Yeth Z by fval™), (3.15)
=1
forl=1,...,sandj =1,...,m.

3.2.5 StepsizeControl

One-stepnethoddor thesolutionof ODE systemsn anintervalty < t < ¢,,,4 perform
se/eralmacrostept approximatehesolutiony atthepointstg, 1, t2, . . . , tena Where
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ts4+1 = tx + .. In orderto achieve agoodsolutionandto maintainafastcomputation
time, thestepsizes,, have to bechoseraslarge aspossiblewhile guaranteeingmall
approximatiorerrors.

For the problemof selectingappropriatestepsizesywe adoptan automaticstepsize
control from [2] which usestwo differentapproximationsy.+,1 andy.4i for the
solution y(t4+1) computedwith the samestepsizeh. The approximationvector
Y«+1 IS acceptedf error < bound, whereerror = ||ys4+1 — ¥x+1|| andbound =
maz(|yx|, |¥x+1]). In thiscaseh,, is usedto computey,., with:

bound\ '/ T+ Y
) ) (316)

hpew = hxmin(6, mam(l, 0.9 % (
3 error
whereord is the minimal corvergenceorder of the approximatiormethodused. If
error > bound, the computationof y,; is rejectedandis repeatedvith stepsize
Nnew-
TheDIIRK methodprovidesseveralapproximatiorsolutionwhenusingthevectors
v,(j),l =1,...,s, foraspecificj, ; < m, andEquation(3.7)

vy = v+ h Y bif(v?).
=1

Thevectorsy /) represenembeddedolutionsof successiely increasingrdermin(r,

j + 1) wherer is theorderof thebasicimplicit RK method8], [2], [5]. Moststepsize
controlmechanismsisesolutionsy /) for which theorderof y,,.; andy (/) differ by
1. Thereforewe choosej = m — 1. Theerroris computedaccordingo theformula:

error = |lywsr —y 7Y
= Jhl# 1 bex (B = £ ™)) |1 (3.17)
=1

We canalsousethe precomputedunctionevaluationsfor the errorcomputation:

error = |h| * || Zb; * (fval,(m)—fvalfm_l))ﬂ. (3.18)
=1

3.3 PARALLEL IMPLEMENT ATIONS

In this section,we give a shortoverview of parallelimplementationgor the methods
from Section3.2.

3.3.1 Parallel implicit RK methods

For a parallelimplementationthe time stepsof an s-stageimplicit RK methodare
executedone after another Eachtime step consistsof the computationof the s
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stagevectorsvy, ... , v, by a Newton methodandthe computationof the iteration
vectory,.1 accordingto Equation(3.1). The main computationakffort liesin the
Newton methodto solve the systemF(z) = 0, seeEquation(3.3). The Newton
methodperformsseveraliterationghathave to becomputedneafteranother In each
iterationstep theentriesof the Jacobimatrix

OF;
DF(z(k)) — <az' (z(k))>
J i,j=1,...,n

atz*) have to be computedwherez(*) € IR** is the currentapproximationof the
concatenatedtagevectors.Theentryof DF in row ¢ andcolumnj is computeddy a
forwarddifferenceapproximationi.e.,

oF; 1
5, @) = 1 (Fi(a) + rjej) — Fi(a™) (3.19)

wheree; € IR" is the jth columnof theunit matrixandr; € IR is asuitableinterval.
F; : IR** — IR istheith componentf F. Thelinearequationsystem

DF(z(k))y(k) - —F(z(k))

is solvedto computethe correctionvectory (*). We useby a Gaussiareliminationto
find y(*), sincea directmethoddoesnot requirethe Jacobimatrix to fulfill a specific
condition. Theapproximatiorvectorz(*) is updatecby

2(k+1) = 5 (6) 4 y(8).

To obtainagoodloadbalancdor the Gaussiarelimination, we usea cyclic distri-
bution of the rows of the coeficient matrix amongthe processorsCorrespondingly
we partitionthe computatiorof the Jacobimatrixin suchaway amongthe processors
thateachprocessor; computesall rows i with ¢ = i modp wherep is the number
of executingprocessorslf the approximatiorvectorof the Newton iterationis held
replicatedthecomputatiorof the Jacobimatrix canbe performedn adistributedway
without communication.Using the forward differenceapproximationthe computa-
tion of onerow of the Jacobimatrix requiresthe evaluationof s - n + 1 components
of F. If onecomponenhasevaluationtime T, thecomputatiorof the Jacobimatrix
requiresime

s-n

Tl(n-s,p)ZT(s-n—l—l)-TF.

The Gaussiareliminationrequiresseseralcommunicatioroperationsn eachstep:

e Using columnpivoting, a global accumulatioroperationwith a maximumre-
ductionhasto be performedo determinghe pivot element.

e A single-transfepperationhasto be usedto exchangethe currentrow with the
pivot row.

e A broadcasbperationis usedto makethe pivot row availableto all processors.
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Moreover, in eachstepof the backwardsubstitution,a broadcasbperationis used
to makethe newly computedelementavailableto all processors.This makeseach
elementof the solutionvector availableto eachprocessar Thus,the approximation
vectorof the Newton iterationcanbeheldreplicated.Thereplicatedgeneratiorof the
solutionvectorof the Gaussiareliminationrequiresonly local operationdo produce
theupdatedapproximatiorvectorin areplicatedway.

SincetheNewtoniterationdeliversthe stagevectorsreplicatedtheiterationvector
¥«+1 canbe computedblock-wise,i.e., eachprocessocomputes contiguousblock
of n/p component®f y, .. After this computationy. 1 is madeavailableto each
processoby a multi-broadcasbperatiorto which eachprocessocontributesthen /p
component®f y. 11 thatit haslocally computed.This operationis necessarysince
eachprocessoneedgheentirevectory, .1 in thenext time step.

Theparallelimplementatiorof implicit RK method®ssentiallyonsistof aparallel
executionof the Newton methodwhich requiresnearly all of the executiontime of
atime step. In eachtime step,a nonlinearsystemwith s - n component$iasto be
solvedwherethesolutionvectoris theconcatenationf theapproximationso thestage
vectors. Thus,the approximationf the stagevectorsarecomputedsimultaneously
in contrastto the computatiorof the stagevectorsin explicit RK methodssee,e.qg.,
[1], wherethe stagevectorshave to be computedone after another Increasingthe
numberof stagedeadsto anincreasen thesizeof thenonlinearequatiorsystemand,
henceto anincreasdn the available degreeof parallelism. The available degree of
parallelismis notlimited by datadependenciewithin onetime step. But thereis of
coursea dependencéetweensuccessie time steps. Moreover, the executiontime
of onetime stepis quite large comparedo the executiontime of the multi-broadcast
operationat the endof eachtime step,i.e., the efficieng is mainly dominatedoy the
efficiengy of the Newton iteration.

3.3.2 Parallel DIIRK methods

In eachcorrectorstepof the DIIRK method we have to solve s independentonlinear
subsystem®achof size n insteadof one systemof size s - n. The existenceof
independensubsystemsiot only decreasethe computationakffort but canalsobe

exploited for a parallelimplementation. We computethe stagevectorSVI(“, l =
1,...,s, by solving the subsystem$y a separateNewton iteration. Let II;; for
l=1,...,sandj = 1,...,m denotethe subsystemsf onecorrectorstep;. II;;
is the nonlinearsystemF; ;(z) = 0 with F;; accordingto Equations(3.8) or (3.10),
respectrely. Thefollowing figureillustratesthe orderin which the systemdl; ; have
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| RK method | stages order DIIRK iterations |

RadaulA 2 3 2
RadaulA 3 5 4
LobattollIC 5 8 7

Figure3.1 Characteristics of implicit RK methods.

to besolvedbecausef datadependencies:

Y=
1
Mol I
Oyl | M.
1
Ye+1
The symbol || indicatesindependentomputationsj.e., Iy 1 || ... || I, are

independentf eachotherandcanbe solvedin parallel. The horizontaldashedines
indicatea synchronizatiompoint anddataexchange.

In thefollowing, we considertwo executionschemes

e a consecutiveexecutionschemein which the systemsIl; ;, ... ,II; , of one
correctorstep; aresolvedoneafteranotherby all processorsvailableand

e agroup executionschemean which thesesystemsaresolved concurrentlyby s
independengroupsof processors.

The consecutie execution schemehasa similar computationand communication
behaior than the parallelimplementationof the implicit RK methoddescribedn

Section3.3.1. Thedifferenceis thatthe systemdo be solvedfor the DIIRK method
areof sizen whereaghe systemso besolvedfor theimplicit RK methodsareof size
s - n. For the groupimplementationthe setof processorss dividedinto s groups

G, ..., G,. GroupG; containsaboutthe samenumberg; = [p/s] or gi = |p/s]
of processorsin eachcorrectoriterationstepj = 1,..., m, groupG; is responsible
for the computationof one subvector v, 1 € {1,...,s}. The solution of the

nonlinearsystemsds donewith a groupimplementatiorof the Newton method,i.e.,
thecommunicatioroperationgrereplacedy groupcommunicatioroperations.

3.4 RUNTIME TESTS

For the RK methodsin Figure3.1, we comparethe runtimeof implicit RK methods
andDIIRK methodsof the sameorderr. For the DIIRK methods,the numberof
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iterationsis chosenasm = r — 1. As tamget machinewe considera Cray T3E
which we programwith C and MPI (MessagePassinginterface). We performed
runtimetestswith p = 4, 8, 16, and 32 processors.As test problems,we consider
two ODE systems:an ODE systemthatresultsfrom a spatialdiscretizatiorof a two-
dimensionalreaction-difusion equation[3] andan ODE systemthat resultsfrom a
FourierGalerkinapproximationof a SchibdingerPoissorsystemfor the numerical
simulationof a collisionlesselectronplasma[6]. The 2D Brusselatorequationis
describedy

3_u = 1+v?v—4ddu+ta (_32u + _32u>
ot dx? = 9y?
3_1; — 3‘4u_u20+a<az_v+&>

ot dx?2 = 9y?

foro0 <z <1,0<y<1,¢>0. Theunknawvn functionsu andv describethe
concentrationsf thetwo substancesA Neumanrboundarycondition
ou ov
on — 7 an
andtheinitial conditions
u(z,y,0) =054y, v(z,y0) =145z

areused.A standardliscretizatiorof the spatialderivativeswith a uniform grid with
meshsizel/(N — 1) leadsto thefollowing ODE systemof dimensiore N'2:

dug; . .

— = v —ddug + o(N=1) (i Fuiog it g+t —4ui )
dv;; . .

—- = Bduij — wfvig + a(N=1)7 (vapn,j v g +oi g oiga — dvig)

For a = 0.02, this ODE systemis stiff [3]. The SchibdingerPoissorsystentfor the
numericalsimulationof a collisionlesselectronplasmg6] is describedy

ov h 8*¥

h = T U
Zhat 2m3m2+6

9%d e ng

S - g gy

0z2 50( )

with electronchage e andelectronmassm. ¥ is the unknavn Schibdingerwave
function,® is apotential. A Galerkinapproximatiorwith the GalerkinAnsatz

o= ail)h, ®=) A, neN,
lf|<n lf|<n

resultsin thefollowing dimensionles©DE systenfor thecoeficientse; () andg; (¢)
of ¥, and®,,

day
it = S+ Z a1+ (Suhy, i), 1 =0,%1, .., £n
lil<n
1 ‘
G = )\_I(|1/;n|2,hl)’ l=+41,...,4n
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with A, = (£%)2. Thefunctions

h,(;r):i exp(iZI—ﬂm), leZ

VI L
areanorthonormabasisof L?([0, L]) with theusualscalamproduct(u, v).

A characteristiof the BrusselatolODE systemis thatthe evaluationtime of one
componendf f doesnot dependon the size of the ODE system(sparsef). Thus,
the evaluationtime of the completefunction f dependdinearly on the numberof
equationdn the ODE system. A characteristiof the Schibdinger ODE systemis
thatthe evaluationtime for one componenbf f dependdinearly on the size of the
ODE system(densey), i.e., the evaluationtime of the completefunction f depends
guadraticallyonthe numberof equationsn the ODE system.

To compargheparallelexecutiontimeof implicit RK methodeindDIIRK methods,
weapplythemethodgrom Figure3.1tothetestproblemswith differentdiscretizatios.
Figures3.2 and3.3 show theruntimesfor methodsof order3 basedon the Radaula
method. Figures3.4 and 3.5 shav the runtimesfor methodsof order5 basedon the
Radaula method.Figure3.6 shavs theruntimesfor methodsf order8 basednthe
LobattolllC method.Thefiguresusealogarithmicscalebecausef thelargedifference
in theexecutiontime for systemsf differentsizes.Thefollowing obsenationscanbe
madefrom theruntimetests:

e Forsmallsystemstheimplicit RK methoddeadto smallerexecutiontimesthan
the DIIRK methodsn mostcases.For larger systemsthe DIIRK methodsare
usuallyfasterthantheimplicit RK methods.

e For larger systemsthe dataparallelexecutionof the DIIRK methodis usually
slightly fasterthanthe task parallelexecution. For smallersystemsthe task
parallelexecutionis oftenfaster

Theseobsenationscanbe madefor the Brusselatoaswell asfor the Schiddinger
example. For a selectionof the methodwith the fastestparallelexecutiontime, the
following roughrulescanbeused:

e Forthe Brusselatoequationusetheimplicit RK methodsor systemsof small
sizesandusethe dataparallelDIIRK methodfor largesystems.

e FortheSchibdingerequationusetheimplicit RK methodgor smallsystemsthe
taskparalleIDIIRK methoddor system=f mediumsize,andthe dataparallel
DIIRK methoddor large systems.

3.5 CONCLUSIONS

Implicit RK methodswith s stagesequirethe solutionof anonlinearequatiorsystem
of sizes - n in eachtime step.DIIRK methodghatarebasednthesemethodsequire
thesolutionof m - s nonlinearequationsystemin eachtime step,eachsystemhaving
sizen. For m = r — 1 wherer is the orderof the underlyingimplicit RK method,
a DIIRK methodof the sameorderresults. An s-stageRadaulla methodhasfor
exampleorderr = 2s — 1. Thesolutionof a nonlinearsystemof sizen by a Newton
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methods based on RadaulA of order 3, p=16, Brusselator

DIIRK task parallel <— _ ]
implicit RK ~+-- -
DIIRK data parallel -&--

50 100 150 200 250 300 350
system size n

methods based on RadaulA of order 3, p=32, Brusselator

DIIRK task parallel <—
implicit RK —+--
DIIRK data parallel -&--

50 100 150 200 250 300 350
system size n

Figure3.2 Runtimes of methods of order 3 based on RadaulA solving the Brusselator
ODE on a T3E using 16 (top) and 32 (bottom) processors.
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methods based on RadaulA of order 3, p=16, Schrodinger
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DIIRK task parallel -— T
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Figure3.3 Runtimes of methods of order 3 based on Radau IA solving the Schrodinger
ODE on a T3E using 16 (top) and 32 (bottom) processors.
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iteration requiresin eachiteration stepthe computationof a Jacobimatrix andthe
solution of a linear equationsystem. Using a forward differenceapproximation,n
evaluationsof the completefunction F' with » componentgaccordingto Equations
(3.3)or (3.8)) arerequiredfor the computatiorof the Jacobimatrix. The solutionof
thelinearequationsystemf sizen with a directmethodhasruntime O(n?). Thus,
theimplicit RK methodgequiretheevaluationof s? - n2 componentsf theright hand
side f of the ODE systemanduseruntimeO(s* - n?) for the linearequationsystem
in eachiterationstepof the Newton method. The DIIRK methodson the otherhand
requirethe evaluationof s - m - n* component®f f anduseruntimeO(s - m - n3)
for the solutionof linear equationsystems. Therefore,for the Radaulla methods,
the numberof function evaluationsrequiredfor onetime stepof the DIIRK method
is larger. However, the additionalpotentialparallelismoutweightsthis computational
disadwantage.

Thecomparisorof theparallelruntimesof implicit RK methodsandDIIRK method
dependsstronglyon the evaluationtime of the right handside f of the ODE system
considered.For the BrusselatolODE system the evaluationtime of onecomponent
of f is constant. Hence,for larger systems,the executiontime for one Newton
iterationis dominatedoy thetime for the solutionof the linearequationsystems.For
the SchibdingerODE system the evaluationtime of one componenbf f increases
linearly with =, i.e., for larger systemsthe computationof the Jacobimatrix hasa
significantinfluenceon the executiontime.
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methods based on RadaullA of order 5, p=16, Brusselator
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Figure3.4 Runtimes of methods of order 5 based on Radau IlA solving the Brusselator
ODE on a T3E using 16 (top) and 32 (bottom) processors.
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methods based on RadaullA of order 5, p=16, Schrodinger
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methods based on LobattollIC_8 of order 8, p=16, Brusselator
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Abstract: We presentinapproaclior parallelspacalecompositiomvhichfacilitates
minimizationof sufficiently smoothnon-linearfunctionalswith or withoutconstraint®n
the variables. The framework for the spatialdecompositiorunitesexisting approaches
from paralleloptimization,parallel variable distrib ution, andfinite elementsSchwarz
methods Additive andmultiplicative algorithmsbasedn thespatialdecompositiorare
described. Corvergencetheoremsare also presentedfrom which corvergencefor the
caseof convex functionals andhencdinearleastsquareproblemsfollows immediately
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4.1 INTRODUCTION

For ourresearctwe areconcernedvith thedevelopmenbf parallelalgorithmsfor the
solutionof theproblem

min f(z) , g(z) > 0, (4.1)
wheref andg aresmoothnonlinearfunctionalson R", and X is a closednonempty
setin R™. Thework presentedhereprovidesadditive andmultiplicativ ealgorithms
for the solutionof (4.1). A corvergencetheory providesfor corvergencewhen f is
corvex andthe problemis constraineanly by therequirementhatz € X, whereX
is alsocorvex.

Approachedor parallelsolution of (4.1) typically addresghe problemin one of
two ways. Thereis avastliteratureon appropriatesequentiamethodgor the solution
of optimizationproblemswith theformatof thealgorithmsheavily dependentnthe
preciseformulationandcharacteristipropertiesof the definingfunctionals.Intrinsic
to mostof thesestratgiesareefficient kernelsfor iterative linear solvers. Thus,one
approacHor parallelizationis to focuson the mostcomputationallyintensive aspects
of thealgorithmandseekto parallelizethesekernels. This hasthe advantageof main-
taining all corvergencecharacteristic®f the underlyingmethodswhich have been
developedthroughmary yearsof experienceandresearch.On the otherhand,some
of theadwantage®f parallelizationmaybelostif significantportionsof the codeare
still requiredto run in a sequentiafashion. The alternatve is to seekto designnew
algorithmsfor optimizationwhich are particularlysuitedto parallelismand standto
offer high parallel eficieng. In this framavork thereis potentialfor the develop-
mentof completelynew stratgemswhich couldimprove on currentunderstandingf
sequentiaformulations. At the sametime, thereis alsothe needto develop a the-
ory to describethe convergencecharacteristicef ary nev method. Thusthe second
approachfor parallelismdoespresenta potentially greaterimprovementin parallel
efficiengy, but with the disadwantagethatthe significantprogresghathasbeenmade
in theunderstandingf sequentiabptimizationmaynot carryover.

The work presentedn this paperseeksto develop an approachfor parallelism
whichis basednspatialdecompositiomndminimizationonsubdomainstilizing ary
methodof choicefor thesubdomaimminimizations.A key componenbf theresulting
parallelalgorithmalsorelieson aneffective recombinationatminimal sequentiatost,
of local solutionsto generataniterative updateof the globalsolution. Threemethods
for theupdatewill bedescribed Thiswork extendsresearcloy [9] and[8], ontheuse
of iterative spacedecompositiomethoddor strongly corvex functionalsandprovides
a unifying framevork which connectghe approacho theideasof [3] onthe parallel
variabledistribution (PVD) algorithm.

In the next sectionwe describethe spatialdecompositiorand presentthe algo-
rithms. Convergenceresultsfor the unconstrainedase,both for exact andinexact
local solutions,aregivenin Section4.3. The constrainedaseis reviewedin Section
4.4. Proofsof all results,further discussion andsomenumericalcomputationsare
discussedh [4].



PARALLELSRACE DECOMPOSITION 55

4.2 PARALLEL SPACE DECOMPOSITION

Throughouthewhole paperwe denoteby V;, i = 1, ..., m, acollectionof m (non-
trivial) subspacesf V- = R™ which spanthewholeof V, i.e.

V=> V. (4.2)

We do not assumehatthis sumis direct,soa vectorin V' may have several different
representationssa sumof componentfromtheV;. TheV;, i = 1,..., m aretermed
aspacadecompositionf V. Weconsideall spaced’;, aswell asV, asbeingequipped
with theEuclideamorm|| - || from V.

With eachof thespaced’; we associat¢helinearandinjectiveembeddingperator
P; : V; — V which mapsz asan elementof V; on z asanelementof V', andthe
correspondingurjectierestrictionR; = P : V — V;. Propertienf theseoperators
aredescribedn [4].

4.2.1 Algorithms

Fortheunconstrainegroblem(4.1)weformulatem unconstrainetbcalminimization

problemdfor theauxiliary functionsf; : V; - R,i=1,...,m,
min f;(y;) = min f(m+Piku) , i=1,...,m, (4.3)
ykev; ykev;

whereV = Y™ | V¥ isagivensequencef spacelecompositionwith corresponding
prolongationsP. Two iterative algorithms,oneadditiveandthe othermultiplicative
, for the solutionof the unconstrainedlobal minimizationproblemarebasedon the
solutionof theselocal minimizations.Here,andthroughoutthe superscript onary
variableindicatesthe value at the kth iteration, while index i is associatedavith the
correspondingubspacé’;.

Algorithm 1. (Additivevariantfor m processors)

choose z° € V and fBi,...,0, >0 with > .3 =1

For k=0,1,... (! until Vf(z*) =0)
choose a space decomposition V =Y 1", vk
For :=1,...,m

Compute y¥ € V¥ such that
f(a* + Plyf) = min f(a* + Pfy;)(4)
yi€V;
(! local minimization)
xz,k — CEk + Plkyf:
Determine af » t=1,...,m, form update
(! synchronization)
m

e =gk 4 Zafpfyf (5)
i=1
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such that
FE*) <Y Bif () (6)
i=1

End
End.

We considerthreeapproachesor fulfilling (4.2.1)ateachglobalupdate.

i) The optimalstratgy . Determinea¥, ... , ok, by solvingthe m-dimensional
minimizationproblem

( min) R f(:L‘k + ZaiPikyf). 4.7)
A1y Oy )€ i

ii) Theselectionstratgy . Determinet suchthat

gFHl = gtk (4.8)

iii) Thecorvex combinationstratgy. For corvex f form the cornvex update
D DTS St o3 @.9)
i=1 i=1

witha* = 8;,i=1,...,m.

Notethatthis algorithmmayalsobe seenasa coordinatedescentnethod[1] if the
choicea® = 1 is madefor all choicesof i andk. i We do not considerthis strategy
for globalupdatebecaus¢hedescentondition(4.2.1)neednotbesatisfiedandhence
corvergenceis not guaranteedIn addition,when(4.9) is used,the algorithmrelates
to themethodsof [7], and[8], exceptthatherethespacedecompositioris notrequired
to bedirect. Whenf isrestrictedo beaquadratidunctionaltheabore algorithmmay
alsobeinterpretedasthe classicabdditive Schwarzterative solver for the equivalent
linearsystem, e.g.[5].

A multiplicative versionof the algorithm,which doesnot facilitate completepar
allelism unlesssubproblemindependencerovides a suitablecoloring, is given as
follows:

Algorithm 2. (Multiplicative variant)

Choose z° € R",
For k=0,1,..., (¢ until Vf(zF) =0)
Choose a space decomposition V =173, VE.
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For :=1,...,m
Compute y¥ € V¥ such that

f (:'3’“ +w YT PRyt + Pi’“yf)

i—1
: k ko k k
= + E Pry? + Py, 10
yrﬁ—:lg}lf(m “ i Yj zy) (10)

j=1
End

m
=k tw ) Pfyj
j=1

End

Herew € R is ana priori relaxationfactor The choicew = 1 correspond$o a
Gauss-Seidalariant,whereasv # 1 givesthe SORvariantof thealgorithm.

4.3 CONVERGENCE THEORY
4.3.1 The additive algorithm

We will now give corvergenceresultsfor the additive algorithmand certainvariants
in the casethatthe functional f hasa Lipschitz-continuougradient,i.e. thereexists
K > 0 suchthat

IVf(y) = Vf(z)|| < K

y—z|, VYz,y€eR" (4.11)

We write thisas f € LC}- (V). Notethatwe view the gradientprimarily asa linear
mappingfrom V to R", i.e. asa ‘row vector’. Wheneer we needto identify V f(z)
with its dualfrom V we write V f(z)7.

We startwith the following generakesult.

Theorem1 (Convergenceof the additive algorithm) Let f € LC} (V') bebounded
frombelowandlet V. = Y~ | Vi¥ bea sequencef spacedecompositionsuc that

S IBfz|* > - ||z||* forallz € V andk =0,1,... (4.12)
i=1
for somec > 0. Thenevery accumulatiorpoint of the sequenceg z*} geneatedby

Algorithm 1 is stationaryandlimy o, V f(z*) = 0.

A resulton therateof cornvergencefor stronglycorvex f is thenimmediatefrom
thedefinitionof strongcorvexity andaresultonlinearcorvemgencegivenin [3].
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Corollary 1 Assumehat, in additionto the hypothesi®of Theoem1, the functional
f is strongly corvex with constantC'. Thenthesequencefiterates{z*} corvelgesto
z*, theuniqueminimizerof f, atthelinear rootrate

It =l < (& (7 - f<x'“>>)1/2 (- fc>/

ThePVD framevork of [3] assumesaforget-me-notermin thelocal minimization
by restrictingeachV* to theform

Vi =wi+ Wk, (4.13)

wherethe W; form anon-overlappingorthogonakpacelecompositiorof V' with each
W; independenbf k& andspannedy Cartesiarunit vectors. The spacesV* areof
dimensionmn andarespannedy vectors,onefrom eachW;. Thefollowing corollary
thenapplies,andimproveson theresultsgivenin [2], [3] and[6] by shawving thatthe
restrictionson theforget-me-notermscanbedispensedvith.

Corollary 2 Let f € LC} (V) be boundedfrom below Then every accumula-
tion point of the sequence z*} geneated by the PVD algorithm is stationaryand
limy o V£(2*) = 0. Moreoverif f is stronglycorve, limy_, », =¥ = z*, whee z*

is theuniqueminimizerof 1.

4.3.2 Inexactlocal solutions

Theresultscanalsoberelaxedto permitacceptancef inexactlocal solutionsin (4.2.1)
by observinghatfor the proof of Theoreml we needthelocal solutionsto satisfy
RV f ("),

. 1
Fa) = ) > 5|

whichis alocal sufficientdescentondition.

Theorem2 (Corvergenceof the inexactadditive algorithm) Let f € LCk (V) be
boundedrombelow LetV = Y"T" | V;* bea sequencef spacedecompositionsud
that

m
S |IREz||* > e« |z||* forallz € Vandk =0,1,...,
i=1

for somec > 0. Leta > 0 andassumehatin Algorithm4.2.1,insteadof step(4.2.1)
weacceptinexact’ solutionsz** to thelocal minimizationproblemwheneer

F@*) = F(2"%) > a - || BEV £(2*)T]%. (4.14)

Thenevery accumulatiorpoint of thesequenceg z* } geneatedby the modifiedalgo-
rithm is stationaryandlimy,_, -, V f(z¥) = 0. Moreoverif f is strongly corvex and
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its gradientis Lipsditz-continuousthenlimy, o 2% = z*, the uniqueminimizerof

f.

Thisresultthenalsoprovidesthecorvergenceresultwith underrelaxationof exact
local solutionsfor stronglycorvex functionals(see[7]), andwith over relaxationfor
guadratidunctionals.

Corollary 3 Assumehat f € LC} (V) is strongly corvex and let the spacedecom-
positionsV = }"1" | V¥ beasin Theoem?2.
(i) Letvq,...,vm bepositivenumberssud thaty := * | v < 1 andassume
thatfor all £ thesyndironizationstep(4.2.1)in Algorithm4.2.1is replacedby

Bt =gk 4 Z'yiPikyf. (4.15)
i=1

Thenlimy_, o 2% = z*, theuniqueminimizerof f.

(i) Inthespecialcasewhenf is a quadmtic functionalpart (i) holdswith v < 1
replacedoy v < 2.

4.3.3 The multiplicati ve algorithm

Thefollowing convergenceresults Jargely equivalentto thosefor the additive variant,
canalsobeobtainedput with in eachcasetheassumptiorthat f is stronglycorvex.

Theorem3 (Corvergenceof the multiplicative algorithm Let f € LC} (V) be
stronglycorvex. AssumehatV = Y | V¥ is a sequencef spacedecompositions
sud that

m
> IBfz|* > e ||z||* forall z € V andk = 0,1, ...,
i=1

for somec > 0. Thenthesequencgz*} of iteratesproducedby Algorithm 4.6 with
w = 1 corvegesto z*, theuniqueminimizerof f in V.

The abore theoremhasbeengivenin [7] for the caseof minimization subjectto
block separableconstraintson a closedcorvex setin V, andfor which the space
decompositioris independentf k. To illustratejust one new resultcoveredby our
generatheorem|etusnotethat,dueto (4.13) wegetcorvergencdor themultiplicative
variantof the PVD method.

Theorem4 (Corvergenceof inexactmultiplicativealgorithm) Let f € LC} (V) be
stronglycornvex. LetV = Y | V¥ bea sequencef spacedecompositionsud that
> |IRfz|* > ¢ ||z||* forall z € Vandk =0,1,...,

i=1
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for somee > 0. Letw = 1 andassumehatin Algorithm4.6,insteadof step(4.6) we
acceptinexact’ solutionsy* to the minimizationproblemwheneer

F@=8%) — f@™*) > a- ||REV f(2' 18T, (4.16)
1=1,...,m,
wheezi* = :nk+2;:1 Pfyk, i=0,...,manda > Oisfixed. Thenlimy , o 2* =

z*, theunigueminimizerof f in V.

4.4 THE CONSTRAINED PVD ALGORITHM

ThePVD theorypresentedhn [3] providescorvergenceof Algorithm 1 with synchro-
nizationsteps(4.7) or (4.8) for the caseof the block separableonstrainegroblem,
i.e.,for which X in (4.1)is assumedo be a Cartesiarproductof closedcorvex sets,
[3, TheorenB.7]. In orderto solvetheconstrainegbroblemit is necessaryo introduce
modificationgo the algorithmsthatincorporatehe appropriateconstrainconditions.
For now we considerthe generalcorvex-constraineccase where X is a closedcon-
vex set,from which theresultfor the block separableasecanbe deduced.Thenin
Algorithm 1 thelocal minimizations(4.2.1)arereplacedoy

min f;(y;) = min f(z* + Py;) (4.17)
Yi€V; yi€Vi
:L‘k—i—P,'yiEX :Ek—I—Piy,'EX.

Cornvergencefor the constrainegroblemis definedin termsof the cornvergenceto a
stationarypoint z atwhich theminimumprinciple necessargptimality condition

zeX and Vf(z)(y—z)>0 VyeX (4.18)
is satisfied.Equivalently,
r(z) =0, (4.19)
wherer is the projectedgradientresiduaffunction definedby
r(z) =2 — [z — V()]s (4.20)

and[z] representtheorthogonaprojectionmapfor elementz € V ontothesetX.
We thusobtaincornvergencefor generakorvex X.

Theorem 5 (Convergencefor generalcorvex X) Letf € LC} (V) bestronglycon-
vex. Thenthesequencefiterates{z*} producedy Algorithm1 with local minimiza-
tions(4.17)corvegesto z*, theuniqueminimizerof f(z) overX C V.

Extensiondor inexactlocal solutions,andto give rateof corvemgenceresults may
alsobederivedasin theunconstrainedase.
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iteration step are independensuchthat the implementationconsistsof only a single
global synchronizatiorpoint periteration. In exactarithmetic,the procesds shown to
be mathematicallyequivalentto the biconjugategradientmethod. The efficiency of this
new variantis demonstratetdy numericalexperimentson a PARAGON systenusingup
to 121 processors.

5.1 INTRODUCTION

Storagerequirementsaswell ascomputatiortimesoftensetlimits to direct methods
for the solutionof systemsof linear equationsarising from large scaleapplications
in scienceandengineering.If the coeficient matrix is sparsewhich typically is the

casdor systemsesultingfrom discretizatiorof partialdifferentialequationy finite

differencesor finite elementsijterative methodsoffer analternatve. A popularclass
of iterative methodss the family of Krylov subspacenethodg8, 18] involving the

coeficient matrix only in the form of matrix-by-vector products. Thesemethods
basicallyconsistof the generatiorof a suitablebasisof a vectorspacecalledKrylov

subspacandthe choiceof the actualiteratewithin thatspace.

In thisnote,aKrylov subspacenethodfor non-Hermitiarlinearsystemss derived
thatgeneratethebasisof its primarysubspacey meanof theLanczoshiorthogonal-
izationalgorithm[15] . Dueto the orthogonalizatiorof this underlyingprocedurehe
resultingprocesontaindnnerproductghatleadto globalcommunicatioron parallel
processorsi.e., communicatiorof all processorat the sametime. On the contrary
for large sparsematrices parallelmatrix-by-vectorproductscanbeimplementedvith
communicatiorbetweeronly nearbyprocessorsThis is thereasorwhy scalabilityof
animplementatioron massvely parallelprocessoris usuallypreventedentirelyby the
computatiorof inner product-likeoperations.Therearetwo stratgiesto remedythe
performancelegradationwhich, of course canbecombined.Thefirstisto restructure
the codesuchthatmostcommunicatioris overlappedwith usefulcomputation.The
seconds to eliminatedatadependenciesuchthatseseralinnerproductsarecomputed
simultaneously This noteis concernedvith thelatter stratgy in orderto reducethe
numberof global synchronizatiorpoints. A global syndronizationpoint is defined
asthelocusof analgorithmatwhich all localinformationhasto be globally available
in orderto continuethe computation.

Theorganizatiorof thisnotewhichis anextendedversionof [3] is asfollows. Sec-
tion 5.2is concernedvith a sketchof a specificversionof the Lanczosbiorthogonal-
izationalgorithmsuitablefor massiely parallelcomputing.In Sect.5.3,thisversionis
usedo deriveanew procesgor thesolutionof system®f linearequationshatis shovn
to be mathematicallyequivalentto the biconjugategradientmethod(BCG)[16, 6] . A
rescaledversionof the original BCG is reviewed in Sect.5.4 andusedasa contrast
to reportnumericalexperimentsandtimingson a PARAGON systemusingupto 121
processorin Sect.5.5.
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5.2 UNSYMMETRIC LanczosALGORITHM

The Lanczosbiorthogonalizatio algorithm [15] indexLanczosbiorthogonalization
algorithmoftencalledunsymmetridanczosalgorithm(Lanczosalgorithmhereafter)
wasoriginally proposedo reducea matrix to tridiagonalform. We herefocuson a
differentapplication,namelythe computatiorof two basef two Krylov subspaces.
Givenagenerahon-Hermitiarmatrix A € CV*¥ andtwo startingvectorsvy, w; €
CN satisfyingw? v; = 1, the Lanczosalgorithmgenerateswo finite sequencesf
vectors{vy tn=1,2,3,... and{wy }n =12 3,... With thefollowing threeproperties:

Vyp € Kn(v1,A) (5.1)
Wn € Kn(wi, AT) | (5.2)
0 if
wl v, = { Tn#m, (5.3)
1 ifn=m,

wherekK, (y, A) = spaf{y, Ay, ..., A"y} denoteghe nth Krylov subspacgen-
eratedby the matrix A andthe vectory. Thevectorsv,, andw,, arecalledLanczos
vectorsand their relation (5.3) is commonlyreferredto as biorthogonality If the
Lanczosvectorsareput ascolumnsinto matrices

Vn:[V1V2..-Vn] and Wn:[WIWZ"'Wn]

the Lanczosalgorithmis characterized—ufo scaling—bythethreeequations

wiv, =1, , (5.4a)
AV, =V, T, +Ypi1Vas1€l , (5.4b)
AW, =W, T? 4 B, 1iwn el | (5.4¢c)

wherein additiontothen x n identitymatrixI,, andits lastrow e’ then x n tridiagonal
matrix

aq /32
Y2 Q3 ﬂs
73
T, =
B
Tn Qn

is used. The tridiagonalstructureof T,, leadsto three-termrecurrencedor the
generatiorof the Lanczosvectorswhich is immediatelyapparenif the algorithmis
formulatedin vectornotationratherthanin matrix notation;see[11] for details. We
further statethattheformulation(5.4) involvestwo globalsynchronizatiormpointsper
iterationwhich readily canbe reducedo a singleoneby a simplereomganizationof
the statement$14]. We stressthat this versionopensthe alternatie eitherto scale
thev,,'sor w,’s but notboth.
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It hasbeenpointedoutby severalauthorg19, 17,8, 10] thatin practiceoneshould
have the possibilityto scalebothsequencesf Lanczosvectorsappropriatelye.g.,

[[Vallz = [[Wall2 =1, n=1,2,3,... , (5.5)

in orderto avoid over or underflav.

Ratherthan performingthe necessarghangedo the above three-termprocedure
whichcanbefoundin [9], we hereconcentratenadifferentvariantinvolving coupled
two-term recurrences This formulation that is basedon the LU decomposition
of the tridiagonalmatrix T, is, in exact arithmetic, mathematicallyequivalentto
the three-termprocedure. In finite precisionarithmetic,numericalexperimentg10]
suggesto favor the couplediwo-termproceduravhenusedasthe underlyingprocess
of an iterative methodfor the solution of linear systems. Therefore,we start our
discussiorwith a summaryof thefindingsgivenin [2] wherea specificvariantof the
Lanczosalgorithmbasedon coupledtwo-termrecurrencess derived. This variant
offersthepossibilityto scalebothsequencesf Lanczosvectorsandit involvesonly a
singleglobalsynchronizatiompoint periteration. We remarkthateachiterationof the
correspondingersionwith unit lengthscalingof both Lanczosvectorsgivenin [10]
consistof threeglobal synchronizatiorpointswhich canbe reducedo two without
considerabldifficulties—hut notto a singleone.

We here statethe matrix equationsthat characterizehe variant of the Lanczos
algorithmdevelopedin [2] andgive somecommentsafterwards:

w’v, =D, , (5.6a)
V,=P,U, , (5.6b)
AP, =V, L, , (5.6¢)
Qu = WD 'UT + 5w, e (5.6d)

n+1
ATW, = Q,_1LT D, + md,qne’ . (5.6e)

The possibility to scaleboth sequencesf Lanczosvectorsrequiresto replacethe
biorthogonaliy relation(5.4a)by (5.6a)wherethediagonalmatrix

Dn = diag(él, (52, ey (Sn)

with §; # 0 fori = 1,2, ..., n is used. The processs saidto be basedon coupled
two-termrecurrencedecausef the bidiagonalstructureof the matrices

Ln — Y2 c C(n-}-l)xn (57)

Tn41
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and

Un: . E(Cnxn X

tin
1

Weremarkthatthesanatricesarethefactorsof theLU decompositiomf thetridiagonal
matrixT,, of thethree-ternproceduréf thelastrow of L,, is eliminated.In additionto

the Lanczosvectors,two morevectorsequences,px }n=1,2,3,... aNd{qn tn=1,2,3,...,

aregeneratedjiving riseto matrices

P,=[pip2 - pn] and Q.=[q1 q2 - qn] -

Equations(5.6b) and (5.6c) showv that the generationof the vector sequences,
andp,, is coupledandso arew, andq,. The completederiation of this variant
of the Lanczosalgorithmis givenin [2]. We finally stressthattherearelook-ahead
technique$19, 17,12,9, 13] preventingthe Lanczosalgorithmfrom breakingdown.
Althoughary implementatiorwill benefitfrom suchtechniqueshey arebeyondthe
scopeof thisnote.

5.3 A PARALLEL VARIANT OF BCG

The Lanczosalgorithmis now usedasthe underlyingprocesf aniterative method
for the solutionof systemf linearequations

Ax=b , (5.8)

whereA € CV*N andx,b € CV. Oneof thefeaturesof the Lanczosalgorithmis
thefactthatthe Lanczosvectorsvy, vs, .. ., v, form abasisof the Krylov subspace
generatedy A andthe startingvectorv;. SinceKrylov subspacenethodsfor the
solutionof (5.8) arecharacterizety

Xn S X0 + ICTL(PCH A) 3

wherexg is ary initial guessandr, = b — Axq is the correspondingesidualvector
relation(5.1)raiseshopedo deriveaKrylov subspacenethodf theLanczosalgorithm
is startedwith

vi= tr . (5.9)
Y1

wherevy; = ||ro|| is ascalingfactor Then,thenth iterateis of theform

Xn = X0+ Vaz, (5.10)
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whereas beforethe columnsof V,, € CV*” arenothingbut the Lanczosvectors
vi,Va,...,v, andz, € C" is aparametewvectorto befixedlater Thegoalof ary
Krylov subspacenethodis in somesensdo drive theresidualvector

r, =b— Ax,
to the zerovector Using(5.6b)andintroducing
Yo = Upz, (5.11)
theiteratesaccordingo (5.10)arereformulatedn termsof y,, insteadof z,, giving
Xn = X0+ Paryn - (5.12)

Onaccounfof (5.9)and(5.6c)the correspondingesidualvectoris

ta = Vasr (1€l —Luya) (5.13)
wheree(1”+1) =(1,0,...,0)T € C"*1. GeneratingheKrylov subspacey meanof
theLanczoslgorithmandfixing y,, , andsoimplicitly z,, by (5.11) aniterativemethod
canbederived. Let §; denotethe ith componendf y,, i.e.,yn = (F1, J2s- -« Un)” -
Theideais to driver,, to thezerovectorby

n ifi=1,
1

i fi=2,3,...n .

Ti
This choiceof y,, is motivatedby the structureof L,, givenin (5.7)andzerosoutthe
first n component®f thevectoryle(I”“) — L,y in (5.13). Theresidualvectoris
thengivenby

0
R : . (5.14)
0
_Pyn-}-l?y\n

It is importantto notethatthe procesf fixing y,, is easilyupdatedn eachiteration
stepbecausg,, 1 coincideswith thefirstn — 1 componentsfy,,. Thecorresponding
recursions

Vi = (y“0—1> + Knen , (5.15)
wheree,, = (0,...,0,1)T € C™ and
Kn = — gy (5.16)

Tn
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with ko = —1. Inserting(5.15)into (5.12)yields

Xp = Xo + Pn—lyn—l + KnPn
= Xp—1+ KnPn - (5.17)

Note that ||r,||2 is immediatelyavailable becauseat every iteration step, the last
componendf y,, is x, by (5.15) Hencefrom (5.14)therelation

lIenllz = [[Vasillz - [¥nt16a] (5.18)

follows.

Properlyputting (5.16) and (5.17) on top of the Lanczosalgorithmcharacterized
by equationg5.6)resultsin Alg. 1. WeremarkthattheunderlyingLanczosprocedure
operateswith unit scalingof both sequencesf Lanczosvectors,see(5.5), andis
explicitly presentedn [2, Alg. 3]. In thiscase(5.18)simplifiesto

llrallz = [at1knl (5.19)

thatcanbe usedasa simple stoppingcriterion. In Alg. 1, the operationdeadingto

globalcommunicatioron parallelprocessoraremarkedwith a precedingoullet. The
absenceof ary datadependenciesf theseoperationscan be exploited to compute
them simultaneouslyi.e., by reducingtheir local partial sumsin a single global
communicatioroperation.

Having derived the above iterative procesdor the solutionof linear systemswe
afterwardgealizedthatAlg. 1isjustanew variantof thebiconjugategradientmethod
(BCG)[16, 6] whoseiteratesaredefinedby the Galerkintype condition

wlir,=0 foral wek, (w1, AT) , (5.20)

wherew; is arbitrary provided w? v, # 0, but one usually setw; = ro/||rol2
asAlg. 1 implicitly does[2]. To seewhy (5.20) holds, recall that by (5.2) every
vectorw € K, (wy, AT) is of theform

w=W,s forsome scC" ,
whereW,, is generatedy the Lanczosalgorithm. Using (5.14) and the above ar-
gumentatiorof «,, asthe lastcomponentf y,, the condition (5.20) is equivalent
to

T T
—Tn+1KnS Wn Va4l = 0

thatis satisfiedbecaus@f the biorthogonaliy (5.6a).
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Input A, b andxq
Po=¢qo=0, vi =w; =b - Ax

Yo=% =0, o=po#0, ko=-1

~ ~ i~ ~ \T ~
n = Villz, & =Willz, o1 =WV, e1=(ATwW1) ¥
forn=1,2,3,...do
Vn—lgn—lgn
fin = ——————
YnTn—-10n-1
En
Tn = —— — Tnln
On

—_ 13
Pn = Tn Vp — UnPn-1
T Ynln
Wy — €n qn—-1

a4 = A
Vatl = Apn — ;_Z;n
Wnil = dn — £~ Wn

®  Yn4l1 = ||;n+1||2

o Sat1=[[Waqill2

*  Ont1 =Wy Vnt1

o &py1 = (ATV~Vn+1)T Va1

Tn

Kp = ——Knp-1
Tn

Xp = Xp-1+ KnPn
if (|Yn+1%n| < tolerancég then STOP
endfor

Algorithm 1: A parallelvariantof thebiconjugategradientmethod

Althoughthe history of the biconjugategradientmethoddatesbackto the 1950s,
we are unavare of ary implementationof this methodwith the propertiesof the
above procedure:The possibility to scaleboth sequencesf Lanczosvectorsandthe
independencef all innerproduct-likeoperationdeadingto only a singleglobal syn-
chronizatiornpoint periterationon parallelprocessorsThe mathematicaéquivalence
of the principal idea given hereand the biconjugategradientmethodis mentioned
in [7, 4] althoughappliedto the Lanczosalgorithmbasedon three-ternrecurrences.
We finally remarkthat, in a slightly modified form, the procedurentroducedhere
turnsout to be a specialcaseof a new iteratve methodminimizing a factor of r,,
with respecto the p-normthatwill be presenteclsavhere. Moreover, the Lanczos
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algorithmcharacterizethy equationg5.6)is alsousefulto derive a parallelvariantof
anotheriterative method[1].

Input A, b andxq

Po=qo =0, vi=w; = (b— Axo)/||b— Axol|
=6 =0, eg#0, kg=—1
forn=1,2,3,...do

o Sp=wlv,

b

Pn = Vn En_lpn—l

Prdn
qn = Wp — 1 qn-1
e ¢,= qupn
ﬁ €
pge

;n+1 = Apn - ﬁnvn

B

D

n

VA(/'n+1 == Aan - ﬂnwn

* o1 = [[Vatall
*  Ln1 = [[Wagalf2
Kp = pn:"u‘

= ——Kn_1
n ﬁn n

Xp = Xp-1+ KnPn

if (|on+1%s| < tolerancgthen STOP

_ 1
Vat1 = Prnt1 Va1

1
Wpit1l = E—Wn-}-l

n41
endfor

Algorithm 2: A rescaledrersionof the biconjugategradientmethod

5.4 A RESCALED VERSION OF THE ORIGIN AL BCG

Sincethe biconjugategradientmethodis the archetypeof an entire classof iterative
methodsstandardmplementation®f this processare givenat numerougplaces16,
6, 8, 18] to namea few. To draw afair comparisorbetweenAlg. 1 andthe original
biconjugategradientmethod,this sectionintroducesa particularimplementatiorof
the original BCG thatis takenasa contrastin the numericalexperimentscarriedout
in thenext section.
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In additionto theoriginal systemAx = b, thebiconjugategradientmethodmplic-
itly solvesadualsystemA”x = b givingrisetotwo sequencesf residualvectors.For
reason®f stability, thereis no harmin scalingtheseresidualvectorsin orderto avoid
over- or underflav. Standardmplementationaisuallydo not involve the possibility
to scaleboth of thesevectorsresultingin fewer inner product-likeoperations. The
residualectorsof thebiconjugategradientmethodare,up to scaling justtheLanczos
vectorsof the Lanczosalgorithm. So,to drawv a fair comparisorwith Alg. 1 which
offersthe scalingof both sequencesf Lanczosvectorswe derive animplementation
of thebiconjugategradientmethodwith scalingof bothsequencesf residualvectors
asfollows.

Alg. 3.20f [10] essentiallyis arescaledrersionof the biconjugategradientmethod
wherethe computatiorof theiteratess omitted. Actually, thisis aLanczosalgorithm
involving the possibilityto scalethe Lanczosvectors.We includethe computatiorof
theiteratesn thesamewayasaborve,i.e.,by addingtwo assignmentsf theform (5.16)
and(5.17) Theresultingprocesds depictedin Alg. 2 where,asbefore,the bullets
markinner product-likeoperationsandare usedto stressthe datadependenciethat
lead to three global synchronizatiorpoints per iteration. Note that this sectionis
solely requiredfor sketchingan implementatiorof the original BCG thatwill sene
for comparisonin the numericalexperimentsbelov and doesnot containary new
material.

5.5 NUMERICAL EXPERIMENTS

This sectionpresentsomenumericalexperimentsby comparingAlg. 1 with Alg. 2.

Both algorithmsare,in exactarithmetic,mathematicallyequivalent. Moreover, both

offer the possibilityto scalethe two sequencesf Lanczosvectors. The experiments
werecarriedouton Intel'sPARAGON XP/S10 at Forschungszentrudulich with the

OSF/1basedoperatingsystem,Rel. 1.4. The doubleprecisionFORTRAN codeis

translatedusingPortland-Grouompiler Rel.5.0.3,with optimizationlevel 3.

As anexampleconsidetthe partial differentialequation
Lu=f on Q=(0,1) x (0,1)

with Dirichlet boundaryconditionu = 0 where

ou ou
Lu=—-Au—-20(2— +y—
u u (rax—}—yay)

andtheright-handside f is chosersothatthesolutionis givenby
1. .
u(z,y) = 3 sin(4mz)sin(67y) .
We discretizethe above differentialequationusingsecondordercenteredlifferences

ona440 x 440 grid with meshsizel/441, leadingto a systenof linearequationsvith
unsymmetricreal coeficient matrix of order 193 600 with 966 240 nonzeroentries.
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Simple diagonalpreconditioningis usedby transforming(5.8) into the equivalent
system

MAx = Mb |,
whereM = diag(m1, ma, ..., my) is the preconditionewith
1 .
mi = —e— i=1,2,...,N .
Zj:l afj

For our testrunswe choosexy = 0 asinitial guesso the exact solutionandstopas
soonas||r,|]2 < 1075, Smallertoleranceslo notyield betterapproximationgo the
exact solution u; the absolutedifferencebetweenthe approximationsandthe exact
solutionstagnatest9 - 1075,

To partitionthedataamongheprocessortheparallelimplementatiorsubdizidesQ
into squaresubdomain®f equalsize. Thus,eachof the processor$oldsthe dataof
thecorrespondingubdomainDueto thelocal structureof thediscretizingschemea
processohasto communicatavith atmost4 processorto performamatrix-by-vector
product.Notethat,in Alg. 1, therearetwo independenmatrix-by-vectorproductsper
iterationwhich arecomputedsimultaneouslyn thisimplementation.

Figure5.1 shaws the convergencehistory of both versionsof the biconjugategra-
dientmethodwherethe true residualnorm||b — Ax,||; is displayed. Note that, in
this numericalexamplefor bothalgorithmsandall numberf processorsonsidered,
thereis hardlyary differencebetweerthetrueresiduainorm||b — Axy,||2 and||r,||2
wherer,, is the vectorcomputedrecursvely in the algorithms. Thus, (5.19) givesa
goodestimateof thetrueresidualnormhere. Figure5.1 demonstratethewild oscil-
lationsin the residualnorm thatare typical for the biconjugategradientmethod. A
similarbehaior of bothalgorithmss recognized Weremarkthat,varyingthenumber
of processorgheresidualnormof Alg. 2 is essentiallyffixedwhereagherearesome
differencesn Alg. 1. Thefactthathighly parallelalgorithmsmaybenumericallyless
stablethantheir conventionalserialcounterpartfiasbeenobsered for several other
problemsarisingin linearalgebrg5].

The parallelperformanceaesultsaregivenin Fig. 5.2. Theseresultsarebasedon
time measurementsf a fixed numberof iterations. The speeduggiven on the left-
handsideof thisfigureis computedy takingtheratio of the parallelruntime andthe
run time of a serialimplementation.While the serialrun times of both variantsare
almostidenticalthereis a considerablalifferenceconcerningparallelrun times. For
all numbersof processorghenew parallelvariantis fasterthanAlg. 2. Thesaving of
runtime grows with increasinghumberof processorsseeright-handsideof Fig. 5.2.
More precisely the quantity depictedas a percentagés 1 — 71 (p)/T(p), where
T, (p) andT:(p) aretheruntimeson p processorsf Alg. 1 andAlg. 2, respectiely.
Recognizerom this figure that, for a fixed numberof iterations,the new variantis
approximately24%fasterthanAlg. 2 on 121 processorsNotefurtherthatthereis still
roomfor usingevenmoreprocessorbeforerunninginto saturation.
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Figure5.2 Resultsof the parallelimplementations

5.6 CONCLUDING REMARKS

In its standardform, the biorthogonalLanczosalgorithm makesuse of three-term
recurrencesor thegeneratiorof the LanczosvectorsspanningheunderlyingKrylov

spaces. Here, we consideran alternatie formulation basedon coupledtwo-term
recurrenceshat, in exact arithmetic,is mathematicallyequivalentto the three-term
form. Taking a specificvariantof the coupledtwo-termprocessasthe startingpoint,

a new iterative schemefor the solution of linear systemswith non-Hermitiancoef-

ficient matricesis derived that, in exact arithmetic,is mathematicallyequivalentto

the biconjugategradientmethod. In this new implementatiorall inner product-like
operationf aniterationstepareindependensuchthattheimplementatiorconsists
of asingleglobalsynchronizatiorpoint periterationresultingin improvedscalability
on massiely parallelcomputers Moreover, theimplementatioroffersthe possibility
to scaleboth of the two sequencesf Lanczosvectorswhich is animportantaspect
concerninghumericalstability in practicalimplementations.
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Abstract: in apreviouswork we proposedwo new Jacobiorderingsor computing
the eigervaluesof a symmetricmatrix. The new orderings,combinedwith the appli-
cationof the communicatiorpipelining techniqueallow the exploitation of multi-port
capabilitiesin hypercubegsendingseveral messagem parallelthroughthe hypercube
links). Oneof the proposedorderings,called Permuted-BRis nearoptimal but only
worksfor very large problems. The secondordering, called Degree-4 canbe applied
to ary problemsize but only reducegshe communicatiorcostby a factor of 4. In this
paperwe proposea new ordering,called Permuted-D4thatbehaeslike Permuted-BR
orderingfor big problemsandlike Degree-4for smallones.

6.1 INTRODUCTION

Theone-sidedlacobimethodfor symmetriceigervaluecomputatioris very suitedfor
its applicationon a multicomputersinceit exhibits a high parallelismandpotentially
low communicationmequirementgs].

In multicomputersthe communicationoverheadplays an importantrole on the
performancef ary particularalgorithm[1]. In thispapeywefocusonmulticomputers
with a hypercubeinterconnectiortopology and with multiple ports per node[12].
In suchscenarioone may designalgorithmsthat communicatemultiple messages
simultaneouslyhroughdifferentlinks of the samenode(communicatiorparallelism),
which mayresultin asignificantreductionin thecommunicatioroverhead.One-sided
Jacobialgorithmspreviously proposedor hypercubesnakea poor utilization of the
multi-port capabilitybecauseat ary giventime, theinformationto be communicated

77
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by every nodemustbe sentthroughone(or at mosttwo) link, constrainingn this way
the exploitation of communicatiorparallelism.

In [8] amethodwasdevelopedto designparallelalgorithmsthatefficiently exploit
the multi-port capabilityin hypercubesThe method whichis calledcommunication
pipelining, requiresthe specificationof the original problemin the form of a CC-
cubealgorithm,whosepropertieswill bedescribedater. The methodreolganizeghe
computatiorin a systematiavay to introducethe appropriatdevel of communication
parallelismin orderto efficiently exploit the multi-port capability

In a previouswork [4], we shovedthat one-sidedlacobicomputatiorcantakethe
form of a CC-cubealgorithm. In particular the parallelone-sidedlacobialgorithm
that usesthe Block Recursie (BR) orderingis a CC-cubealgorithm[4]. Thus,the
communicatiorpipelining techniqueproposedn [8] canbe usedto reducethe com-
municationcostin multi-port hypercubes.Communicatiorpipelining has,however,
a limited impactwhen usingthe BR ordering, sinceonly two hypercubdinks can
be usedsimultaneously In [4] we proposedwo alternatve Jacobiorderingswhich
enablea betterexploitation of the multi-port capabilityin hypercubes.In particular
the Permuted-BRorderingenablesheuseof d hypercubdinksin parallel(beingd the
dimensionalityof thehypercube)whensolvingvery large problemsizes.However, it
behaesasthe BR orderingfor smallproblemsizes.Onthe otherhand,the Degree-4
ordering(alsoproposedn [4]) enablesheuseof 4 hypercubdinks in parallel,for ary
problemsize.

In this paperwe proposea new Jacobiorderingthatbehaesasthe Permuted-BR
orderingfor large problemsandasthe Degree-4for smallproblemsizes.Thereforea
singleJacobiorderingcanreplacethetwo Jacobiorderingspreviously proposed.

6.2 PRELIMIN ARIES

In this papemwe focuson efficientalgorithmsfor eigervaluesandeigervectorscompu-
tationof symmetricmatriceghroughthe one-sidedlacobimethodon mulitcomputers
with a hypercubenterconnectiortopologyand multiple portsper node. Below we
summarizevhatit is implied by eachone of theseterms. Then,we review the most
relevantrelatedwork andpoint outthe motivationfor this work.

6.2.1 Targetarchitecture

Thetargetarchitectureon which the proposedalgorithmis to be executedis a multi-
port hypecubenulticomputer A hypercubemulticomputerof dimensiond, whichis
alsocalledad — cube multicomputeyconsistsof 2¢ processorsuchthatthey canbe
labelledfrom 0 to 2¢ — 1 in sucha way thatall processorghat differ in exactly one
bit in the binary representationf their label areneighborgthey areconnectedy a
link). Thelink thatconnectseighbomodeswhoselabelsdiffer in thei-th bit will be
referredto aslink i. Thelabel of thelink, which rangesfrom 0 to d-1, will be also
calledthedimensionof thelink. As anexample,node2 usedink 1 (or dimensionl)
to sendmessage® node0.
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A configuratiorin whicheverynodecansendandreceve amessagé&om justoneof
itslinks atatimeis calledone — port configuratior{12]. A multi-portmulticomputeis
distinguishedy thefactthatevery nodecansimultaneouslypetransmitting/receiing
messagefom morethanonelink. In particularin anall — port configurationevery
nodecansendandreceve a messageéhrougheachof its d links simultaneously

6.2.2 One-sidedJacobi method

The one-sidednethodfor symmetriceigervalueandeigervectorcomputationworks

with two matrices: 4 (initially setto the original matrix A) andU (initially setto

the identity matrix ). In every iteration of the methodone similarity transformation
is appliedto zerooneoff-diagonalelementof A andits symmetricone[5]. The key

featureof theone-sidednethods thatthecomputatiorandapplicatiorof thesimilarity

transformatiorthatzeroeslementds, j) and(j, 7) of A usesonly columnsi andj of

A andU. For thisreasonsuchatransformationwill bealsoreferredto asthepairingof

columnsi andj. Accordingto this, transformationshatusedisjoint pairsof columns
canbe appliedin parallel,sincethey do not shareary data. This is what makesthe

one-sidedlacobimethodto bevery suitablefor parallelimplementationg].

In the literature,the processof zeroingevery off-diagonalelementexactly once
is calleda sweep. Sincea similarity transformationmay fill in elementsthat had
beenzeroedn previoustransformationsseveralsweeparerequireduntil theresulting
matrix corvergesto a diagonalmatrix. Sincesimilarity transformationpresere the
eigevalues,the elementsn the diagonalof the resultingmatrix coincidewith the
eigevaluesof the original matrix.

If A isanm x m matrix,atotalof m(m-1)/2 similarity transformationgrerequired
to completea sweep.Assumingm even,thesetransformationganbe organizednto
amaximumof m-1 groupsof m/2 independentransformationgach(transformations
thatinvolve disjoint pairsof columns). Suchan organizationof the sweepis called
a parallelJacobiorderingandevery groupof independentransformationss usually
referredto asa step.

Parallel Jacobiorderingsoffer a goodframework for the designof parallelimple-
mentations sincethe computationinvolved in every stepcan be evenly distributed
amongthe nodesof the multicomputeyand carriedout without any communication.
Communicationis requiredhowever at the end of every step,whenthe columnsof
matricesA andU mustbe exchangedo obtainthe pairsrequiredfor the next step.
Suchacommunicatiomwill becalledatransition.A parallelJacobiorderingis suitable
for amulticomputeiif the transitionsbetweerstepsusea communicatiorpatternthat
matcheghetopologyof theinterconnectiometworkof themachine.

6.2.3 Relatedwork

Jacobiorderingsfor differentparallelarchitectureganbe foundin theliterature[3]
[6][13][11]. Regardinghypercubemulticomputerswhich is the target architecture
consideredn thiswork, themostrelevantproposalsare[2][7][10].
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All theseproposalssharethe following features:(a) they usea minimum number
of steppersweepachieing in thisway aperfecioadbalanceand(b) thetransitions
betweerstepscanbeimplementedhroughcommunicatiorbetweemeighborsn the
hypercube. Particularly relevant to our work is the Block Recursie (BR) ordering
proposedn [7] andreviewedin [1]]. Thedistinguishingfeatureof this orderingis
thatin every transitionall nodesexchangeinformationthroughthe samedimension
of the hypercube. This is one of the requirementgo enablethe applicationof the
communicationpipelining technique which increaseghe potentialcommunication
parallelismof the algorithms,andthereforefacilitatesthe exploitation of the multi-
port feature. In the following we describethe BR orderingin somedetail, sinceit is
the startingpointfor our proposals.

6.2.3.1 BR ordering. TheBR orderingwasoriginally proposedn [7] andre-
viewed laterin [10], wherethe orderingwascompletelyspecifiedandits correctness
wasshown.

Givenad-cubeandam x m matrix,them columnsof matrices4 andU aregrouped
into 24+ blocksof m/2¢+1 columnseach.Then,apairof blocksareallocatedo each
nodeof thed — cube. Thealgorithmto performthefirst sweepproceedsasfollows
(all thenodesareexecutingthefollowing codein parallel):

m (1) Pair eachcolumnof ablock with theremainingcolumnsof the sameblock.

m  (2)Pair eachcolumnof ablockwith all thecolumnsof theotherblock allocated
to the sameprocessor

= (3) Exchangeneof the blockswith a neighboralonga givendimensionof the
hypercubdtransition).

= (4)Goto(2)if notall thecolumnshave beerpaired(i.e., (2) and(3) arerepeated
24+1 _ 1 times).

In orderto achieve thatevery pair of blocksis pairedexactly once,the transitions
(i.e. theexchangeoperationsequiredby (3)) mustbeperformedn a particularordet
To preciselydefineaexchangeransitionit sufficesto identify thelink of thehypercube
(i.e.,thedimension}hatis usedby it. Below we describehe sequencef transitions
implied by the BR orderingasdescribedn [10].

The2?t! — 1 stepsof theorderingaregroupednto threedifferenttypesof phases
exdhange, division and last transition. A phaseis just one or more consecutie
stepseachof themfollowedby a transition. A sweepconsistf d exchangephases,
eachoneof themfollowedby a division phaseanda final lasttransitionphase.The
exchangephasesrenumberedromd to 1. Theexchangephase: (e € [d, 1]) consists
of 2¢ — 1 stepsandtransitions.The sequencef links (i.e. dimensions}hatdefinethe
transitionss denotedoy D2? andcanbe systematicallygeneratedsfollows:

DR = <o0>
DBR = < DPR ;_1,DBE> 1<i<e
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For instancethe sequencef links for e=4is D2? =< 010201030102010 >.

Theexchangephase: is followedby a division phasehatconsistof justonestep
andonetransitionthroughlink e. Finally, thelasttransitionphaseconsistf onestep
andonetransitionthroughlink d-1.

Thesecondndnext sweepsisethesamealgorithmbutafterapplyingapermutation
to thelinks. In particular the permutationcorrespondingo sweeps (assumingr=0
for thefirst one)is definedasfollows:

GO(i) = 1

(0s-1(i) — 1) modd fori=0...d-1

os(i)

After d sweepghelinks areusedagainin the orderdescribedor thefirst sweep.

6.2.4 Motivation

The previously summarizedBR algorithmis efficient for a one — port hypercube
sincethe systemis usingall the available portsfor every transition. However, for a
multi-portarchitecturét achieresthe sameperformancesfor aone — port because
it usegust oneoutof thed links of eachnodeatthe sametime.

In [8] we proposeda systematictransformationof a classof algorithmsthat is
called CC-cubealgorithmsin orderto optimize themfor a multi-port ernvironment.
Suchtransformatioris calledcommunicationpipelining. Every procesf the CC-
cubealgorithm executesa loop that iteratesK times. Every iteration consistsof a
certaincomputationand an exchangeof informationthroughone of the hypercube
dimensiongall the processessethesamedimensionn agiveniterationof theloop).
The key ideaof communicatiorpipeliningis to decomposéhe computatiorin every
iterationinto Q packetsandreomganizethe computationas follows. Every process
of the new algorithm (the pipelinedCC-cubealgorithm)computethe first packetof
thecomputatiorin thefirst iterationof the original CC-cubeandexchangegheresult
with the correspondingieighbor Then, it performsthe secondpacketof the first
iterationandthe first packetof the secondone. The resultsof thesepacketscanbe
sentin parallelto the correspondingneighborsusingsimultaneouslywo hypercube
dimensions. Proceedingn this way, the pipelinedCC-cubecansendanincreasing
numberof messagem parallel,beingableto exploit themulti-port feature.

Thevalueof Q is calledpipeliningdegree andin [8] it is shovn how to determine
the pipelining degreethat minimizesthe executiontime of ary particular CC-cube
algorithmandary particulathypercuberchitectureln thissectiorwe onlysummarize
theresultof the applicationof the communicatiorpipeliningtechniqueandomit ary
detail thatis not strictly necessaryo understandhis paper Theinterestedeaderis
referredto the original paperfor suchdetails.

If Q is not higherthan K, the pipelined CC-cubealgorithmis said to work in
shallov pipeliningmode. Every procesansendup to Q messagesimultaneously
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throughdifferentlinks if the architecturesupportst. TheseQ links correspondo all
the subsequences Q elementof the sequencehat describeghe link usagein the
CC-cubealgorithm.

For instancejf in the original CC-cubeK=7 andcommunicationsre carriedout
throughlinks 0, 1, O, 2, 0, 1 and O, the pipelined CC-cubewith Q=3 will perform
a seriesof computationseachonefollowed by communicatiorthroughlinks 0-1-0,
1-0-2,0-2-0and 2-0-1respectiely. This partof the pipelinedCC-cubeis calledthe
kernelandhasK-Q stagegcomputatiorfollowedby communication).

Like in the softwarepipeliningtechniqug9], thekernelis precededy a prologue
andfollowedby anepilogue. The prologueconsistsof Q-1 stagesandeachof these
stagesconsistsof a computatiorfollowedby a communicatiorthoughanincreasing
numbeiof thefirstlinks of theoriginalsequenceln thepreviousexample theprologue
consistof two stageghatusethefollowing links: 0 and0-1 respectiely. Similarly,
theepilogueconsistof Q-1 stagesandeachof thesestagesonsistof a computation
followed by a communicatiorthrougha decreasingiumberof the last links of the
original sequenceln the previous example,the epilogueconsistsof two stageghat
usethefollowing links: 1-0 andO.

If Q is higherthanK, the pipelinedCC-cubeis saidto work in deeppipelining
mode.In this casethe prologueandepiloguehave K-1 stagesachandthe kernelhas
Q-K+1 stages.In eachkernelstage K messagesanbe sentin parallel(one packet
from every iterationof the original CC-cube).For instancejf K=3 andthelinks are
usedin theorder0, 1, andO0, the pipelinedCC-cubewith Q=100hasa prologuewith
two stagedhatuselinks 0 and0-1. Every oneof the 98 stagef the kerneluselinks
0-1-0. Finally, thetwo stagef theepilogueusethelinks 1-0 andO.

Communicatiornpipelining can be appliedto ary CC-cubealgorithmthat meets
somerequirementasspecifiedn [8]. In particularit canbeappliedto every exchange
phaseof BR algorithm,which arethe mosttime-consumingpartof it. Theapplication
of communicationpipelining to the BR algorithm can reducethe communication
overheadby a factor not higherthan?2. Thisis basicallydueto the propertiesof the
BR ordering:in thesequenc®?, which definesheorderin whichthelinks of each
nodeareusedin exchangephasee, ary subsequencef Q consecutie elementhasat
least| @ /2| elementgqualto 0. In consequencé#hecapabilityto sendsimultaneously
messagethroughmultiplelinks canprovide areductionin thecommunicatiorcostby
afactornot higherthan2, sinceabouthalf of the messagemustbe sentthroughthe
samédink (link 0).

From the point of view of effective communicatiorpipelining, we would like a
Jacobiorderingwheresequence®,, definingthe orderin whichthe hypercubdinks
areusedin exchangephasee, have thefollowing properties:

= (a) All the hypercubdinks appearthe samenumberof timesin the sequence
De,.

= (b) Whentakingary subsequencef consecutie links in D,, all thehypercube
links appeaiin this subsequencie samenumberof times.
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Property(a) guaranteean optimal performancevhenworking in deeppipelining
mode, sinceall the datato be exchangedin every stageis well distributedamong
all the hypercubdinks. Property(b) guaranteethata gooddatadistribution among
hypercubdinks alsohappensvhenworkingin shallav pipeliningmode.

The Permuted-BPorderingproposedn [4] is nearoptimalwith regardto property
(a). It wasobtainedby applyinga systematidransformatiorto the D?? sequence.
Thenew sequencevasdenotedoy D2~ B Theaim of the systemati¢ransformation
is to balancethe useof the hypercubdinks whenconsideringthe whole sequence.
However, thedistribution of thehypercubdinks whenconsideringgmallsubsequences
of D2~ B remainssimilarto thecaseof the DZt sequenceAs aresultthe Permuted-
BR orderingis nearoptimalwhenworking in deeppipeliningmodebut it behaesas
the BR orderingwhenworking in shallav pipelining mode. Sincedeeppipelining
moderequiresverylargeproblemsizesthe Permuted-BRrderingis only suitablefor
verylarge problemsizes.

Thesecondlacobbrderingproposedn [4], whichis calledDegree-4orderingwas
conceved with property(b) in mind. The sequencdor the exchangephasesn this
orderingis denotedoy D”*. The main featureof this sequencés that all the links
in almostevery subsequencef 4 consecutie links in DP* aredifferent. Therefore,
4 hypercubdinks canbe usedin parallelin every stage,whenworking in shallav
pipeliningmode,with Q=4.

Thekey ideain this paperis to apply the systematidransformatiorthatwasused
in [4] to derive the D?~B% sequencehut usingthe DP* sequencasstartingpoint,
insteadof the DBF sequenceTheresultingsequencewhich will be called D?—P4,
will behae asthe D?P~BE sequencén deeppipelining mode and as the D?— P4
sequencén shallov pipeliningmodewith Q=4.

In thefollowing wegive somedetailsonthe Degree-4orderingandonthesystematic
transformatiorto be usedto derive the D?~P* sequence.

6.3 THE DEGREE-40ORDERING

The Degree-4orderingis obtainedfrom the BR orderingby replacingthe sequence
DBFE (e € [d,1]) by analternatie sequencéhat, besidesgeneratingall the required
pairingsof columns exhibit a morebalanceduseof thelinks of every node,enabling
amoreefficient exploitation of the multi-port capability

The sequenceD?? canbe regardedasthe definition of a hamiltonianpathin an
e-cube.Thisis becaus®nehalf of thecolumnsof A andU initially allocatedto each
nodemustvisit a differentnodeafter eachtransitionandthus,they musthave visited
all thenodesafterthe2¢ — 1 transitionghatmakeup exchangephasee. For instance,
the exchangephasee = 3 of the BR orderingis definedby DZ? =< 0102010 >.
Startingat ary nodeof the hypercubendmoving throughthelinks in theordergiven
in D27 all the nodesof a 3-cubearevisitedexactly once.

We canthenconcludethatthe problemof definingalternatve sequence®, can
alsobestatedastheproblemof finding alternatve hamiltoniarpathsin ane-cube.The
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resultingsequenceonsistsof the link identifiersthat have beenusedfor traversing
thee-cube.Sincetherearemary differenthamiltonianpathsin a hypercubethereare
mary alternatve Jacobiorderingsthatcanbe generatedh thisway.

The Degree-4orderingproposedn [4] useghe D”* sequencelefinedasfollows:

Es = < 0123012 >
E;, = <E;_1,i,E_1> 4<i<e
DSD4 = <Ee,1,E._1> e>4

Forinstance,Dé)4 =< 012301240123012101230120123012 >. In [4] it isshavn
that DP* is a hamiltonianpathof ae-cube. Note thatall the subsequencesf length
4 in sequenceD”* use4 differenthypercubdinks, with the only exceptionof the
four centralsubsequencesc 0121 >, < 1210 >, < 2101 > and< 1012 > in the
previous example). Thisis truefor ary e > 3. Whene is large,it canbe shavn that
thesed centralsubsequencdsve a nagligible effect onthe performanceAs aresult,
one-sidealgorithmahatusethe Degree-4orderingandthecommunicatiomipelining
techniqugwith Q=4) have acommunicatiorcost4 timeslowerthattheBR algorithm.

6.4 A SYSTEMATIC TRANSFORMATION OF
HAMIL TONIAN PATHS

To be effective whenworking in deeppipeliningmode the sequencé, mustsatisfy
asmuchaspossibleproperty(a) describedn section2.4. Let usdefinex asthenumber
of repetitionsof themostfrequentdimensiorin asequencd. . Forinstancethevalue
of a in thecaseof DB is 26~ ! whichis thenumberof repetitionsof dimensiord, and
thevalueof « in thecaseof D?~P* is 2¢=2 4 1 whichis the numberof repetitionsof

dimensionl. Thevalueof « is agoodmeasuref the quality of a sequenceé), with

regardto property(a). Goodsequencebhave low valuesof «. In particular a lower
boundfor thevalueof « of ary sequencé, is:

2¢ -1

€

| ]

sinceary sequenceé, has2¢ — 1 elementsandall valuesin [0, ¢ — 1] mustappear
in D, atleastonce.

Thetransformatiorthatwe useto generateD?~* is aimedat reducingthe value
of a correspondingo theoriginal sequence”*. Thetransformatioris basednthe
following property:

Property. Let D, beasequencef links thatdefineahamiltoniarpathin ane-cube.
Leto beary permutatiorof thelink identifiers.If we applyo to D, thentheresulting
sequencéefinesalsoahamiltonianpathof thee-cube. This propertyis provedin [4].
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D6D4 =<0123012 £123012501230124 0123012 1

01230124 0123012(5 )01230124 0123012>
a

De” P4 = <0123012 4 012301248214 0 42142 3
AR142 0 4214 % 0123012 4 0123012>

Figure 6.1 (a) Thefour 4-sequence® D&* areshawn in differentfont types. Links 4 and
5 separatehe different4-sequences(b) Transformatioril, affectsto the seconds-sequence.
Links affectedareshavnin bold.

As anexample,considerthe sequences 0102010 >, which definesa hamiltonian
pathof a3-cube.Thepermutatiorthattransposeknks 0 and1 in this sequencevould
producehenew sequence: 1012101 >, whichis alsoahamiltonianpathof a3-cube.
Basedon this property we definethe transformatioriZ}, to be appliedto a sequence
D,, asthetranspositiorof thefollowing pairsof link identifiers:

i (e—1)/2F —1—i
wherei € [0, [ (e — 1)/2%] — 1]

In thefollowing sectionwe shav how transformatiorT}, is appliedto D”* to obtain
thenew sequenced?— P4,

6.5 PERMUTED-D4ORDERING

The Permuted-D4ordering proposedin this paperusesthe sequenceD?~P* to
implementthe exchangephasee. The sequenceD?~P* is obtainedby applyinga
seriesof transformationg},, asdefinedabove, to the DP* sequence.

Everytransformatiori}, is appliedto a partof DP* defininga hamiltonianpathof
asubcubeof dimension(e — k — 1) in thee-cube.Suchapartof DP* will bereferred
to asa k-sequence As a resultof the propertyintroducedin section4, the resultof
sucha transformatiornis still a hamiltonianpathof a e-cube. We have to specifynow
whattransformationgreusedto produceD?~ P4,

Noticethatin DP* we canfind two (e-1)-sequencesour (e-2)-sequenceand,in
general* (e — k)-sequencesThelinks thatdefinethosek-sequencedo not appear
contiguousn DP*. For eachk-sequencegnehalf of thelinks appearsn theleft-hand
sideof DP* andtheotherhalf appearsn thesymmetrigpositionin theright-handside
of DP*. Figure 6.1(a)identifiesin differentfont typesthefour 4-sequencem D2*.

|loga(e — 1)] — 1 transformationsreappliedto DP* in orderto obtain DP~ P4,
Transformatiory,, k beinganintegerfrom0to |loga(e — 1) | — 2, is appliedto every
seconde — k — 1)-sequencef DP*. In thecaseof DZ* only onetransformatiorfy, is
requiredwhich is appliedto thesecondb-sequenceFigure 6.1(b)shavsin boldface
thelinks thatareaffectedby thetransformation.
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e DL BR Lower bound DPP4

23 19 24
43 32 40
67 58 72

10 131 103 136

11 289 187 264

12 577 342 520

13 776 631 784

14 1543 1171 1544

Figure 6.2 Valueof a correspondingo Permuted-D4rderingcomparedo lower boundand
Permuted-BR.
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Figure6.3 Plot(a) matrixsize2'®. Plot (b) matrix size
Thereis one point to remark, regarding the applicationof the transformations.
Whentwo or more transformationsre requiredthenthesetransformationsnustbe
compoundedThatis, if atransformatiorrequiresthetransposition « j in agiven
k-sequencethenthis transpositioraffects to the links in the k-sequencehat were
labelledasi or j in the original sequenceD?*, even thoughtheselinks may have
changedhelabelasaresultof previoustransformationslsoaffectingthek-sequence.

Thetableof figure 6.2 shavsthevalueof o for sequence®?~P* with e € [7, 14]
andcompareghesevalueswith the correspondingaluesof a for sequence®? 5%
andwith the lower bound. From the valuesin the tableit canbe concludethatthe
behaiour of DP~P* is nearlythesameasthebehaiour of D?~2% in deeppipelining
mode,becausehe valueof a for the D?~P* sequencés closeto the valueof a for
Dpr—BR andsometimesower.
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6.6 PERFORMANCE EVALUATION

In the previous sectionwe have amguedthat the performanceof the Permuted-D4
orderingis nearlyoptimalin deeppipeliningmodeandcanreducethecommunication
costby a factornearto 4 in shallov pipeliningmode. We confirmtheseconclusions
in this sectionwith someperformancdiguresobtainedthroughanalyticalmodelsof
performance.

Theplotsin figure 6.3 shav thecommunicatiorcostof the differentorderingsfor
a varying size of a hypercubemulticomputer;a varying matrix size; and assuming
that the transmissiortime per elementand the start-uptime, 7,, and T, are1 and
1000time unitsrespectrely. Thecommunicatiortosthasbeencomputedhroughthe
modelsdevelopedin [8]. The communicatiorcostis givenin relationto the costof
the CC-cubealgorithmusingthe BR ordering. As a referenceall plotsalsoinclude
thecommunicatiorcostsof Permuted-BRordering,Degree-4orderingandthe lower
boundon thecommunicatiorcost.

When communicatiorpipelining is used,the optimum degree of pipelining was
chosenusingthe proceduregresentedn [8] for eachparticularhypercubedimension
andmatrix size.

It canbe seenin all plots thatthe communicatiorcostof the pipelinedCC-cube
whenthe BR orderingis usedis aboutonehalf of thatof the original CC-cube.The
performanceof the Permuted-D4orderingapproacheshe lower boundwhendeep
pipelining is used. However, when the hypercubesize forcesthe use of shallov
pipelining,it tendsto be similar to the Degree-4ordering,in contraswith Permuted-
BR whichtendsto besimilar to the pipelinedBR.

6.7 CONCLUSIONS

Wehaveproposeanenovel Jacobiorderingcalled Permuted-D4rderingobtainedoy
applyingthe systematid¢ransformationshatwereusedto generatéhe Permuted-BR
Theresultis anorderingthatmakesa nearlybalancediseof all hypercubelimensions
andtry to distributedthe dimensionaswell asDegree-4ordering.

Thisresultsin aperformanceloseto theoptimumwhendeeppipeliningmodecan
beapplied.In casethatonly shallav pipeliningmodecanbeappliedit behaesaswell
asDeagree-4ordering dividingthecommunicatiorcostby 4 respecthecommunication
costof BR ordering.
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Abstract: For the solutionsof linear systemsof equationswith unsymmetricco-

efficient matriceswe have proposedanimproved versionof the quasi-minimakesidual
(IQMR) method[14] by usingthe Lanczosprocessas a major componentombining
elementof numericalstability and parallelalgorithmdesign. The algorithmis derived

suchthatall inner productsand matrix-vector multiplicationsof a singleiterationstep
areindependenand communicatiortime requiredfor inner productcan be overlapped
efficiently with computatiortime. In this paperwe mainly presenthe qualitative analy-

sisof theparallelperformancevith Store-and-Brward routingandCut-Thioughrouting

schemesndtopologiessuchasring, mesh hypercube andbalancedinary tree Theo-

reticallyit is shavnthatthehypercubeopologycangive usthebestparallelperformance
with regardsto parallel efficiency, speed-upandruntime, respectiely. We also study

theoreticabspect®f the overlappingeffectin the algorithm.
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7.1 INTRODUCTION

Oneof thefundamentataskof numericalcomputingis the ability to solve linearsys-
temswith nonsymmetricoeficients. Thesesystemarisevery frequentlyin scientific
computingfor examplefrom finite differenceor finite elemen@approximationso par
tial differentialequationsasintermediatestepsn computingthesolutionof nonlinear
problemsor assubproblemén linearandnonlinearprogramming.

One of them, the quasi-minimalresidual(QMR) algorithm[8] , usesthe Lanc-
zosprocesd7] with look-aheada techniquedevelopedto prevent the processrom
breakingdown in caseof numericalinstabilities, and in additionimposesa quasi-
minimizationprinciple. This combinationleadsto a quite efficient algorithmamong
the mostfrequentlyandsuccessfullyusediterative methods.This methodarewidely
usedfor very large andsparseproblemswhichin turn areoften solved on massiely
parallelcomputers.

Onmassiely parallelcomputersthebasictime-consumingomputationakernels
of QMR areusually:innerproducts yectorupdatesmatrix-vectormultiplications.In
mary situations,especiallywhenmatrix operationsarewell-structuredtheseopera-
tionsaresuitablefor implementatioron vectorandsharememoryparallelcomputers
[6]. But for parallel distributed memory machines,the matricesand vectorsare
distributedover the processorssothatevenwhenthe matrix operationsanbeimple-
mentedefficiently by paralleloperationsye still cannot avoid the global communi-
cation,i.e. communicatiorof all processorgequiredfor innerproductcomputations
Vectorupdatesreperfectlyparallelizableand,for largesparsenatricesmatrix-vector
multiplicationscanbeimplementedvith communicatiorbetweeronly nearbyproces-
sors. Thebottleneckis usuallydueto innerproductsenforcingglobalcommunication

The detaileddiscussionson the communicationproblemon distributed memory
systemganbefoundin [3, 5]. Theseglobalcommunicatiorcostsbecomerelatively
moreandmoreimportantwhenthe numberof the parallelprocessorss increasednd
thusthey have the potentialto affect the scalabilityof thealgorithmin anegative way
[3,5].

Recentlywe have proposed new improvedtwo-termrecurrencefanczosprocess
[14] withoutlook-aheadasthe underlyingprocesof QMR. Thealgorithmis reoiga-
nizedwithout changingthe numericalstability sothatall inner productsand matrix-
vectormultiplicationsof a singleiteration stepare independenand communication
time requiredfor inner productcanbe overlappedefficiently with computatiortime.
Thereforethecostof globalcommunicatioron paralleldistributedmemorycomputers
canbe significantlyreduced.TheresultinglQMR algorithmmaintainsthe favorable
propertieof theLanczogprocessvhile notincreasingomputationatosts.ln [13], we
alsoproposeatheoreticamodelof computatiorandcommunicationphasego allow
usto give a qualitative analysisof the parallelperformancen a massiely distributed
memorycomputemwith two-dimensionagrid topology Theefficiengy, speed-upand
runtimeareexpressedsfunctionsof thenumberof processorscaledby the number
of processorthatgivestheminimal runtimefor thegivenproblemsize. This provides
anaturalwayto analyzeheperformanceharacteristicgor therangeof the numberof
processorthatcanbeusedeffectively. Themodelnotonly shavsclearlythedramatic
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influenceof globalcommunicatioron the performancebut alsoevaluateseffectively

theimprovementsn the performanceadueto the communicatiorreductionsby over

lapping. The modelalsoprovidesusefulinsightin the scalabilityof IQMR method.
But it is still limited by assumption®n the communicatiormodel. In this paper we

mainly investigatethe effect of Store-and-rward routing and Cut-Thioughrouting
andtopologiessuchasring, meshhypecubeandbalancedinarytree Theoretically
it is shovn thatthehypercubedopologycangive usthe bestparallelperformanceavith

regardsto parallelefficiengy, speed-upandruntime,respectiely.

The paperis organizedasfollows. We will describébriefly theimprovedLanczos
processandtheresultingimproved quasi-minimalresiduallQMR) methodin section
7.2, 7.3 and 7.4, respectrely. In section7.5, the parallel performancemodel is
presentedncludingthe communicatioomodelandassumptiongor computatiortime
andcommunicatiortosts. Thetheoreticatompleity analysisof parallelperformance
with Stoe-and-erward routing andCutThrough routing anddifferenttopdogiessuch
asring, meshhypecubeandbalancedbinary tree , is describedully in section7.6.
Finally we offer someconclusions.

7.2 LANCZOS PROCESSBASED ON THREE-TERM
RECURRENCE

The classicalunsymmetricLanczosprocesg12] basedon three-termrecurrencee-
ducesamatrix 4 to atridiagonalform 7" usingasimilarity transformatiorwhichleads
to thefollowing threerelationsthatsene to derive theunsymmetrid.anczogprocess

wlv =1 Av=vT, ATW=wT7, (7.1)

wherel istheidentity matrix andT'is atridiagonalmatrix. Morepreciselythisprocess,
startingwith two vectorsy; andw; satisfyingw? v; = 1, iteratively generateswo
finite sequencesf vectorsv,, andw,, suchthat,forn = 1,2,---

’Ck(vlv A) = Span{vla Vg, 7””}7 ’Ck(wlv AT) = Span{wla Wz, - 7wn}7

andthetwo setsarebiorthogonabksfollows

T {0 m # n,
men el
]. m=n
We denoteby
vV = [’()171)2’-.. ’Un] and W = [wl’wz’... ’wn]’

thematricescontainingthe Lanczosvectorsy, andw, ascolumns.

This procesdeadsto two inner productsperiteration. Theinner productrequires
global communicationon parallel distributed memory computers. Someimprove-
mentsonthereductionof globalcommunicatiomequiredby innerproductshave been
investigatedn [10].
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7.3 LANCZOS PROCESSBASED ON COUPLED
TWO-TERM RECURRENCE

AlthoughLanczosusedasimilartechniquebuilt oncoupledwo-termrecurrencén the
earlyof 1950's,mostpublishedpaperdavebeerdealingwith thethree-ternrecurrence
processyntil, recently Freundetal. [9] reusedhisideato improve numericaktability.
They claimedthat,thelattervariantof the Lanczogprocessmaybenumericallymore
stable. Thatis why we pursuefurther on this unsymmetricLanczosprocesswith
two-termrecurrenceasunderlyingproces®f the QMR method.

RecentlyBuickeretal. [1, 2] proposeda new parallelversionof the QMR method
basedn thecoupledtwo-termrecurrencetanczosprocessithoutlook-aheadtrat-
egy. Thealgorithmis derived suchthatboth sequencesf generated.anczosvectors
are scalableandthereis only one single global synchronizatiorpoint per iteration.
Basedon the similaridea,we present new improved two-termrecurrencetanczos
procesavithoutlook-aheadechnique.

Algorithm 1: ImprovedLanczosProcess
1 po=qo =uo =0, y1 = (01, 01), 1 = 0,&; = (W, 1),
2. 51 = ATy, p1 = (W1, 01),e1 = (51,01), 71 = ;—1;
3: for n=1,2,... do

4: qn = ésn - j_zn&Qn—l;
5: Wny1 = Qo — g_:ﬁ)n;

6: Spn41 = ATﬁ)n+1;

7: tn, = AVy;

8: Up = ,\/Lntn — HnlUn-1;
9 Uppl = Uy — :_:611;

10: DPn = %En — HaPn-1;
11: V41 = (Unt1, Ong);
12: En+1 = (Wny1, Wny1);
13: Pn+1 = (ﬁ)n+17 En+1);
14: En41 = (5n+17 5n+1);
15 = PR

16: Tatl = S50 — Yat1fati;
17: endfor

We reschedulehe computatiorwithin aniterationstep,without affecting the nu-
merical stability, suchthat all inner productsand matrix-vector multiplicationsof a
singleiteration stepareindependenaindthe communicatiortime requiredfor inner
productcanbe overlappedefficiently with computatiortime. The framewvork of this
improved Lanczosprocessdasedon two-termrecurrencess describedn Algorithm
1.

TheimprovedLanczosprocesscanbeefficiently parallelizedasfollows:
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= Theinnerproductsof a singleiterationstep(11), (12), (13) and(14) areinde-
pendent.

= Thematrix-vectormultiplicationsof a singleiterationstep(6) and(7) areinde-
pendent.

= Thecommunicationsequiredfor theinner products(11), (12), (13) and(14)
canbeoverlappedwith theupdatefor p,, in (10).

Thereforethe costof communicatiortime on paralleldistributedmemorycomputers
canbesignificantlyreduced.

7.4 THE IMPROVED QUASI-MINIMAL RESIDUAL
METHOD

TheimprovedLanczogrocessiow is usedasamajorcomponento aKrylov subspace
methodfor solvinga systemof linearequations

Az = b, where Ac®R"*™ and z,bec R". (7.2)
In eachstep,it producesapproximation:,, to the exactsolutionof theform
ZTp =20+ Kn(ro,4), n=12,.. (7.3)

Herez, isary initial guesdor thesolutionof linearsystemsyy = b— Axzq istheinitial
residualandk,, (ro, A) = span{re, Arg, ..., A" 'rg}, is then-th Krylov subspace
with respecto ro and A.

Givenary initial guesseg, then-th Improved QMR iterateis of theform
Ty =29 + Vazn, (74)

whereV,, is generatedy the improved Lanczosprocessandz, is determinedoy a
quasi-minimaresidualproperty

Basedon the similarideain [1, 2] with computatiorrearrangementye derive an
improved QMR method(IQMR) basedn coupledtwo-termrecurrencesvith scaling
of bothsequencef Lanczosvectorsfor maintainingthe numericalstability. All inner
productsand matrix-vectormultiplicationsof a singleiterationstepin the IQMR are
independenandcommunicatiorime requiredfor innerproductcanbeoverlapped:f-
ficiently with computatiortime. Theframeavork of thisimproved QMR methodusing
Lanczosalgorithmbasedntwo-termrecurrenceasunderlyingprocesss depictedn
Algorithm 2.

Algorithm 2: Improved Quasi-MinimalResiduaMethod
1: v :mlzrozb—Aiﬂo,Al =1,kp=1,pu1 =0,
22po=go=uo=do=fo=0, v = (v1,01), & = (d1,wn),
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3 51 = AT, p1 = (W1, 1), &1 = (51,01), 71 = o
4: for n=1,2,... do

5: qn = ésn - sznQn—l;

6: mn+1 =q4n — g_:wn;

7 Sn41 = ATﬁ)n+1;

8: ty = AVy;

o: Un = 2ty — fntln—1;
10: Upt1 = Up — :—:75n;

11: DPn = %En — HnPn-1;
12:  if (rp—1,rn—1) < tolthen
13: quit

14: else

15: Tn+1 = (5n+17 i’n-}-l);
16: £n+1 = (ﬁ}n+17 mn+1);
17: Pn+1 = (ﬁ}n+17 En-l-l);
18: En4+1 = (Sn+17’5n+1);
18 s = T

20: Tatl = S5 — g ipings
21: f, = ald=2n) .

A2 Y04
22: Kp = ﬁ;
Ap_172

23: )\n = )\n—ﬂ'éi_nl_‘l'l’yi’
24: dn = andn—l + KnDns
25: fa =Onfoo1 + Kntn;
26: Tp = Tp_1 + dp;
27 Ta = Tn-1— fn;
28: endif
29: endfor

Theimproved QMR methodusingLanczosalgorithmasunderlyingprocesganbe
efficiently parallelizedasfollows:

= Theinnerproductsof a singleiterationstep(12), (15), (16), (17) and(18) are
independent.

= Thematrix-vectormultiplicationsof a singleiterationstep(7) and(8)areinde-
pendent.

= Thecommunicationsequiredfor the inner products(12), (15), (16), (17) and
(18) canbeoverlappedvith theupdatefor p,, in (11).

Thereforethe overheadf communicatioron paralleldistributedmemorycomputers
canbessignificantlyreduced.
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7.5 THE PERFORMANCE MODEL

Basednthesemathematicabackgroundlescribedibore, we will makethefollowing
assumptionsuggestedn [4, 5, 13] for our performancemodel. First, the model
assumesperfectioadbalanceandthe processorareconfiguredasring, d-dimensional
meshwith wrap-aroundconnectionhypecubeandbalancedinarytreg respectiely.
For d-dimensionameshwithout wrap-arouncconnection, the basiccommunication
operationincreaseat mostby a factor of four. In this model, Eachprocessoholds
a sufficiently large numberof successie rows of the matrix, andthe corresponding
sectionsof the vectorsinvolved. Thatis, our problemshave a strongdatalocality.
Secondly we can computethe inner products(reduction)in two stepsbecausdhe
vectorsare distributed over the processottopology The computationof an inner
productis executedby all processorsimultaneouslyithoutcommunicatioror locally
andthesepartial resultsarecombinedby a global sumoperationandaccumulatedt
a singledestinationprocessqrcalledsingle nodeaccumulation(SNA) . The second
phaseconsistf reversingthe directionsandsequencef messagesendingthefinal
resultsfrom this singleprocessoto all otherprocessors;alledsingle-nodéroadcast
(SNB).

With regardsto thecommunicatioomodel.the Stoe-and-Brward routing(SF)and
Cut-Thioughrouting (CT) schemd11] arediscussedn our qualitative performance
analysis.In SFrouting,whena messagés traversinga pathwith multiple links, each
intermediatgrocessoon the pathforwardsthe messagéo the next processoafterit
hasrecevedandstoregheentiremessageln CT routing,eachintermediatgrocessor
onthepathdoesnotwaitfor theentiremessagéo arrive beforeforwardingthemessage
tothenext processorAs soonasasmallerunit calledaflit is recevedatanintermediate
processattheflit is passeanto thenext one. Thecorrespondingommunicatiorcost
for SNB andinnerproductswith SFandCT routingcanbe summarizeasfollows:

wherethet, is the start-uptime thatrequiredto initiate a messagéransferat the
sendingprocessar The perwordtime ¢, is thetime eachword takesto traversetwo
directly-connectegrocessorsTheperhoptimet,, isthetimeneededy theheadeof
amessageo travel betweentwo directly-connecteghrocessorsThe communication
costfor SNB with CT routing on the hypercubewe list is not optimal. The optimal
oneis 2(t, logy p + tyym).

In the following partwe will describea simple performancemodelincluding the
computatiortime andcommunicatiorcostfor themainkernelsaswe presentedbefore
basedn ourassumptionsThesawo importantermsareusedin our papersuggested
in [5]:

= CommunicationCost: The term to indicateall the wall-clock time spentin
communicationthatis not overlappedvith usefulcomputation.

m  CommunicationiTime : Thetermto referto the wall-clock time of the whole
communication.

In thenon-overlappeccommunicationthe communicatiortime andthe communi-
cationcostarethesameterm.
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Table7.1 CommunicatiorOperationCostwith SFandCT Routings

| Topologies|Operations SFRouting | CT Routing |
Ri SNB (ts +tuym)[E] (ts +twm)logyp+tn(p —1)
ing
Inner (ts + 5tw)p 2(ts + 5ty ) logyp+ 2th(p— 1)
Veeh SNB  ld(t, + tum)[ ]| (2, + twm) logy p + dtn(p!/? — 1)
= inner | d(t, + 5t)p" " [2(ta + 5tu) logy p+ 2dta (P77 — 1)
SNB | (ts + tym)logyp (ts + twm)log, p
Hypercube Inner  |2(ts + 5ty ) log, p 2(ts + 5ty ) logy p
Tree SNB (ts +tum +tp(logyp+ 1)) logy p
Inner 2(ts + 5ty ) + th(logyp + 1)) logy 7

ThelQMR algorithmcontainghreedistinctcomputationatasksperiteration

= Two simultaneousnatrix-vectorproducts,4#, and A” i, ., whosecomputa-
tion time aregiven2t s N/ P.

m  Fivesimultaneousnnerproducts o, +1, ¥n+1), (Wn41,
Wr41)s (Wn41; Ont1), (Snt1, Png1) @nd(r, 1, rp—1) Whosecomputatiortime
aregivenby (2n, — 1)t; N/ P.

= Ninevectorupdatesy,, Wn+1, Un, Un+1; Pn, dn, fn, Tn @andr, which aregiven
2ty N/P.

whereN/ P is thelocal numberof unknowvn of aprocessatt y; is theaveragetime for
adoubleprecisionfloating point operationandn, is the averagenumberof non-zero
elementgperrow of the matrix.

Thecompletglocal) computationimefor thel QMR methods givenappraimately
by thefollowing equation:

N

N
TIZHT = (194 20.) st = fm) 9

Thecorrespondinglobalaccumulatiomndbroadcastimefor 5 simultaneousner
productof IQMR method g(m), is givenasfollows:

7.6 THEORETICAL PERFORMANCE ANALYSIS

In this sectionwe will focusonthetheoreticabnalysisof the parallelperformancef
IQMR methodwherethe efficiengy, speed-u@ndruntimeareexpressedsfunctions
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Table7.2 CommunicatiorCostwith SFandCT Routings

| [Topologies SFRouting | CT Routing |

Ring (ts + 5tw)p 2(ts + 5ty ) logyp+ 2th(p— 1)

Mesh |d(ts + 5tw)p1/d 2(ts + 5ty ) logy p+ 2dth(p1/d —1)
Hypercube2(t, + ¢.,5) log, p) 2(ts + 5ty) logy p

Tree [2(ts + 5ty ) log, P2(ts + 5ty ) + th(logy p + 1)) log,

of thenumberof processorscaledby thenumberof processorghatgivestheminimal
runtimefor thegivenproblemsize.

Thetotal runtimefor IQMR is givenby thefollowing equation:

TQMR
T,

N
= T "+ T = f(m)— +g(m) (7.6)

p
Thisequatiorshavsthatfor sufiiciently large p thecommunicationimewill dominate
thetotal runtime.

Let pmasr denoteasthe numberof processorshat minimizesthe total runtime T,
for ary p processorsf IQMR method.Thepercentagef thecomputatiortime in the

wholeruntime E,, = T; /pT, is definedasparallelefficieng. The speed-ups, for

ary p processorss S, = T1 /T, anda bethefractione = p/pmas andw = da .

Thenthetheoreticaperformancdor SFroutingcanbe summarizedsfollows:

Table7.3 TheoreticaParallelPerformancevith SFRouting

[Topologies  pmas | Ep | Sp | 1, |

p
14+a?

| Ring |(my| L

1+a’® (ts +5tw)f(m)N)1/2 ‘

a

1

N4 1

‘ Mesh ‘({sttw)d+1 1-}1-w ‘ lf-w ‘lzw((ts +5tw)df(m)N)d !
In2 f(m)N 1 14alnp 2(ts+5tw)

‘HyperCUb# nZ ts+5t, |1+alnp|1+alnp| ‘an In2 ‘

For CT routing, we canconcludethe similar resultswhich canbe describedn the
following theorem:

Theorem1 Letpnq., runtimel;,, speed-u,, andeficiencyE, bedefinedasbefore
for anyp processorsvith SFand CT routingsof the parallel IQMR method.Thenwe
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havesimilar relationsdescribedasfollowsfor both SFand CT routingwith different
networktopologies.TheruntimeT,:

T;‘ing > (T;ree) > T;nesh > Tzizypercube’ (7.7)
theparallel efficiencyE,:

E;ing < (Ezt)ree) < E;nesh < E}I)zypercube’ (7.8)
theparallel speed-us,:

S;ing < (Slt)ree) < S;nesh < Sll)zypercube’ (7.9)
andthecorrespondin®m,qz:

pring <( tree) <meih <phypercube. (710)

max pmaz‘ max

7.6.1 Theimpactsof reductionby overlapping

In this part,we will usethis modelto evaluatetheimpactin parallelperformancealue
to thethe communicationmeductiongy overlapping.

Sincein thelQMR method thereis onepossibilityto overlapthecomputatiortime
with communicatiortime, we assumep,,; asthe numberof processor$or which all
communicationcan be just overlappedwith computation. The value for p,,; with
d-dimensionameshtopologyandSFroutingfollowsfrom

N
dp*/d(t, + 5t,) = 2tf,?.

It is easyto know thetheoreticakesult:

2ty N )d/d+1‘

Povt = (d(ts f 5ty)

Basedon thesetheoreticaresults we will discusghesethreedifferentsituations:

m If p < poyi, thereis no significantcommunicatiorvisible.

= If p > pou, the overlapis no longer completeand the efficienyy decreases
againbecausdhe communicatiortime increasesandthe computatiortime in
theoverlapdecreases.

= If p = p,yi, thecommunicatiortime canbejust overlappedy the computation
time. And accordinglywe have linearspeed-umnd100% parallelefficiengy.

It is easyto shaw in generakasepyyi < Pmas-
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Forthegeneratasenf d-dimensionaieshtopologyandSFrouting,weassumehat
afractions of thecomputationgn vectorupdatecanbeusedo overlapcommunication
in innerproductstheruntimeof oneiterationfor p processorand N unknovnsto be

tﬂN ‘tﬂN

Tp = (19 4 2n, — 20) + max(24 cd(ts + 5t )p' ).

Fromthe expressionof the runtimewe caneasilydrive the numberof processors
Pmae fOr which T, is minimal, for which S, is maximal,is

Proas = ((19 +2n. — 2/3)fle)d/d+1
max t, + 5ty .

Thepercentagefthecomputatiortimein thewholeruntimeEp fOr Pmax Processors
is:
N 19 + 2n,

E; .. = :
Pmae ™ (d +1)(19 + 2n, — 20)

It shavs that pmas > Pout, the overlappingfactor 3 = 1. This leadsto around
T3.... IS spentin communication!

mawx

_d_
d+1
Thecorrespondin@arallelspeed-upﬁp for pmas pProcessors maximal,is:

. (19 + 202 )pmar 1

Prmae = (@4 1)(17+ 2nz)  d+ 1"

Theruntimefor Tp for pmas is minimal:

Ty = (d+ 1)((ts + 5t0) (17 + 2n. )ty N) T,

With regardsto the runtime, efficiency, and speed-upgfor numberof processors
P with overlappedcommunicationthe correspondingesultscan be statedin the
following theorem:

Theorem 2 Lettheruntime,parallel speed-umand the parallel efficiencywith over
lappedcommunicatiordenoteas T,, S, and E, respectively Let 6 be the fraction
asp = Opmaz, ¢ = (1,‘;)+2§f2ﬁ)d/‘“r1 andi = 19 + 2n, — 24, thenthe parallel
eficiencyE, is givenby

B 1, 6 <o
= 2

’ Slitagerra, 0> ¢
theparallel speed-upﬁp is givenby

s P, <o
= w426
W 6> ¢
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andtheruntimeTp is givenby

. N 6 <
Tp = { szi_fgzdfl/;)tﬂjv 0 ; Z
p )

Therearesomeinterestingremarkscanbe madeasfollows:

= The maximumspeed-ugn caseof overlappedcommunicationis reachedor
DPmaz- IN geNerap,, . is alwayssmallerthanp,, ... Furthermorethe speed-up
for pmas iS alwaysbetter

m A directcomparisorshavs thatthe optimal performancéor the QMR method
with overlappingis betterthanthe approactwithout overlapping.

= With overlappingwe canrun fasteron muchlessprocessorsyhich, of course,
givesalargeimprovemenin efficiengy. Butthescalabilityof thelQMR method
is notimprovedby overlappingthe communication.

= Thisconclusiorcanbe extendedo ring, treeandhypercubeopologies.

7.7 CONCLUSION

In this paper we mainly presenthe qualitative analysisof the parallel performance
with Store-and-erwardroutingandCut-Thioughroutingschemeandtopologiesuch
asring, meshhypecubeandbalancedinarytree Theoreticallyit is shavn thatthe
hypercubaopologycangive usthe bestparallelperformanceavith regardsto parallel
efficiengy, speed-upandruntime, respectrely. We alsostudytheoreticalaspectof
the overlappingeffectin thealgorithms.Furthernumericalexperimentsareneededo
evaluatethetheoretcabtudies.
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Abstract: in this paperwe are mainly concernedwith an additive overlapping
domaindecompositiofDD) algorithmandit implementatioron parallelcomputersvith
sharedanddistributed memoryincluding clustersof workstations. The problemunder
considerations the numericalsolutionof 3D elasticitysystemsut themainideas algo-
rithmsandcodesareapgicableto 3D elliptic boundaryvalueproblemswith discontinuos
coeficients. Thesystemof linearequationsvhich hasto be solvedafterafinite element
methoddiscretizations symmetricandpositive definte andthePreondtionedConjucate
Gradientmethodwith a preconditionerconstructedria DomainDecompositioris used.
Thealgorithmis highly parallelizable The MessagdPassinginterface(MPI) standards
usedon both sharedanddistributed memoryparallelcomputemplatforms. Resultsfrom
numericalexperimentson two symmetricmultiprocessosystemsand IBM SP parallel
computemith distributedmemoryarediscussed.

8.1 INTRODUCTION

In recentyearstherehasbeena considerabledevelopmentin Domain Decomposi-
tion (DD) methodsor numericalsolutionof partial differentialequationgliscretized
using finite differencesand finite elementsmethods. Among the reasonsunderly
theinterestin thesetechniqueave mentionthe possibilitiesof determiningeffective
parallelalgorithmsandimplementatioron modernhigh-speeadcomputersnainly par
allel computersvith sharedanddistributedmemoryincludingclustersof workstations
(see[7,11]) andthe referencegiventhere). From otherhandDD methodsarevery
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convenientin orderto handlecomplex geometriesnonsmootrsolutions,differential
equationavhich have differentcoeficientsin differentsubregionsof thedomain.

The problemconsiderechereis describedoy a coupledsystemof elliptic partial
differentialequation®f secondrder with stronglyvaryingcoeficients. This system
is discretizedy brick elementsandtrilinearbasisfunction. Thediscretizatiorleadsto
the problemof solvinga systemof linearalgebraicequationswith sparsesymmetric
andpositivedefinitecoeficientmatrix. ThePreconditione€onjugatesradien{PCG)
methods useduo find thesolution. Ourapproacttonsist®f applyingapreconditioner
constructedvia an additive overlappingDD method. The new algorithmis highly
parallelizable. The MessagePassinginterface(MPI) standardboth for sharedand
distributedmemoryparallelcomputerss used.

The numericalexperimentsreportedin this paperare obtainedon two symmetric
multiprocessosystemsSUN Enterprise8000(workstationwith eight167MHz Ultra
SFARC processorspnd SUN SFARCstation20 (a workstationwith four 99 MHz
processorsaswell asthe parallelcomputemwith distributedmemorylBM SPPawver
2 (with 32 120 MHz RS/6000processors) A setof tablesandfiguresillustratethe
performedchumericaltestsontheabore mentioneccomputersThey well demonstrate
the parallel propertiesof the proposedalgorithm as well as the robustnessof the
developedcodes.

The remainderof the paperis organizedas follows. Section8.2 is devoted to
a descriptionof the problemunder consideration. In Section8.3 we focuson the
overlappingdomaindecompositiormpproach.The parallelsolver andMPI primitives
usedcanbe foundin Section8.4. Section8.5is consistsof numericaltestson two
modelsof SUN symmetricmultiprocessosystemsand on the distributed memory
parallelcomputerlBM SR The conclusionsrequirementand someoutlook for the
parallelperformancef the developedparallelcodesaregivenin thefinal Section8.6.

8.2 THE PROBLEM

Let B be an elasticbody occupyinga boundedpolyhedraldomainQ € IR?, and
let Dirichlet/Neumanrboundaryconditionson ' = 992 be imposed. We denoteby
u = [uy, ug, us]” thedisplacementector by f = [f1, f2, f3]7 thevectorof thebody
forces,by g = (o4;)(u) thestresgensorandby e(u) = (e;;(u)) thestraintensor(the
deformatiorassociateavith u).

We considerelasticityproblemsunderthe assumptionshatthe displacementare
smallandthe material propertiesare isotropic.

Thestressed—strainedateof theelastichodyunderconsideratiomanbedescribed
byacouplecelliptic systenof threepartialdifferentialequationsndthecorresponding
boundaryconditionsasfollows[10]

ATe +f=0 V (21,22, 23) € Q
U = up v (Il,l‘z,l‘g) el'p
3 .
Y isq Oijni = UN; V (21,22,23) €Ty, j=1,2,3,



PARALLELALGORITHMFOR3D ELASTICITYPROBLEMS 107

where 5
Bor 0 0
0 2 0
T2
0o o0 2=
A= a a 0
oz, Oz1
0 2 0
dzxg Az
2 0 o
Oz Az

The variationalformulation of the problemto computethe displacementsf the
above determinecelasticbodyunderforcesf is:

Find: u € (H}(©2))3, suchthat

3
ag(u,v) = /()\ diva divv + p Z €ij(u) €;(v) dx
Q

i,7=1
= F(v), Vve(H(Q),
whereF (v) = 37_, Jq, fividx. Thepositve materialcoeficientsA andy depencbn
themodulusof elasticity(Young's modulus) E andonthecontractiorratio (Poisson
ratio)- v.
Thebilinearform ag (u, v) is secondrder symmetricandcoercve.
Thecorrespondingliscretevariationalproblemreadsasfollows::
Find:u, € V*(Q) C (H())3, suchthat

ag(uh,vh) :F(Vh), Y vy E‘/h(ﬂ).

In this studywe usethestandardrilinear nodalbasisfunctions®; for thespacey™”
[2]. If we expressthe approximatesolutionby the basicfunctionsi.e.

u =S vMe;, k=123
wewill obtainthelinearsystemof equations
KU = F, (8.1)

whereU = [U;]7 is thevectorof unknovns— Uy, i = 1,2,..., N, F — theright-
handsideis thevectorwith components; = F(®;), andK is thesocalledstiffness
matrix with entriesk;; = aq(®;, ®;).

To solve the linear systemof equationg1) the preconditionedconjugategradient
procedurds used[1]. In orderto obtainthe nitial iterate - Uy andthe next seach
direction- z;, in theiterative procedurethe systems

] MUOZF
u Mzk =T

with the preconditioningmatrix M have to be solved.
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8.3 HOW THE DOMAIN DECOMPOSITION
PRECONDITIONER IS CONSTRUCTED

In 1936, Soboler [13] shawved that the Schwarzalternatingalgorithm for the two
subdomainsaseconvemgesfor thelinearelasticityequationsin thedevelopedparallel
algorithmwe usethe Schwartzalgorithmbasecdn mary overlappingsubdomains

Thetriangulationof thecomputationatlomain® maybedonein thefollowingway.
The domainis first divided [8] into non-overlappingsubstructure;, i = 1,2, ..., p.
All this substructurearefurtherdividedinto parallelepipedatlementqbricks)with
size(h1 x hy x h3). We extend eachsubdomair?; to a larger region Q; with an
overlapof O(h), whereh = maxz(h1, h2, hs). We alsoassumehatd$?; doesnot cut
throughary brick element.We makethe sameconstructiorfor the substructurethat

arenext to the boundaryof the domainQ exceptthatwe cut off the partof €; thatis
outsideof €.

Let K; be a local stiffnessmatrix accordingto the subdomain®;. We define
restrictionmapsR; andextensionmapsR? , asfollows. Let theglobalstiffnessmatrix
K isof orderN = 3 x ny x ny x ng, whereny, ny andns arethe numberof the
nodesin z1, 22 andz; directionsfor the whole computationatlomain. Let usdenote
with IV; thenumberof theunknavnscorrespondingo theinterior with respecto ©;,
nodes. For eachsubdomainf; the matrix R; is (N x IV;) restrictionmatrix with
entries 1's and 0’s, takinginto accounthe indexesof thenodesbelongto ;. This
matrix restrictsavectorU of length/N to R; U of IengthNi. Thus,thelocal stiffness
matrix K; correspondindo the subdomair; is

K; = R;KR!.

Let usnotethatin the caseof mary subdomainsthe additive Schwartzalgorithm
is ageneralizatiorof thewell known two-subdomairtasewith a preconditioner

p
My =Y Rl K" R.
i=1
Indeed,if we startwith aniterate(k), we compute(k + 1) by
p o~
U+ — gk 4 (Z RT R R,») (F- K U®)
i=1

As RT fx’[l R; y canbecomputedn parallelfor the differentsubdomainghisleads
to a coarsegrain parallelism. Taking into accountthe definition of the restriction
matrix B; (andthe extensionor interpolationmatrix R') we may concludethatit is
notnecessarilyo storethesematrices.

SodefinedpreconditioneM 44 is astraightforwardyeneralizatiorof the standard
block-Jacobpreconditioner The corvergencerateof this preconditionedeteriorates
whenthe numberof subdomaingncreaseg7]. Thereare several techniquesvhich
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improve the propertiesof theabore consideredilgorithm. Theprice hasto be paidis
communicationsOnecommommechanisnfor thatis whenthefine grid (characteristic
diameter of theelementsj)s arefinemenbf thecoarsamesh(themeshobtainedrom
thesubdomaing)s,7]. Thenif welet R%; to bethestandardnterpolatiormapof coarse
gridfunctiongto thefinegrid functions(like in thetwo-levelmultigrid methodsjhenits
transpose? iy isaweightedestrictionmap. If now K isthecoarsegrid discretization
matrix,i.e. Ky = Ry K R, thentheimprovedadditive Schwarzpreconditionecan
bedefinedby the preconditioner

/4
Moy impr = By Kp' Ry + Y Bl K" By,
i=1

In this paperwe do not consideithe latestalgorithm.

Thealgorithmfor solvingthesystem Mz, = ry with M = M,y Iisas
follows:

4

r, — Vvectorofalength JVZ»; entriesareequalto
thoseof r; forthecomponents
correspondingo themeshpointsin -~ Q;
and 0 elsavhere;

=t B =4

L Z, IfiZk = I
- zi — vectorofalength N; anextensionof Z
with 0 entriesoutside Q;;
N .
" Zr = Zizl Z;c

All four stepsof this algorithmcanbe donein parallel. The coeficient matricesof
thesystemf linearalgebraicequations

~
> i

K7, = ?2

aresymmetricpositive definite block matricesandthe preconditionectonjugategra-

dientmethodwith Block-Size ReductionBlock- ncompletd_U preconditionepro-

posedby ChanandVassilerski [4] (seealso: [3] and[5]) is usedto solve thesystems
in eachsubdomain.

8.4 THE PARALLEL SOLVER

Whenparallelcomputergwith sharedor distributedmemory andincluding herethe
clustersof workstations)are usedfor an implementationof domaindecomposition
algorithms,as a rule the differentsubdomainsare mappedo individual processors.
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The problemwhich hasto be solved is the communicationdetweenthe different
processorsThestandardMessagélassinginterface(MPI) [9, 12] is used.

At therecentreleaseof the codesrealizingour algorithmfor useon parallelcom-
puterswe have usedthefollowing MPI primitives:

- blocking send(MPI_SEND)andblocking and unblocking receive(MPI_RECV
andMPI_IRECV) operationdn a standard mode from the Point-to-Foint communi-
cations

- MPI_BARRIER for barrier synchronization, MPI_BCAST for broadcasting
data, MPI_GATHER and MPI_GATHERV (a vector variantof MPI_GATHER) for
gathering data, MPI_ALLREDUCE for reduction operationsfrom the Collective
communications

- MPIZWTIME for timing (elapsedime) the programsor sectionsf them.

An outline of the codeis following.

include’'mpif.h’

call MPL_init(ierr)

call MPl_commrank(MPLcommuworld, rank,ierr)
call MPl_commsize(MPLcommworld, nodesijerr)
call MPI_getprocessaname(namdname,ierr)

U

Inputdata

U

Generatiorof the stiffnessmatrix and
theright—-hand—sid€factorizingdiagonalblocks
andcomputingentriesneededor the Sherman—
Morrison—Wbodhkury formulafor eachsubdomain
in parallel. No communicationst this phase.

U
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Solving the system(1) via PCGM
with DD preconditioner

Computing the initial iterate in parallel
PCGMwith BSR-MILU preconditioner
Eachprocessoconsistf its own partof
thevectorof theinitial iterate.

No communicationgtthis phase.

* %k %k ok kk ok %k kk

Computing the initial defectin parallel.

This phaseconsistof matrix—vector product and
addition of vectorsandthereforeeach
processohasto send/receie a partof thevectors
correspond$o the overlappingregionsto/from
his neighbors.

After thatthe processorsvorkin parallel
andeachprocessoconsistf its own part

of thevectorof theinitial defect.

MPI communicatiomprimitivesused:
MPI_SEND,MPI_IRECV, MPI_WAITALL

* %k %k ok k ok kK kk

Computing the initial quasidefectin parallel
PCGMwith BSR-MILU preconditioner
Eachprocessoconsistf its own partof thevector
of theinitial quasidefect.

No communicationgtthis phase.

* %k %k ok kok ok Kk kk

Iteration cycle:

Dot andmatrix—vectorproductsyectorsadditions.

MPI communicatiomprimitivesused:
MPI_SEND,MPI_IRECV, MPI_WAITALL,
MPI_ALLREDUCE, MPI_SUM.

The computingof the next searctdirection,which
leadsto solving systemsf equations,

is donein parallelin eachsubdomairwithout

ary communications

(PCGMwith BSR-MILU preconditioner).

U
Outputdata

U
call MPI_FINALIZE(ierr) |
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NUMERICAL EXPERIMENTS

8.5.1 Thetestproblem

! —
X3 1 \ l
R
1 ho I—N
1 AH
1 '
1 1
| |
[ [ 1
: ! ‘
' 'r L
| ' N
! |
! r
r D N
N ! r
x max , X N
3 ! 2
g
.
e
max 7’
\ X2 ’,
7
| L’ r
1 D
I 4
W
Xl
7777777777 5 max R

Figure8.1 Thecomputationatlomain

Considerasinglepile in a homogeneousandyclay soil layer The computational
domainis theparallelepiped? = [0, z"**] x [0, z5**] x [0, z§***] (Fig.1).

Boundaryconditionsof Dirichlet and Neumanntype on the differentpartsof the
boundaryof thedomainareasfollows:

Homogeneou®irichlet boundaryconditionson the bottomside of the paral-
lelepiped z3 =0 ,i.ethedisplacementareequalto zero;

Homogeneoudleumanrboundaryconditionson the vertical sidesandon the
top sideof the parallelepiped

— — max — — max . maxr
z1=0, =z =2z"", xo=0, zp=23", z3=23

i.e thestresseareequalto zero,excludingthepile surfacewheretheloadfrom
theupperconstructioris applied;

Thecomputationalomain ©  is determinedy

Imazr = Ymax — 12m, Zmazr = 27m.
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The length of the pile andthe size of the active zone underthe top of the pile are
respecttely L = 15m and H,; = 12m . Themechanicatharacteristics

of thepile andof thesoil layerare:
(@)pile: F = 31500 M Pa; v = 0.2;
(b)soil: EF = 10 MPa; v = 0.3.

An uniformly load distribution on the crosssectionof the pile is assumed.

|

8.5.2 Partitioning of the domain

We dividethecomputationatlomainin stripsaccordingo z3-coordinatedirectionand
dependingon the numberof the processorsf the parallelcomputingsystemwe are
goingto use. Thecasep = 4 andn; = ny = n3 = 32 with anoverlapof 2h3 is
presentedn Fig.2.

32
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27 1
25 INEENEE NN RSN NN

23 b’k { I I N N A A O

21

9 b ]
. Tttt i T R T T e @
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1 32°

maw
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Figure8.2 Thefour subdomaircase.Crosssectionz, = —%—. Theoverlapis 2h;.

Whenwe performanalgorithmon parallelcomputersve have to payattentionthat
all the processorsr mary of themwork in parallel. It is a difficult taskto keepall
processorbusyall of thetime. Often,someprocessorbaveto wait for othergofinish
theirtasks. It is well seenthateven whenonly one processohase morework to do
thenothersfor example,p — 1 processorbave to dowork measuredvith 1, andthe
p-th processohasto dowork - W5, whereW, > W, thebestspeedupvhichis able

to befoundis
Wi Wi
S, =(p—1) W, — =1 —1) —.
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Thus, the processorsvhich work in parallelmustcoordinatetheir work. Note, that

in almostall algorithmsin practice,the differencebetweenW; and W is not a

single arithmeticoperationbut one or more subroutines.Unfortunately thereis no

anefficient, perfectlyparallelalgorithmfor solvingary partial differentialequations
(PDE's) numerically In 1988,Worley [14] shavedthat perfectlyparallelalgorithms
for partialdifferentialequationgio not existandthatfor a prior givenaccurag there
is alower bound of thetime it will taketo achieve this accuray.

In orderto avoid someload imbalancesve do not divide thewhole computational
domainonequalin z3-directionsubdomainsThemainreasorfor theloadimbalances
in the proposedalgorithmis thatwe have to solve a coupledsystenof elliptic partial
differentialequationswith stronglyvarying coeficients,andwe usefor thatpurpose
aniterative proceduravhichrateof convemgencej.e. numberof iterationsdepencdn
theratio betweerthe coeficients.

8.5.3 Resultsfrom the numerical experiments

Numericaltestsof thecoderealizingthe overlappingdomaindecompositiompproach
for the 3D simulationof pile systemwere done on the symmetricmultiprocessor
computersSUN Enterprise3000 (up to eightprocessorsandSUN SFARC 20 (up to
four processorsaswell ason the parallel computerwith distributed memoryIBM
SPPawer 2 (up to eight processors).The total elapsedime (7,) for executingthe
codeon p processormeasuredy MPI routineMPI_'WTIME) in secondsthespeedup
(Sp = Th/T,) andtheparallel eficiency(E, = S, /p) obtainedduringthe numerical
experimentscanbefoundin thenext threetables.

Table8.1 Elapsedime,speedumndparallelefficiency forSUN SFARCstation20

| Proc.|| T, | S, | B ||

|1 f14ss4] - | - |
| 2 | 2816]1.07| 054 |
| 4 | 832]363]0091|

As it was expected,the computationatime decreasesvhen the numberof the
processorgsubdomainsjncreaseswith a factor proportionalto the ratio between
processorsisedin the differentruns. In the casewhen the computationadomain
is divided only in two overlappingsubdomainghe elapsedime decreasetoo little
anddoesnot scale. Thereasoris thatwhenthe domainis dividedin two overlapped
subdomainsthe subdomairwherethe pile is locatedis quite large andthe numberof
theinneriterations(PCG-BSR-BILU)areonly approximatelytwo timeslessthanin
thealgorithmwithoutsubdviding. thefactthatsomedomaindecompositiotiterations
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Table8.2 Elapsedime, speedumndparallelefficiency forSUN Enterprise3000

| Proc.|| T, | S, | B ||

|1 fj1so8] - | -
| 2 | 1082 1.07| 0.54 ||
| 4 | 301]3.68]0.92]
| 8 | 153 | 7.24| 0.90 |

Table8.3 Elapsedime, speedu@ndparallelefficiency forIBM SPPawer2

| Proc.|[ T, | S | B |

6] - | -
| 389 | 1.59 | 0.80 |
| 160 | 3.87 | 0.97 |
| 74 | 8.36| 1.05 |

0| | N| P

(outeriterations)have to be performedexplainsthe worseresultsfor this case(row 1
in bothtables).

The superlineaspeedupvhich canbe seenin someof the runscanbe explained
with theincreasednemorylocality, thecashlocality andthecommunicatiomverhead

The developedcodeis a portablecode for parallel computerswith distributed
memory symmetricmultiprocessocomputersandclustersof workstationsvith MPI
installation. All therunson the differentcomputersystemsaveredonewith the same
codebut with the particularcompiler The codeis not optimizedfor the particular
computerusedwhich is very importantin orderto exploit fully the greatpotential
ability of the differentcomputers.

8.6 CONCLUSIONS AND OUTLOOK

Our numericaltestsfor the codesrealizing the overlappingdomaindecomposition
techniquefor solving the problemarising from the 3D simulationof pile system
shaw that this approachis an effective tool to determinehigh-performancearallel
algorithmsfor implementatioron symmetricmultiprocessorand parallel computers
with distributedmemoryupto eightprocessorsAs the clustersof workstationsanbe
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modeledasdistributedmemorycomputerswith the only differencethatthe network
parametergthe start-uptime andthe time for transferringof single word) are quite
larger, onecanexpectthanthe sameconclusionwould betruefor this classof parallel
computersystems. In fact, therearetwo main possibilitiesto useworkstationsfor
implementatiorof the overlappeddomaindecompositioralgorithms:to usea single
workstatiorandexploit avirtual memoryor to usea networkof workstations Why not
usea singleworkstation?The answeris thatthe pagethrashingreduceghe effective
computatiorrate.

Thepartitioningof thecomputationatiomainin severalsubdomaingllowsto solve
thislarge-scalgroblembecausef possibilityto storedifferentpartof thematricesnto
thememoryof thedifferentcomputerswhenclustersof workstationsareusedor into
thememoryof differentprocessorswheredistributedmemoryparallelcomputersare
used andsolve efficiently hugereal-life problemswhenthe problemdoesotfit in the
memoryof oneprocessarMoreover, the computationalvork maybe donein parallel
for the big partof the algorithm. The useof the standardnessagassingnterface
(MPI) is akey componenin thedevelopmenbf concurrentomputingenvironmentin
which applicationsaandtoolscanbetransparentlyportedbetweerdifferentcomputers.

Thisparticularimplementatiorof thedomaindecompositiompproactior 3D simu-
lation of pile systemis aportablecodefor parallelcomputersvith distributedmemory
symmetrianultiprocessocomputerandclustersof workstationsIn orderto improve
the resultsone hasto optimize the implementationand tune it for every particular
computemplatformsusingsomespecialrequirementgor optimaluseof eachof them.
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Abstract: Largescalemultidisciplinarydesignoptimization(MDO) problemsoften
involve massve computatiorover vastdatasets. Regardlesof the MDO problemsolv-
ing methodologyadvancedcomputingtechnologiesindarchitecturegreindispensable.
The dataparallelisminherentin someengineeringproblemsmakesmassvely parallel
architecturesa naturalchoice, but efficiently harnessinghe power of massie paral-
lelism requiressophisticatedalgorithmsand techniques. This paperpresentsan effort
to apply massvely scalabledistributed control and dynamicload balancingtechniques
to the reasonableesignspacdadentificationphaseof a variablecompleity approacto
the multidisciplinary designoptimizationof a high speedcivil transport(HSCT). The
scalabilityand performancef two dynamicload balancingtechniquesrandompolling
andglobalroundrobinwith messageombining,andtwo terminationdetectiorschemes,
tokenpassingandglobaltaskcount,arestudied. Theextentto which suchtechniquesire
applicableto other MDO paradigmsandto the potentialfor parallel multidisciplinary
designwith currentlarge-scalalisciplinarycodesjs of particularinterest.

Intr oduction

The requirementfor timely deliverance,in the context of inherentcomputational
complity andhugeproblemsizespanningseveral disciplines,is typical of modern
large-scaleengineeringoroblemge.qg.,aircraftdesign). This hasprovidedthedriving

force for researchn the areaof multidisciplinary designoptimization(MDO) to de-

veloppractical,scalablemethodologie$or designoptimizationandanalysistom the

perspectie of morethanonediscipline. The computationaintensityof realisticmul-

tidisciplinary designoptimizationproblemspresents major obstacleandbottleneck.
For this reason high performancecomputingandits efficient useconstitutea very

importantMDO tool. Thereis anongoingeffort amongsengineeringandscientific
computingresearcher$o build sophisticatecparalleland distributed algorithmsfor

the solutionsof specifictypesof problems,suchas computationafluid dynamics,
partial differentialequationsfinite elementanalysis etc. (see,for example,the July

1998issueof Advancesn EngineeringSoftwag). Despitetheir good performance
andpromisingpotential,suchcodesarenot widely integratedin MDO ernvironments,
sinceit is anontrivial taskto efficiently blendheterogeneouslisciplinaryengineering
codestogether Obstacleghat arise are complex interactionsbetweendisciplines,
incompatibleinterfaces honstandarghrogrammingpracticesJack of detaileddocu-

mentation andsometimedailure to scaleup to the sizesof realisticMDO problems.
As aresult,morecustomizatioris neededhanis feasible. Burgeeetal. [7] discuss
similar difficultiesin their effort to parallelizelegagy sequentiaMDO codes.

Several efforts aredescribedn the literaturethat proposeparallelanddistributed
solutionsto the compleity andcomputationaburdenof large scaleMDO problems.
Onestrainof researchdevelopsmethodologiesor MDO problemmodelingandfor-
mulationwith thegoalof creatingsignificantopportunitiedor distributedandparallel
computation. Kroo et al. [23] proposetwo such methodologies. One is the de-
compositionof analysesnto simplermoduleswith limited interdependenciespthat
eachmodulecan be run concurrently Collaboratve optimization[5], on the other
hand,aimsat modelingthe entiredesignprocessasa collaborationbetweernparallel
tasks/disciplinegjndertheauspice®f acentralizeccoordinatingorocess Dennisand
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Lewis introducethe“individualdisciplinefeasible”[8] problemformulationapproach
for MDO thathastheadwantageof usingthird partydisciplinaryanalysiscodes.There
is work at Geogia Techon agentbasedechnologiedor the IMA GE infrastructureof
theirdecisionsupporintegratedproductandprocesslevelopmen{(IPPD)architecture
DREAMS|[15]. Theapplicabilityandscalabilityof theabore methoddor large-scale
systemdhasyet to be established.

A secondstrainof researchs orientedtowardsthe designandimplementatiorof
genericMDO computingframenorks that supportconcurrentexecutionacrossdis-
tributed,heterogeneoydatforms(seeAccessManage25], COMETBQARDS|[18],
andFido [32]). For example,Wujek et al. [33] proposea framavork, later extended
by Yoder and Brockman([34], that facilitates distributed collaboratie design[23]
andmanageshe entireproblem-solvindife-cycle througha graphicaluserinterface.
Thesesystemsim to automatethe designoptimizationprocessy controllingcom-
puting processesand tracking and monitoring intermediateresults. Their problem
definition capabilitiesneedto be very flexible androbustin orderto accommodate
complexc MDO problems. Additionally, trackingand monitoringtools like FIDO's
Spy[32] arevery importantto keepthe designetinformedaboutthe stateof the opti-
mization,andto allow the designeto interactwith theautomategrocess Currently
more empiricalevidenceis neededo shaw if automated;push-kutton” (seeDennis
andLewis [8]) systemsarewell suitedto large,complex MDO problems.

Finally, therehasbeernresearclonusingsophisticategarallelalgorithmdor differ-
entMDO subproblemsuchasoptimization,analysisgetc. For example,Burgeeetal.
[7] andBalabanw etal. [1] implementedccoarse-grainegdarallelversionsof existing
analysisandoptimizationcodesfor a High SpeedCivil Transport. The resultswere
reasonablehut speedupaperedff for lessthan100nodesdueto I/0O overheadand
otherfactorsdiscussedn [7], [1]. Theirconclusionwasthatfine-grainedparallelism
andreducedl/O versionsof the codeswould improve scalability Thereare some
reportsof efficiengyy achiered on massiely parallelarchitecturesi.e., scalabilityto
thousand®f nodes.For example,Dennisand Torczon[9] developedthe paralleldi-
rectsearchmethoddor derivative free optimizationthatareblatantlyparallel. Direct
searchmethodsare suitablefor problemswith a relatively small numberof design
variableg(< 50). GhattasandOrozcohave developeda parallelreducedHessiarse-
guentialquadratigorogramming SQP)methodfor shapeoptimization[12] thatscales
verywell upto thousand$16000)of processorfor relatively smallnumberof design
variableg< 50), but performancejuickly degradesasthe numberof designvariables
increases.Eldredetal. [11] have developedan objectorientedsoftwareframevork
for genericoptimizationthatexperiencedptimalperformanceat512processorfor a
certaintestproblem but starteddegradingafterthat. For moreresearcton paralleland
distributedMDO tools,includingparallelgeneticalgorithms andJavabasedsolutions,
see[19], [3], [10], [2].

This paperfocusseon the effective useof massie parallelismand scalabledis-
tributed control appliedto the reasonablalesignspaceidentificationparadigmem-
beddedwithin the problemof the multidisciplinary configurationoptimizationof a
High SpeedCivil Transport(HSCT). The approachhereusesa variablecomplexity
paradigm [7] wherecomputationallycheaplow fidelity techniquesreusedtogether
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with computationallyexpensve high fidelity techniqueghroughouthe optimization
process Geometricconstraintsandlow fidelity analysisareappliedto definepromis-
ing regionsin the designspaceandto identify intervening/importanvariables/terms
for surrogatemodels. Higher fidelity analysesreusedto generatesmoothresponse
surfacedor thoseregions,whicharethenanalyzedy theoptimizersin searclof local
optima. Typical configuratiordesignsaarecomprisedf 5 to 50 designvariables.

Theparadignof reasonabldesignspaceddentificationconsistf performingmil-
lionsof low fidelity analysestextremepointsin aboxaroundanominalconfiguration.
A single designevaluationtakesa fraction of a secondon a slow processqrbut as
the numberof designvariablesgrows, millions of evaluationsrequire a significant
amounftof time. Suchanevaluationis toofine grainedo lenditself to taskparallelism,
andsois takenasthe atomicgrain of computation.In termsof dataparallelism,the
problemisirregularbecauseachconfiguratiorthatfails preliminaryanalysiqviolates
feasibility constraintshasto bemovedtowardsthecenterof theboxuntil it is coerced
to a reasonablelesign. This resultsin a variablenumberof analysesandtime per
configuration.Initially, a parallelimplementatiorwasdevelopedwhereall configura-
tionsto be evaluatedwere spreadevenly acrossavailable processors A severeload
imbalancewheretotal idle time amountedo one half of total processindime, was
obsened. Thusdynamicload balancingstratgies, sothattheloadcanbe effectively
redistributed amongstprocessorst run time, are essential. Two recever initiated
distributedload balancingalgorithms—randonpolling (RP) and global roundrobin
with messageombining(GRR-MC)—wereimplemented.

Loadbalancingcausesemappingof jobsto processorsothatprocessorthathave
finishedtheir work at somepointin time canresumework with a new load. Thusa
processohaving no load at a certainpoint in time doesnot signify that thereis no
morework to be done. A terminationdetectionalgorithmis neededo asserglobal
terminationof the system. Two complementarytermination detectionschemes—
globaltaskcountandtokenpassing—hee beenimplemented.Section9.1 describes
thereasonabldesigrspaceparadigmSectior9.2thealgorithmsandSection9.3their
implementationSectior9.4discussetheresultsn termsof scalabilityandefficiency,
andSection9.5 offers someconclusion@ndpossiblefuturework.

9.1 HSCT CONFIGURATION OPTIMIZA TION

The parallelizationtechniqueslescribedn the following sectionsare appliedin the
contet of designinganoptimalsupersoniaircraftwith a capacityfor 251 passengers,
minimumrangeof 5, 500 nauticalmiles,cruisespeedf Mach2.4,andceiling height
of 70, 000 ft. Theproblemis formulatedasa constrainedptimization.

min  f(z), subjecto g;(z) <0 forallie {1,...,m},
Tmin <TLTmaz -
wheref : R® — R istheobjectivefunction,z € R" is avectorof n desigrvariables,
andg : R® — R™ is avectorof m constraints.Thevaluesof the designvariablesn
vectorz arelowerandupperboundeddy z,,;, andz,q.. respectiely.
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Takeof grossweight(TOGW), expressedasthe aggrgateof payload fuel, struc-
tural and nonstructuratveights,senesasthe selectedbjective function. TOGW is
dependenbn mary of the engineeringdisciplinesinvolved, (e.g., structuraldesign
determinesmpty aircraft weight, aerodynamiaesignaffects requiredfuel weight,
etc.),andthusprovidesa measuref meritfor theHSCTasawhole. Giunta[13] sug-
geststhat minimizedtakeof grossweightis alsoin somesenseelatedto minimized
acquisitionand recurringcostsfor the aircraft. Figure9.1[22] illustratesa typical
aircraftconfiguration.

The suiteof optimizationandanalysistools employedfor this problemcomprises
codesdevelopedby engineerdn-house(e.g., vortex lattice subsonicaerodynamics,
panelcodefor supersoni@erodynamicsandby third parties(e.g.,optimizer weights
andstructuresHarris[16] wave dragcodefor supersoni@aerodynamics)Theanalysis
tools are of varying complity and computationakxpense,and somehave coarse-
grainedparallelimplementationsinteractionsandcoordinatioramongsprogramsn
thesuitearemostlycarriedoutvia file 1/0.

9.1.1 DesignVariables

Successfuhircraft designoptimizationrequiresa suitablemathematicatharacteri-
zation of configurationparameters. Typically a configurationhasn < 50 design
variables. In this particularcase 29 variablesareusedto definethe HSCT in terms
of geometric—wing-body-nacelledayout (twentysix variableslandmissionprofile

(threevariables).SeeTable9.1[13] for descriptionsandtypical valuesof all design
variables. The wing is parametrizedvith eight variablesfor planform (seeFigure

9.2[13]) andfive variablesfor leadingedgeandairfoil shapepropertiegseeFigure

9.3[13]). Twovariablesxpresgheenginenacelldocationsalongthewing semi-span.
The fuselageshapeis definedwith eight variablesspecifyingthe axial locationand

radiusfor eachof four restraintpointsalongits fixed300 ft length. Thehorizontaland

verticaltails aretrapezoidaplanformswhoseareaseachcomprisea designvariable.
Thethrustof the engineis alsoa variable. Internalvolume of the aircraftis fixed at

23,270 ft3.

The idealizedmissionprofile is dividedinto threesggments—takedf supersonic
leg at Mach 2.4,andlanding. Therearethreevariablesrelatedto the mission—flight
fuel weight,climb rate,andinitial supersonicruise/climbaltitude.

9.1.2 Constraints

The HSCT optimization processis subjectto 69 explicit nonlinearconstraintsof

varying complity and computationakxpense. The leastexpensve to evaluateare
geometricconstraintghatareusedto eliminatephysicallysenselesdesignsnvolving

negative lengths,zerothicknessetc. Aerodynamicandperformanceonstraints/ary
from moderatelyexpensve (e.g.,stability issues)}o computationallyintensive (range
> 5,500). Table9.2[13] lists all constraintsvith shortdescriptions.
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Figure9.1 Typical HSCT configuration.

9.1.3 Multi-fidelity Analysis

Minimizing TOGW requiresa large numberof disciplinaryanalysege.g.,structural,
aerodynamic)so thatthe optimal configuration(sanbe found. The computational
costof sophisticateénalysigechniqueb®ecomeprohibitiveasthe numberof design
variableggrows (> 5), andsimplermethodsarenot accurateenough.A multi-fidelity

approachemploysmethodsof varying compleity and computationalost, so that

optimizationbecomedeasible.

Onemethodof incorporatinghe multi-fidelity approactearlyinto the designpro-
cessis the useof responsesurfacemethodologiesRSM). RSM usessimple math-
ematicalmodels,typically low-orderpolynomials,to approximatehe responseand
smoothout numericalnoisepresenin the higherfidelity analyses.SuchRS models
arecreatedusingalimited numberof analysestasetof statisticallyselectegointsin
the designspace.The optimizerworkswith thesemodels(responseurfaces)nstead
of the actualhigh fidelity analysespecauseén additionto smoothingout the noise,
oncegeneratedhe former aremuch fasterand simplerto work with. Additionally,
morethanoneresponsasurfacecanbe generatedoncurrently

Unfortunatelythecompleity andaccurag of polynomialapproximationsread-
verselyaffectedasthe numberof designvariablesincreaseg> 20). For this reason,
low fidelity analysesare usedto reducethe dimensionalityand costof polynomial
modelsby identifying interveningvariablesandimportanttermsto be usedin reduced
termmodels.In addition,closeattentionmustbe paidto how theinitial datasetused
to createthe RSmodelis generated.
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Figure9.2 Wing planformdesignvariables.
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Figure 9.3 Wing airfoil thickness.

9.2 PROBLEM DEFINITION

9.2.1 Designof Experiments Theory

A point selectionalgorithmis neededo generateghe configurationgrom thebox—a
p-cube,centeredat the origin, wherep is the numberof designvariables—thatwill
be usedto definethe reasonablelesignspace. A full factorial designis a possible
choice,but it will resultin an unwieldy numberof configurations.For example,a 25
variableproblemwith two levelsfor eachdesignvariableresultsin 225 a 33 million
points. With anaverageof threeevaluationsneededo bring a pointto thereasonable
desigrspacethiswouldrequireaboutLlOOmillion low-fidelity analysesPresentlythis



126  PARALLELNUMERICALCOMPUTATION WITHAPPLICATIONS

Table9.1 Designvariablesandtypical values.

Index Typical

Description

1 181.48
2 155.90
3 49.20
4 181.60
5 64.20
6 169.50
7 7.00
8 74.90
9 0.40
10 3.69
11 2.58
12 2.16
13 1.80
14 2.20
15 1.06
16 12.20
17 3.50
18 132.46
19 5.34
20 248.67
21 4.67
22 26.23
23 32.39
24 697.90
25 713.00
26 39000.00
27 322617.00
28 64794.00
29 33.90

Wing rootchord

LE breakpoint, z (ft)

LE breakpoint, y (ft)

TE breakpoint, z (ft)

TE breakpoint, y (ft)

LE wing tip, z (ft)

Wing tip chord(ft)

Wing semi-sparft)
Chordwisdocationof max. thickness
LE radiusparameter

Airfoil ¢/c ratioatroot, (%)
Airfoil t/c ratioatLE break,(%)
Airfoil ¢/c ratioatLE tip, (%)
Fuselageestraintl, z (ft)
Fuselageestraintl, y (ft)
Fuselageestraint2, z (ft)
Fuselageestraint2, y (ft)
Fuselageestraint3, z (ft)
Fuselageestraint3, y (ft)
Fuselageestraint4, z (ft)
Fuselageestraint4, y (ft)
Nacellel location(ft)

Nacelle2 location(ft)
Verticaltail area(ft?)
Horizontaltail area(ft?)
Thrustperengine(lb)

Flight fuel (Ib)
Startingcruise/climbaltitude(ft)
Supersonicruise/climbrate(ft/min)

computationis prohibitive,anda schemebasedon the partially balancedncomplete
block (PBIB) design[17] is usedto generatgoints.

A PBIB of order n consistsof pointswherecombinationof n, usuallybetween
two andfour, variablesat a time changetheir level. The level! signifieshow mary
differentdiscretevaluesa variablecanassumd4]. For example,a variableallowed
to takevaluesin {—1, 0, 1} haslevel three[21]. Thetotal numberof configurations

generatedy this schemds

> ()
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Table9.2 Optimizationconstraints.

Index Constaint

Geometric Constraints

1 Fuelvolume< 50% wing volume
2 Airfoil sectionspacingatCy;;, > 3.0 ft
3-20 Wing chord> 7.0 ft
21 LE breakwithin wing semi-span
22 TE breakwithin wing semi-span
23 Rootchordt/cratio> 1.5%
24  LE breakchordt/c ratio > 1.5%
25 Tip chordt/c ratio> 1.5%
26-30 Fuselageestraints
31 Nacellel outboardof fuselage
32 Nacellel inboardof nacelle2
33 Nacelle2 inboardof semi-span

Aerodynamic/Performance Constraints

34 Range> 5500 nauticalmiles

35 (7 atlandingspeed 1
36-53 SectionCy, atlanding< 2

54 Landingangleof attack< 12°
55-58 Enginescrapeatlanding

59 Wing tip scrapeatlanding

60 LE breakscrapeatlanding

61 Rudderdeflection< 22.5°

62 Bankangleatlanding< 5°

63 Tail deflectionatapproach< 22.5°

64 Takeof rotationto occur< Vpin

65 Engine-outimit with verticaltail

66 Balancedield length< 11000 ft
67-69 Missionsgments:thrustavailable> thrustrequired

wheren is theorder p is the numberof designvariablesand! is thelevel. In effect,
thisresultsin all combinationsvherel throughn variablescaneachtakeary oneof !

valueswhile theremainingvariablesareheld at a nominalvalue. Thenominalpoint,
whereall variablesare at their nominalvalue, is alsoincluded(: = 0 in the above

formula). For example,the numberof configurationghatwould have to be evaluated
whenl = 2,p =25, andn = 4is

4

(25
Zz ) = 222051.
2

i=0
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Clearlythisis a muchsmallersetof pointsthanproducedwith afull factorialdesign.

Unfortunately using a PBIB point samplereducesthe coverageof the reasonable
designspace,and optimization can often lead to unexplored cornersof the design

space.

9.2.2 ReasonableDesignSpace

Generationof the initial designspace,usingthe PBIB design,is followed by the
reductionof its volume down to the size of the reasonabl@esignspace containing
reasonabldHSCT configurations,to exclude from consideringunrealisticdesigns.
A reasonablalesignis a configurationhaving similar characteristic$o the feasible
designshut allowedto have someaerodynamic/performancenstraintviolated. The
eliminationof unreasonabldesignavasdesirablesincethis would leadto remaving

mostof the designdn the alreadyvery sparselycovereddesignspace.Insteadeach
unreasonablelesignx was moved linearly towardsthe baselinedesignx, until it

met a certainset of criteria. The set of parametersusedto determinewhethera

designis reasonableor not, includes34 standardgeometricconstraintsfor HSCT,

severaladditionalgeometricconstraint@andsomeaerodynamiconstraintavhich use
“approximate"'methodgor designanalysisandarethereforeinexpensve to evaluate.
Thisprocedurdringsanunreasonabldesignx to theborderof thereasonabléesign
space. The designvariableswere changedinearly with a paramete3 betweenthe

initial unreasonabldesignx andthe centraldesignx..:

x' =B (x—%x) + X

Theparametep, 0 < 3 < 1, wasfoundfor eachdesignusingbisectionwith tolerance
0.01. Theparallelizationof this paradigmis thefocusof this study

9.3 DESCRIPTION OF ALGORITHMS
9.3.1 Assumptions

Let W bethetotal numberof configurationgo be evaluatedandlet V bethenumber
of processorsvailablefor computation.Thefollowing conditionsareassumedor the
communicationsetwork:

= communicatiorchannelsarereliable,i.e., thereis no messagéoss,corruption,
duplication,or spoofing;

= communicatiorchannelslo notnecessarilypbey the FIFOrule;

= messagetakeanunpredictablebut finite amountof time to reachtheir destina-
tion;

= amessagéhathasbeersents consideredn transitionuntil it hasbeerprocessed
atits destination;
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m  eachprocessohasknowledgeof its own identity;

= theprocessorarecompletelyconnectedie.,thereis eitheradirector anindirect
communicatiomoutefrom every processoto every other;

= the networkis fixed, i.e., its doesnot changesize dynamically Thus each
processohasknowledgeof thetotal numberof processors the network.

It is a prerequisitefor the dynamic load balancingand termination detection
paradigmsdescribedbelown that initially all work is distributed evenly amongstall
processorsThus,every nodestartsoff with aninitial loadequalto approximatelyotal
work divided by numberof processor§V/N. For the remainingpartof this section
nodeandprocessomwill beusedinterchangeablyandtask,work, andload shallrefer
to the proces=f evaluatingand possiblycoercinga configuration representedy a
row of the PBIB designmatrix, to areasonableesign.

9.3.2 Dynamic Load Balancing

Both algorithmsdescribedn this sectionhave thefollowing attributes.

= Nonpreemptive: partially executedtasksare not transferred.Preemptiorcan
bevery expensve in termsof transferringa task’s state.

= Receiverinitiated: work transferis initiated by receving nodes.This is more
suitablehere,sincetotal work is fixed, andthereis no goodheuristicfor esti-
matingif anodeis comparatiely overloadedj.e., how long ataskwill take.

= Thresholdtransfer policy: a node startslooking for more work when the
numberof its taskshasdroppedbelow a certainthreshold.

m  Fixed ratio splitting policy: whena nodeis aboutto transferwork, it usesa
fixed ratio « to split its work W; to sendaway aW;. « is fixed becausehe
algorithmswill notbe collectingary systeminformationto helpthemadapta
to theglobalstate.(a = 0.5 for theresultshere.)

= No information policy: the nodesdo not attemptto gatherary information
abouthesystemnstate. Thepotentialoverheadnherenin informationcollection
outweighsthe benefits,sincethe communicatiometworkis static, processors
areawareof all otherprocessorsandno work is createddynamically Sureys
of dynamicloadbalancingcanbefoundin [20], [28].

9.3.2.1 Random Polling (RP). Whena processorunsout of work it sendsa
requestto a randomlyselectedprocessar This continuesuntil the processoffinds
work or thereis no morework in the systemand terminationis established.Each
processois equallylikely to be selected.This is a totally distributedalgorithm,and
hasnobottleneckslueto centralizedcontrol. Onedravbackis thatthecommunication
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overheadmaybecomejuitelargedueto theunpredictablemumberof randomrequests
generatedAlso, in theworstcasethereis noguarante¢hatary of theidle processors
will ever berequestedor work, andeffectively no load balancingmay be achieved.
Detailedanalysisand someimplementatiorresultson randompolling aretreatedby
Sandersn [26], [27].

9.3.2.2 Global Round Robin with MessageCombining (GRR-MC). The
ideabehinda global roundrobinis to makesurethatsuccessie work requestgo to
processorg aroundrobinfashion.For example,in aparallelsystenof NV processors,
if the first work requestgoesto processob, the secondonewill go to processotl,
suchthatthe ith requeswill besentto processoi mod N. All processorsvill have
beenpolledfor workin N requestsThis schemeaequiresglobalknowledgeof which
processarsayT, isto bepollednext. A designategrocessoactsastheglobalround
robin managerandkeepstrack of 7. Whena nodeneedswork it will referto the
managefor the currentvalueof T'. Beforerespondingo otherqueriesthe manager
will incrementl" to T+ 1 mod N. Thenodelookingfor work canthensendarequest
for tasksto the processowhoseidentity is equalto 7. A major dravback of this
schemas thatas N grows andthe work requestsncreasethe managemwill become
congestedvith queriesposinga severebottleneck.

Kumar Grama,andRao[24] suggestedhat messageombiningbe introducedto
reducethe contentionfor accesgo themanagerProcessorareorganizedn abinary
spanningreewith themanagemrstheroot, whereeachprocessois aleaf of thistree.
Whenaprocessoneedghevalueof T' it sendsarequesup thespanningreetowards
towardsthe root. Eachprocessoat anintermediatenodeof the tree holdsrequests
receved from its childrenfor somepredefinedime d beforeit propagateshemup
in onecombinedrequest.If ¢ is the cumulative numberof requestdor T' receved at
the root from one of its children,thenT is incrementeddy i beforea requestfrom
anotherchild is processed.The value of T' beforeit wasincrementeds percolated
backdown thetreethroughthechild. Informationaboutcombinedrequestss keptin
tablesat intermediatdreenodesuntil they aregranted sothatthe correctvalueof T'
percolateslovn thetree. An exampleof globalroundrobin with messageombining
is illustratedin Figure9.4.

9.3.3 Termination Detection

Terminationis partof the global stateof a distributedsystem, becausét depend®n
theglobalavailability of work, asopposedo thework loadof asingleprocessarThe
definitionof globalterminationfor this systemimpliesthatall processorareidle, and
thattherearenowork transfermessagem transit. In otherwords,sinceno additional
work is createdon the fly, global terminationhasoccurredwhenall computations
complete.An idle nodeis onewhich hasnowork, andis searchindgor work usingone
of thedynamicloadbalancingalgorithmsdescribedaborve. A busynodeis onewhich
haswork to perform. A processocanchangeits statefrom busyto idle only whenit
finishesits tasks,andfrom idle to busyonly whenit recevesawork transfermessage.
Clearly, terminationis a stablestate,becausef all processesreidle, andthereare
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Figure9.4 GRR-MConaspanningree,wherez isthevalueof T, and N = 8.

no messagem transit, thenno nodewill receie a work transfermessageandthus
changadts statusto busy.

Theglobalstateof adistributedsystencanbecapturedn two ways,synchronously
and asynchronously The former can be achieved by freezingall processe®sn all
processorandinspectinghestateof eachprocessoandeachcommunicatiorchannel.
This canbevery time consumingwhenthe numberof processorss large, andmore
than one global statecapturemay needto be performed. Both of the algorithms
describedelow establistterminationasynchronously

9.3.3.1 Global TaskCount(GTC). Theideabehindglobaltaskcountistokeep
trackof all finishedtasks andusethisto detectwhenall work hasbeerperformedi.e.,
establisitermination. This algorithmis applicablebecauséehe total numberof tasks
is available,andfixed. Oneprocessqrthe manageris responsibldor keepingtrack
of thefinishedtaskscountC'. Initially, C is setto 0. When&er aprocessocompletes
its setof tasks,it sendsa natificationto the managemith the numberof tasksthatit
completed.Uponreceving sucha messagéhe managelincrementsC' accordingly
Eventually asall hasbeenperformedthevalueof C becomegquatlto theknown total
numberof tasks.At this point,themanagenotifiesall processorthatterminatiorhas
occurred.

Globaltaskcountdetectgerminationimmediatelyafterit occurs,which makesit
very fast. The total numberof messagesentby a nodeto the manageiis equalto
the numberof timesthat the nodebecamebusy with work, includingits initial load.
A potentialdravbackis that sendingmessage$o a single managemay becomea
bottleneckasthenumberof processorgcreasesOntheotherhand totalcompletion
notificationsareexpectedo beof orderV, andto bespreadutin time. Thisalgorithm
is very similar to Mattern's CreditRecaery Algorithm describedn [30] andHuangs
algorithmtreatedin [28]. Taskcountherecorresponddo creditsin Mattern’s and
Huangs algorithmsthat arenot scaledto 1. Thefact that creditsarenot scaledto 1
hastheadvantageof avoiding floatingpointrepresentatiorssueghatwould otherwise
be encountered A separatgroof of correctnes$or globaltaskcountis considered
redundant.
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9.3.3.2 Token Passing(TP). Token passingis a wave algorithm for a ring
topology For athoroughdiscussiorof wave algorithmssee[31]. A wave is a passof
thetokenaroundthering whereall processortaze asynchronouslyestifiedto being
idle. Thisis notenoughto claim termination sinceall nodeswerepolledat different
times,andwith dynamicloadbalancing,it is uncertainif they remaineddle or later
becameiusy A secondwvave is neededo ascertairthattherehasbeenno changen
the statusof ary processar For a similar algorithm,see[6]. Terminationis detected
in at mosttwo wavesor 2N messagesfterit occurs. Thetotal numberof messages
useddepend®n the total numberof timesthe tokenis passedaroundthering, but is
boundedelov by 2.V.

Eachprocessokeepstrack of its statein alocalflag IDLE. Initially, IDLE is
setto false sinceall processorstartoff with someload. ConsequentlyI DLE is
setto false every time a processoreceves morework asa resultof dynamicload
balancing. A tokencontaininga counter”, is beingpassedamongall processorin
acircularfashion. Uponreceving thetoken,a processoholdsit until it hasfinished
all its work, and/orbeforeit is readyto senda work request.It is importantto note
thatthesendingof arequestindthereceving of eithera positive or negative reply are
treatedasanatomicunit. At thatpoint, it checksthevalueof its IDLE flag. In case
IDLE istrue theprocessomcrementghetokencounterI, by 1. In thecasewhere
IDLE'is false, theT, isresetto 0, andthevalueof IDLE is settotrue. After this,
if the tokencounterhappengo be equalto the numberof processorsv, termination
is establishedndall processorsrenotified. Otherwise thetokenis sentto the next
processom thering.

9.4 PARALLEL IMPLEMENT ATION

The distributedcontrol algorithmswereimplementedn C to meshwith the existing
analysiscodeghatwerein both C andFORTRAN 77.

9.4.1 MPI

The MessagéePassinginterface(MPI) [29] is a messaggassingstandarddeveloped
by theMP1 forum—agroupof morethan80 peoplerepresentinginiversitiesyesearch
centersyendorsandmanufactureref parallelsystems As acommunicationgrotocol

MPI is platform independentthread-safeand hasa lot of useful functionality—
combiningthe bestfeaturesof several existing messagingorotocols[29]. A brief

discussiorof theseattributesfollows.

= Platform independence: MPI was developedto work on parallel platforms
regardlesof underlyingarchitecture This abstractiorover natve communica-
tion protocolsmakedMPI applicationgortableacrossarchitecturegdistributed
memory sharednemory or networkclusterspslongasanMPIl implementation
for the desiredplatform exists. For mary architecturedMPI implementations
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arereadily available,sincethe standards widely supportedy computerman-
ufacturers.

= Built-in functionality: Oneof theimportantadvantagef MPI is thatit pro-
videsreliable communicationsso the programmeidoesnot have to dealwith
communicatiorfailures (seeassumptionsn Chapter5.1). The standardalso
incorporatesnechanism$or point-to-pontandcollective communicatior{e.g.,
broadcastscatter gather etc.), overlappingcomputationand communication,
procesdopologiesandgroups,andawarenesandmanipulationof the parallel
ervironment. Much of this functionality hasbeenincorporatedn the parallel
versionof thecode.

m  Thread-safety: The dynamicload balancingcode exploits a multi-threaded
paradigm.This impliesthatall modulesandpackagesisedin the codehave to
bedesignedo work with threadsptherwiseresultsareunpredictable.

9.4.2 Threads

Threadsare distinct concurrentpathsof executionwithin the sameOS procesghat
get scheduledwithin the allottedtime of their parentprocess. Differentscheduling
techniguesanbe useddependingon the packageandthe operatingsystemsupport.
For adiscussiorof threadssee[28]. Oneof thechallengingaspect®f multithreaded
designis that threadsshareaccesdo their parentprocess’'memory This calls for
mutual exclusion and synchronizatiortechniqueslike semaphoresmonitors, etc.
An advantageof this approachis thatit exploits concurreng at the processotevel.
For example,a threadcould berunningon thel/O controller, anotheron the network
servicenode andathird onecouldbeperformingcomputation®ntheprocessinginit.
Suchconcurreng canalsobe achiezed by usingnonblockingl/O or MPI calls, but
organizingeachlogical taskwithin the processn athreadcanprovide afinergrained
concurreng anda moreintuitivedesign.For example,Kumar GramaandRaoshov
a statediagramdescribinga “generic parallelformulation” [24], wherethe grain of
concurreng dependsn the fixed unit of work. In atypical multithreadedapproach
threadsthat have no work stay idle without consumingprocessingycles, and start
workingonly whenthey aresignaledhatthereis morework to bedone thusavoiding
busy-wait. Overall, usingthreadswith the MDO codeintroducedsomecompleities
asa resultof mutualexclusion and synchronizationput asa whole madeit easier
to designandimplementthe algorithms. The packageusedwasPOSIXthreadsand
mutualexclusionwasimplementedisingsemaphores.

9.5 DISCUSSIONOF RESULTS

Figures9.5-9.7shov snapshotsf thestatef nodesduringexecutionfor asmallsam-
pleproblemon N = 7 nodes.Processorspendimeperformingfile 1/0, computation,
andsittingidle. Whendynamicloadbalancings notin effect (Figure9.5),processors
spendhalf of their time beingidle. With GRR-MC (Figure9.6) andRP (Figure9.7)
idle statesaremore scatteredandare significantlyreduced.It canalsobe seenthat
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Figure9.7 Snapshotvith nupshoutility of RPwith globaltaskcounttermination,NV = 7.

eventhoughRP and GRR-MCresultin differentdistributions,bothare effective. To
testscalabilityandefficieng/ a relatively large datasetwith approximately?2 million
(2,026,231)designswas generatedising the point selectionalgorithm describedn
Section2.2 with order4 andlevel 3. All runswereperformedon Intel Paragonplat-
forms, which have a mesharchitecturewith Intel i860 XP processorgomprisingthe
nodes.

Table 9.3 shawvs executiontimes from the Intel ParagoncomputerXP/S 7 (100
computenodeshtVirginiaTech,andthelntel ParagorXP/S5, XP/S35,andXP/S150
(128,512,1024 computenodes,respectiely) computersat the Oak Ridge National
LaboratoryCenterfor ComputationaSciencesTimesaregivenin hoursminutesand
secondsfor N < 64 theaverageof five runsis reported with the standarddeviation
in parenthesesnderthetime (randompolling usesthe samefixed seedfor all runs).
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Table9.3 Intel Paragorparalleltimes(hh:mm:ss¥or low fidelity analysisof 2,026,231IHSCT
designs.

N RP GRR-MC Static
GTC TP GTC TP
32 | 8:28:38| 8:38:23| 8:30:00| 8:39:41| 12:48:11
(6:38) | (2:33) | (1:30) (:48) (1:52)

64 | 4:08:05| 4:13:08| 4:13:08| 4:18:09| 7:06:59
(:03) (:04) (:02) (:02) (:09)

128 | 2:11:46| 2:12:54 | 2:14:04| 2:17:36| 3:43:30
256 | 57:39 | 1:03:46| 59:27 | 1:08:24| 1:54:58
512 | 31:16 | 33:04 | 33:34 | 34:26 | 1:01:49
1024 | 15:20 | 15:43 | 17:30 | 17:27 29:26

For all otherresults,V > 128, only onerun wascompletedoecausef limited access
to largerParagons Thetablestartsfrom NV = 32 nodesnsteadof N = 1 becausé¢he
time requiredto run 2 million designson oneprocessors prohibitive (> 400 hours).
Furthermorethecurrentimplementatiorgeneratesall the PBIB designsn onechunk,
so the memoryrequiredfor storingall designswould also be prohibitive. Timesin
Table9.3donotincludedisk /O (1.2GBytesYor thefinal results.

>FromFigures9.8 and9.9andTable9.3 several obsenationscanbemade.

1.

Scalability: all algorithms,including static distribution, scalewell for N <
1024 nodeswith randonypolling showing no noticeabledegradatiorin efficiengy
at N = 1024 nodes.

. Dynamic vs. static: bothdynamicloadbalancingtechniqueseemto be very

effective, 35 to 50 percentbetterthan static distribution, and this difference
increasesvith the numberof processorsv.

. Stable executiontimes: the standarddeviations of total execution time for

runson 32 and64 processorareverysmall,whichindicateghatperformancés
relatively stable.Randonpollingis expectedo have morevariancen execution
time whenthe seeds not fixed, but nota significantdifference.

. Superlinear speedup: thelatterrows of Table9.3 exhibit superlineaspeedup

for global round robin with messagecombining and randompolling. This
impliesthatat 32 nodeghe memoryrequiremen{18 MBytes)for workingwith
arelatively largenumberof task~s 63, 319) pernodecandegradeperformance
onthe XPS/7platformdueto resourcestanation.

. Global task count vs. token passing: Globaltaskcountseemdo outperform

tokenpassingor N < 1024 with GRR-MCandRR but therelative difference
decreasefor larger N. Clearly the overheadnvolvedin processingll com-

pletionmessage€> N) by onemanagenodeunderglobaltaskcountincreases
with N,
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6. Random polling vs. global round robin with messagecombining: With
bothterminationdetectionschemesandompolling clearly outperformggylobal
roundrobinwith messageombining. Therelative differencen executiontimes
increaseasN becomedarger Thesimplicity of therandompolling algorithm
leadsto thelackof ary significantoverhead.Contentionconditionsareunlikely
to occurbecausenessagearerandomlydirectedandtypically the numberof
unsuccessfulork acquisitionmessagemcreasesignificantlyonly just before
termination. Global roundrobin with messageombining,on the otherhand,
involvesalongerwait, comprisedf afair numberof communicatiormessages
acrosshe spanningree,beforeit cansenda work acquisitionrequestandthe
price of unsuccessfulvork acquisitionrequestds higher becausehey imply
moretime spentidle. Furthermorepn averagethe total numberof messages
processethy anoderunningGRR-MCis higherthatthatfor anoderunningRP,
sinceeactrequests propagatethackandforth throughasmary aslog, N other
nodes. Finally, for both algorithms the fact thatall nodesstartoff with some
load,whichis expectedo berelatively balancedamonghemfor alargenumber
of randomlylong tasks,senesto decreaséhe initial numberof unsuccessful
work acquisitionrequestswhichin turnimprovesperformance.

speedup
1000
800 ——1Ip gtc
600 e grr gtc
400

-x--static
200

200 400 600 800 1000N

Figure9.8 Speedupesultsfor globaltaskcountusing N = 32 asthebase.

speedup
1000
800 ——1rptp
600 o grr tp
400
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200

200 400 600 800 1000N

Figure9.9 Speedupesultsfor tokenpassingusingN = 32 asthebase.
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9.6 SUMMARY

Distributed control and load balancingtechniquesvere appliedto an aspectof the
multidisciplinarydesigroptimizationof ahigh speectivil transport.Two dynamidoad
balancingalgorithmgrandomnmpollingandglobalroundrobin with messageombining)
togethemvith two necessarferminationdetectio schemegglobaltaskcountandtoken
passingwereimplementedor the reasonabl@esignspaceidentificationparadigm.
Performancevasevaluatedon upto 1024 processor$or all combinationof dynamic
load balancingand terminationdetectionschemesplus the static distribution case.
The effect of various algorithmic parameteravas also explored, and found to be
nagligible except at extremevalues. The resultswere very encouragingn terms
of the effectivenessof dynamicload balancing(35-50 percentimprovementover
a static distribution), and the scalability of the algorithms(speedupwvas essentially
linear). Mostimportantly thetime spentidentifying the reasonablelesignspacehas
beendramaticallydecreasedyermittingthelow fidelity analysisof 2 million designs,
whichwasimpracticalbefore. Thelogicalnext stepis to gobeyondmerelyidentifying
thereasonablédesignspaceandto identify gooddesignregionswithin thereasonable
designspacewhich would thenbe passedff to mildly parallelmachinege.g.,IBM
SP/2or SGI Origin 2000)for “local” highfidelity optimization.

This effort is a steppingstonetowardsthe goal of a MDO problemsolving en-
vironmentthat will provide a completeand corvenientcomputingervironmentfor
interactive multidisciplinaryaircraftdesign.As shovn by the experienceof Burgeeet
al. [7, 14] andmary others,somecrucial disciplinaryanalysiscodes(for structural
mechanicsfluid dynamicsaerodynami@nalysispropulsionto nameafew) perform
very poorly in a multidisciplinaryparallelcomputingervironment. Thesecodesrep-
resenthundredsof man-yearof experienceanddevelopmentandareunlikely to be
rewrittenfor parallelmachinesry time soon. Thusthechallenges to find approaches
to MDO (e.g.,variablecompleity modelingandresponseurfacetechniquesyvhich
permitthe useof massiely parallelcomputingfor somephasesf the procesqone
suchphasevasdemonstratetiere)andlegag disciplinarycodeson serialcomputers
for otherphases.One highly toutedsolutionis “network computing”, but that still
remaingfar from practicalfor serioudarge-scalenultidisciplinarydesign.
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of utmostimportance. Sparsedirect methodsare the mostrobust methodsover a wide
rangeof numericalpropertiesandthereforePARDISO hasbeenintegratedinto comple
semiconductodevice and processsimulationpackages.We have investigatedpopular
sharedmemorymultiprocessorandthe mostpopularnumericalalgorithmscommonly
usedfor the solutionof the classicaldrift-diffusion andthe diffusion-reactiorequations
in processimulation. Thestudyincludesapreconditionedterative linearsolverpackage
andourparalleldirectlinearsolver. Moreover, we have investigatedheefficiency andthe
limits of our parallelapproach.Resultsof severalsimulationsof up to 100'000vertices
for three-dimensionalevice simulationsarepresentedo illustrateour approachliowards
robust, parallelsemiconductodevice andprocessimulation.

10.1 INTRODUCTION: SEMICONDUCTOR DEVICE
SIMULATION AND ALGORITHMS

Numerical semiconductoidevice and processsimulationis basedon the solution
of a coupledsystemof non-linearpartial differentialequationg PDE’s) that canbe
eitherstationary time dependentpr even complex with continuousdependenciesf
a parameterdependingon the problemconsidered9, 10]. The nonlinearnatureof
the semiconductotransportequationswith exponentialrelationsbetweernvariables,
leadgo discretizecequationgndthe sparséinearsysemsaretypicallyill -condtioned.
Thesesystemsaresolvedby iterative method®r directmethods

Generally the memoryrequirementf an iteratve methodare fixed, known in
adwance,andthesemethodsrequirelessmain memorythandirect methods. Heiser
etal. [8] comparedsparsedirectand iterative algorithmsfor semiconductodevice
simulationsandexpectedmainmemoryrequirement$or sparselirectmethodsdn the
10-100Gbytesrangefor a simulationwith 100’000verticesand300’000unknonns.
However, they usedonly localfill-in reductionmethoddike minimum-degreebased
algorithms[17] andthe sparsedirectsolver did not exploit the memoryhierarchyof
thecomputingarchitecture.

The rapid and widespreadacceptancef sharedmemory multiprocessors from
the desktopto the high-endsener, hasnow createda demandor paralleldevice and
processimulationon suchsharednemorymultiprocessorsin this paperwe present
astudyof large-scalesemiconductodevice andprocessimulationsandcomparehe
time requirementof completesimulationsusingiteratve methodsand our parallel
directsolver. PARDISO exploits the memoryhierarchyof the architectureusingthe
clique structureof the elimination graphby supernodealgorithms,thusimproving
memoryand processofocality. The reorderingfeaturesstate-of-the-artechniques,
e.g. multilevel recursve bisection[13, 14], for thefill-in reduction. The combi-
nationof block techniquesparallelprocessingandglobalfill-in reductionmethods
for threedimensionakemiconductodevicesresultsin a significantimprovementin
computationaperformance.

In section10.2we describan detailthe algorithmsusedin the parallelsparsd_U
solver. Furthermoreye provide anoverview of the sharednemorymultiprocessors
(SMPs)andpresenthe numericalresultson theseSMPs. Section10.3 providesthe
comparisorof iterative methodsandsparsalirectmethoddor several semiconductor
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device simulationexampleson differentarchitecturesThescalabilityis demonstrated
for the simulator DESSIS ;s with PARDISO for a realistic 3-D example with
105’237 verticesand 315’711 unknonvns. Section10.4 containsa summaryof our
results.

10.2 HIGH COMPUTATIONAL PERFORMANCE FOR
PARALLEL SPARSE LU FACTORIZATION

In 3-D semiconductoprocessanddevice simulation,typical valuesfor the grid size

rangefrom several thousandup to several hundredthousandvertices today If three
non-linearpartial differential equationsare solved in a fully coupledschemethe

numberof unknavnsis up to 300°000. Thelinearsolver usuallydominateshe CPU

timesof the simulationon a single-processaarchitecturelt is, therefore mandatory
to usethefastesimethodsandimplementatioravailable.

Regardingthe numericalstability of sparseGaussiareliminationit is well known
thatthe methodis guaranteedo be numericallystablewhensymmetricpositive defi-
nite systemsaresolved[7]. In theareaof semiconductodevice simulationthesparse
matricesresultingfrom the discretizatiorof the drift-dif fusion equationsareunsym-
metric. If suchanunsymmetrianatrix resultsin anunstablesliminationprocesspne
usuallyappliespivoting stratgiesto curethe problem. However, it is our experience
thatonecanoftensolve theseunsymmetricsystemawith acceptabl@ccurag with re-
strictedpivoting. Hence the non-symmetricstructureof A is extendedto a structural
symmetriconeandthereorderingcanbecomputedn advance.Theexperienceclearly
shavs thatthe structuredsymmetricapproachwith pivoting in densediagonalblocks
is the mostfavourableonefor our classof problems— if it fails dueto the pivoting
restrictionsthe simulatorperturbeghe matrix.

We find thatit is importantto tackle threedifferentissuesfor an efficient sparse
LU directsolver. Thefirstaimis to reducethefill-in duringthe eliminationprocess,
the secondoneis a high single-nodeperformanceand the third goal high parallel
efficiengy on a sharednemorymultiprocessar

10.2.1 Reordering: minimum degreeand nesteddissection

Dueto therestrictedpivoting schemewe cannow concentraten the reorderingfor
structurally symmetriclinear systems. From the theory of sparsedirect matrices
[4, 6] it is well known thatreorderinghasa drasticeffect on thetime andthe memory
requirementsftheLU factorizationof thesparsematrix A. Thereorderingstypically
solvedby two competingypesof methods— minimumdegreealgorithmsandnested
dissectioralgorithms

Theminimumdegreealgorithmis alocalalgorithm. At eachstepit eliminateshat
nodeswith the smallestdegree sincethis is a heuristicsthat often minimizesfill-in
locally for planargraphs. The nesteddissectionalgorithmis a global algorithm. At
eachstepa vertex separatoof the graphis found which splits the graphinto two
or more disconnectedomponents. The vertex separatoiis orderedlast, sincethis
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guaranteeaminimalfill-in attheendof thefactorization.In recentyears significant
progres$asbeenmadein graphpartitioningandreorderingalgorithms— especially
with respecto the nesteddissectioralgorithmfor sparsenatrices.Amongthe mary
heuristicsproposedor approximatelysolving the NP-hardcombinatorialproblemis
therecursve spectrabisectionmethodfirst proposedy PothenSimonandLiou [20].

We have investigatedseveral heuristicsfor the minimum degree and the nested
dissectionalgorithm. Up to now, the only oneswe find effective for our problem
arethemultiple minimumdegreealgorithm[17] andtherecursve bisectionalgorithm
implementednto METIS [13], apopulampackagehatdelivershighqualityreorderings
for sparsematrices. Tables10.1 shavs the quality of the reorderingwith bothtypes
of fill-in reductionmethodsor typical semiconductodevice andprocessimulation
matrices.

Table10.1 Comparisorof multiple minimumdegree(MMD) andrecursve nesteddissection
(METIS) for 2-D and3-D semiconductodevice andprocessimulationmatrices

Matrix Rows  Nonzeros ILUI/1A|
MMD  METIS

1 2D eth-points 151'389 1'046'105 5.62 6.04
2 2D eth-load.bic 56’941 393415 6.44 6.69
3 2Dise-mosfet-1 12’024 250740 6.11 6.24
4 2D ise-mosfet-2 24’123 504’765 6.47 6.66
5 3D eth-eeprom 12’002 630'002 13.12 10.48
6 3D ise-ight-coup18'668 412’674 24.07 18.45
7 3D eth-eclt 25'170 1'236'312 20.44 14.49
8 3Dise-soircoup 29'907 2'004'323  20.69 14.14
9 3Deth-mosfet 31'789 1'633'499 23.48 16.36
103D eth-eclt-big 59’648 3'225'942 33.06 19.77

Comparingthefill-in for the sparseLU factorizationwith the two popularfill-in
reductionalgorithmsallows us the drawv the conclusionthat the multiple minimum
degreealgorithmis only suitablefor two-dimensionabrids. The nesteddissection
approachof the METIS packageesultsin muchsmallerfill-in for three-dimensional
matricesrom semiconductodevice andprocessimulations.

10.2.2 High singlenodeperformancewith block algorithm

Thekey ideabehindthefactorizatiorfor sparsdinearsystemss basedntheconcept
of asupernodé¢l, 18]. Duringthesymbolicfactorization supernodeareidentifiedas
asetof contiguousolumnsn thefactorL thatsharehesamesparsitystructurebelow
the densetriangularblock. The supernodeblock numericalfactorizationoperates
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on groupsof columnsat the sametime and involves mainly densematrix-matrix
multiplications. The maineffectis a strongreductionof memorytraffic — resulting
in asignificantimprovementof computationaperformancg19, 23, 3].

10.2.3 Parallel sparseLU factorization on shared memory
multipr ocessors

Ng andPeyton [19] have introduceda parallelsparsesupernodeCholeslky algorithm
on a shared-memoryectorsupercompute€ray Y-MP. They implementeda parallel
left-looking supernodealgorithmthat scheduleghe supernoddasksdynamicallyon
the available processors. The numberof interprocessynchronizationsequiredin
that Cholesly factorizationalgorithmis proportionalto the numberof compessed
subscripts[24]. The numberof compressedubscriptsis preciselythe numberof
off-diagonalnonzeroentriesin the last columnof all supernodesFurthermorethe
left-looking algorithmproposedn [19] is implementedvith saxpy operationsn the
terminologyof the BLAS [15] to allow superectorspeecdn the Cray supercomputer

Basedon the obsenationthat saxpy operationsarenot suitablefor BLAS level-3
speednRISCmultiprocessoarchitectureandthattheinterprocessommunicatiorns
animportantfactor, we devisedanalgorithmthatis closeto optimalin computational
performancedor the classof matricesstudied. The main featuresof our approach
arethatit is basedon a panelpartitioningtechniquejt reduceshe communication
overheadto order O(n), andit is completelyindependenbf the reordering. The
algorithmwith reducedsynchronizations shovn in Figure10.1.

To obtainamoderatdoadbalancingpn SMPswe introducepanelsattheendof the
eliminationprocessPanelsarefractionsof supernodeandthefactorizationof panels
makesthe computationakernelshighly efficient. The synchronizatioris organized
within two critical sections,codesegmentsthat canbe executedby only onethread
atatime. A scheduledynamicallyassignsa sub-supernodé a thread. Thereis
no notion of ownershipof sub-matricedy processors theassignments completely
dynamic,only dependingon the executionspeedof eachindividual processar After
theassignmenthethreadexecuteghefirst critical sectionandremoresall previously
computedxternalsub-supernoddeomthequeue.Theexternalsupernodepdatesire
now completelyindependenfrom othertasksresultingin a highlevel of concurreng.
Having performedall externalupdatesthethreadcomputesheinternalsupernodéU
factorization.As soonasthefactorizationof this supernodés finished thesupernode
is markedasready Thethreadentersthe seconctritical sectionandmarksall parent
sub-supernodedn terminologyof left andright looking[4, 19] bothtechniquesre
usedfor thisinterplayandthealgorithmintroducesorderO(n) critical locks.

10.2.4 Shared memory multipr ocessorsystems

The technicaldata of the multiprocessomrchitecturesisedin the benchmarksare
gatheredn Table10.2andTable10.3. In this studywe considertwo differentshared
memoryarchitecturessharednemoryparallelvectorsupercomputerg,12-CPUNEC
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1: Q«— 0

2: Scheduler ={bottom-up traversal of the elimination tree}
3: for P=1, #proc

4: while (Scheduler not empty)

5: lockI

6: Scheduler «— Scheduler\ {J}

7: /" panel J is computed by process P */

8: unlock I

9: while 3 panel K in Q with Ag; # 0

10: /" outer factorization, dependent on other
11: processes '/

12: lock II

13: remove all computed descendants K of panel J
14: from quene Q /" left looking */

15: unlock II

16: Ay g =Ax;— Aug * Ag g

17: A; . = Ags — Ajg * Ag «

18: end while

19: /" inner factorization, independent of other
20: processes "/
21: A;; =:L;s*U;s;
22: Ay = A #U7;

23: Ars =L77* Az

24: lock II

25: mark all parents K of panel J in queue Q
26: /" right looking */

27: unlock II

28: endwhile

29: endfor

Figure10.1 Parallelleft-right looking sparsd_U factorization

SX-4anda 16-CPUCrayJ90, andsharedmemorymultiprocessoseners,an8-CPU
DEC AlphaSerer 8400, an8-CPUSGI Origin 2000, andan8-CPUSunEnterprise
4000. Table10.3summarizethecharacteristicef theindividualprocessorsncluding
the clock speedthe peakMflop rate,andthe peakLINPACK performance.We use
64-bit-arithmetidor all factorizationnall multiprocessoarchitecturesliscussedh
this paper

10.2.5 Computational Performance

Theexperimentsarecarriedout with the sparsematricespresentedn Table10.1. All
linearsystem$iave anirregularstructureandtheexampleshave upto 2%non-zerogn-
triesin thefactorsL andU. Implementatiorissuesareveryimportant— thedifference
betweeragoodandapoorimplementationomayreachfactorof twentyor more. Aswe
canseefrom thedatapresentedh Figures10.3to 10.8,PARDISO deliverssubstantial
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Table10.2 Characteristicef the sharedmemorymultiprocessosystemsausedin the bench-
marks.

SMPMachine Processor CPU®Bandwidth

SunEnterprise4000  UltraSFRARC-II 8 1.3GB/s
DEC AlphaSener840(EV5.621164 8 1.2GB/s
SGI0rigin 2000 MIPSR10000 64 780MB/s
CrayPVP J90 16 51.2GB/s
NECPVP SX-4 12 256GB/s

Table10.3 Clock speedpeakfloating pointandLINPACK (1000x1000performancef one
processar

Peak LINPACK

Processor Clockspeed Mflop/s Mflop/s
UltraSRARC-II 336 MHz 672 461
AlphaEV5.621164 612MHz 1224 764
MIPS R10000 195MHz 390 344
J9o 100MHz 200 202
SX-4 125MHz 2000 1929

computationaperformancensupercompute@ndhigh-endwvorkstationandseners.
Forlargersparsenatricesye seethatthepackageachieresapproximately220Mflop/s
onaone-processdGIlORIGIN 2000. Comparedo thevendoroptimizedLINPACK

, thistranslatego roughly68% of thatperformanceThis is theconsequencef using
level-3 BLAS efficiently. Table10.2shaws theinfluenceof the new synchronization
scheme Theleft-right looking supernodalgorithmdecreasethe amountof synchro-
nizationeventsto only O(n) andit deliverssubstantiabpeedupgven for moderate
problemsizes.

10.3 COMPARING ALGORITHMS AND MACHINES
FOR COMPLETE SEMICONDUCT OR DEVICE
SIMULA TIONS

Forourcomparisorin Table10.4,weusedivetypicalsemiconductodevice simulation
cases:a 2-D transientsimulationwith a hydrodynamicmodeland 14’662 vertices,
andfour 3-D quasistationarglevice simulations,onewith 10’870 vertices,onewith
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Figure 10.2 Speedupon variousplatformsfor matrix eth-eclt-bigwith the left-looking ap-
proach(upper synchronizatioreventsproportionalto numberof compressedubscriptsyand
theleft-right looking approachlower, synchronizatioreventsproportionalto O(n)).

12'699verticesonewith 26'855verticesandonewith 105’23 7vertices.All gridsare
highly irregular andthe linear systemsarevery sparse.Theirregularity of the grids
leadsto morecomplicatedstructureof thelinear systemshatmustbe solvedduring
the simulation. The machinesare sharedmemorymultiprocessorsindthe processor
characteristiceire summarizedn Table 10.3. We usedan 32-processo6GI Origin
2000with sixteenGbytesof mainmemory aneight-processdDEC AlphaSererwith
two Gbytes,and an eight-processoSUN Enterprise4000with two Gbytesof main
memory

Comparinghe performancef two sparselirectsolversonthe samemachinewith
onesingleprocessagrwe seethatin all casePARDISO [22] is significantfasterthan
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Figure10.3 SpeedumndMflop/sona12-CPUNEC SX-4

SUPERsE [16, 12]. PARDISO usesthememoryhierarchybetweercacheandmain
memorysignificantlybetter andtheimprovementof thereorderings especiallyarge
for 3-D grids. Table10.4clearlyreflectgheperformancelifferencedueto algorithmic
improvements.

Onthe otherside, preconditionedsparsdterative methodsplay animportantrole
in the areaof semiconductodevice and processsimulations. Of the wide variety
of iterative solvers availablein the literature[2, 21] it hasbeenfound that only a
few are capableof solving the equationf large semiconductodevice and process
simulations.Thisis mainly dueto the badconditioningof the matricesin thecoupled
solutionscheme.Sofar, BiCGstab(2)[25] with a fastand powerful incompleteLU
decompositiopreconditioningandreverseCuthill-McK eeorderingappeargo bethe
bestchoicefor solvinglargesparsdinearsystemgs, 11]. Thedefaultpreconditioning
inthepackag&SLIP9G s ¢ isILU(5,1E-2). Forincreasinghydifficult linearsystemsthe
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fill-in levelandthethresholdsaluefor droppingafill-in entryin thelLU decomposition
is changedn five stepsto ILU(20,1E-5).

However, the resultsfor the linear solver have to be seenin the context of the
completesimulationtask. Oneoften obsered problemof theiterative methodsused
is the strongreductionof the averagestepsize during a quasistationarpr transient
simulationdue to corvergenceproblems. The typical time stepsize for non trivial
examplesis in the rangeof 0.01to 0.001timesthatfound for a directmethod. Fur-
thermorejooking atthequasistationar@-D simulationwith 105’23 7verticesin Table
10.4we seethatthe iterative solver failed during the simulation. The main memory
requiremenbf DESSIS ¢ g with the paralleldirectsolver wasabout4 Gbyteson the
SGI Origin 2000for thelargestexamplewith 105’237 vertices.
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Up to now, function evaluation and Jacobiancomputationare not parallelized;
likewise, the reuseof factorizedmatricesas preconditionersn a CGS iteration (a
featureof PARDISO andcontrolledby measuredimesautomatically)s notactivated
by thesimulationprograms Hencethecrossover pointfrom directto iterativemethods
for theproblemclassis on bandwidthimited RISCmachinesvell above 10* vertices.
For moderatelysized problemsthe parallelizationof the assemblingof the linear
equationsvould reducethe time consumption(compareTable 10.5). For the device
simulatorDESSIS s, which is written in the object orientedlanguageC++, it is
naturalto startthetaskaftertheannouncemeraf OpenMPfor C++.

TheTable10.6shavstwo semiconductodevice simulationcase®na32 processor
SGI Origin 2000. The solutionof the sparsdinear systemslominateghe execution
time of the serialimplementatiorespeciallyfor the 3D grid with 105’237unknowns.



152  PARALLELNUMERICALCOMPUTATION WITHAPPLICATIONS

©

~
T

)
T

w IS @
T T T

Speedup on an 8-CPU SGI Origin 2000

5
Matrix

—— eth-eeprom
16001 | —— ise-igbt-coup
—+—  eth-eclt

—*—  ise-soir-coup
eth-mosfet
eth-eclt-big

o
I
S
3
T

1200

N
1)
3
3

Mflop rate on an 8-CPU SGI Origin 2000
@
2
S

. . . . . .
1 2 3 4 5 6 7 8
# processors

Figure10.6 SpeedumndMflop/sonan8-CPUSGI Origin 2000

Thenumericalresultsdemonstratscalabilityfor for todaysvery large semiconductor
device simulations.

10.4 CONCLUSION

We have presentedPARDISO, a parallel direct solver for robust parallel semicon-
ductor device and processsimulation. The implementatiorfeaturesstate-of-the-art
techniques. In orderto perform large scaleparallel simulations,we have investi-
gatedpopularsharednemorymultiprocessorsA high level of sequentiahndparallel
efficiengy hasbeenachieved on typical sharedmemory parallel seners and super
computers.The crossover point from directto iterative methodsfor semiconductor
processanddevice simulationon bandwidthlimited RISC machineswvell abore 10*
vertices. For larger problemsizesup to 100’000verticesand 300'000unknavns 32
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processomachinescan be usedefficiently dueto the parallel direct linear solution
algorithm. Tangiblebenefitscanbe achiered on today’s eight-processoworkgroup
seners. However, the gap betweensome10* and 10° verticesmay be bridgedby
multigrid methods.
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Table10.4 Comparisorof differentalgorithmsandpackage®n high-endseners. Wall clock
timesin hoursfor one completesemiconductodevice simulationwith DESSIS sz on one
processar

SLIP9O0 SUPER PARDISO

iteratve  direct direct
2-D 14’662 vertices,
sixnonlinearPDE’s
DEC Alpha 17.0 25.2 11.1
SUN Enterprise 37.0 55.0 24.4
SGI Origin 29.3 44.2 19.5

3-D 10'870vertices
threenonlinearPDE’s

DECAlpha 2.3 25 0.7
SUN Enterprise 2.2 3.9 1.3
SGIOrigin 4.1 7.0 1.9

3-D 12'699vertices
threenonlinearPDE’s

DEC Alpha 1.1 5.4 0.9
SUN Enterprise 1.9 7.6 15
SGIOrigin 1.3 6.0 1.2

3-D 26'859vertices
threenonlinearPDE’s

DEC Alpha 3.2 nomem. 5.3
SUN Enterprise 7.0 nomem. 11.7
SGIOrigin 5.4 209.4 9.0

3-D 105'237vertices
threenonlinearPDE’s

DEC Alpha failed nomem. nomem.
SUN Enterprise failed nomem. nomem.
SGIOrigin failed nomem. 401.1

the 32-processoparallelDESSIS ;s benchmarlkon the SGI Origin 2000. Finally
we wantto mentionthe superbsupportwithin the CRAY-ETH Zurich SuperCluster
cooperation.
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Abstract:

Inthis paperparallelizatiorof the Chimeraoverlapping-meskechniquendits imple-
mentatiorin conjunctiorwith animplicit Riemanrsolveris preented Theparallelization
of themethods basednthePVM approachComputationgareperformedor compress-
ible flows over multi-elementirfoils. Efficiency resultsarepresentedor fairly comple
domainsconsistingof a large numberof meshesoverlappingeachotherin an almost
arbitrarymannerincludingmultiple overlaps.Theparallelperformancef themethodis
investigatedn the Cray CS6400andCray T3E computingplatforms.

11.1 INTRODUCTION

Simulationof fluid flow in complex geometriescontinuesto be one of the major
researctareasn ComputationaFluid Dynamics(CFD). Several CFD methodshave
beendevelopedover the last two decadesput improvementof their accurag and
efficieng/ remainsa challengingproblem. Nowadays,several differentapproaches
canbe employedo reducethe computationatost,including parallelizationjmplicit
solversandtechniquesor theacceleratiof thenumericacorvemgencee.g. multigrid.

TheOverlappingMeshTechniqueknown alsoasthe Chimela methodor Unstruc-
turedDomainDecompositiorfe.g. [1, 5, 8, 9]) canbeemployedasanefficienttool for
grid generatiorin complex geometriesyhile morerecentlyit hasreceved particular
attentiondueto its promisingcapabilitieso handlemoving boundarie$11].

Thistechniquéds basedn the subdvision of the physicaldomaininto overlapping
subdomaingseea partition of flow domainaroundthe GA(W)-1 airfoil in Fig. 11.1)
andit is thereforeinherentlysuitablefor useon parallelcomputers Subsequentlythe
systemof flow equationss solvedon eachsubdomairseparatelyandthe globalsolu-
tion is obtainedby iteratively adjustingthe boundaryconditionson eachsubdomain.
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In the presentstudyparallelizationof the methodhasbeenobtainedvia the PVM
approach.Investigationof the efficiengy, includingissuesrelatedto load balancing,
hasbeenperformedfor variousgrid topologies. Corvemencestudiesare performed
for subsoni@andtransonidlows aroundtwo-elemengirfoils.

11.2 IMPLICIT UNFACTORED SOLUTION

Thecompressiblélow of aninviscidfluid is governedby the Eulerequations These
equationganbewritten in dimensionlessonserationform andfor a generakurvi-
linearcoordinatesystemas:

(JU) + E¢ + Gy =0. (11.1)

where.J is the Jacobiarof thetransformatiorfrom curvilinear(¢, n) to Cartesiarco-
ordinatez, y); thevectorU containgheconserative variablesU = (p, pu, pv, e)”
wherep is the density u,v arethe Cartesiarvelocity component@nde is the total
enegy perunit volume. Theinviscid fluxesaredenotedas £ andG. The systemof
thegoverningequationss completedy the perfectgasequationof state.

Theimplicit discretizatiorof equation(11.1)yields

Un+1 —_pyn
n+1 n+1 __
T+ B Gt =0, (11.2)

The systemof equations(11.2) is solved by a Newton-type method. A third-
order characteristics-basesthemef2, 3] is employedfor discretizingthe inviscid
fluxesusingthe characteristiozaluesof the conserative variablesat the cell faces.
A Goduna-type upwind schemeup to third-orderaccurag hasalsobeenemployed
for the calculationof the characteristicell facevalues.

11.3 THE OVERLAPPING-MESH ALGORITHM

Theoverlapping-meshechniqueconsistof thefollowing steps

= decompositiorof the physicaldomaininto overlappingsubdomaingseeFig.
11.1);

= adwancemenbf the solution on eachsubdomainusing the implicit Riemann
solver;

= updateof boundaryconditionson the boundaryinterfacesusing information
from all local solutions.

Thelasttwo stepsareperformedteratively until convergenceis reached.

In thecaseof arbitraryoverlapof subdomainsthereexist two difficultiesthatneedto
betakeninto account:
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Figure11.1 Thesystemof 22 overlappinggridsaroundthetwo-elemenGA(W)-1 airfoil

= in generathegrid pointsdo not coincidein the overlapregion (seepoint A in
Fig. 11.1);

= someinterfacepointsare overlappedby morethanone subdomainmultiple-
overlap)andit is not clearfrom which subdomairs solutionthe new boundary
conditionsshouldbe generatedseepointB in Fig. 11.1).

To overcomethefirst difficulty oneneedgo employsuitableinterpolationprocedure.
The seconddifficulty canbe tackledby combiningall local solutionsinto a global

solutionusingblendingfunctionssimilarto thoseproposedn thereference$s, 9] for

incompressibléows. This combinatiorof local solutionsis usedin turnto updatethe

boundaryconditionsat theinterfaces.

11.3.1 Generalstructur e of overlapping and grid generation

We considerherethe generalcasein which the flow domain€ is fully coveredby
severaloverlappingsubdomain®y, ..., Qg , Q@ = Q;U...UQk. If I andl'; denote
the boundariesf Q@ andQ?; subdomainstespectiely, theny; = I'; \ T will denote
theinterfacebetweerthe subdomainén which boundaryinformationtakesplace.

In orderto obtainconvergenceof theglobalsolution,sufiicientoverlappingoetween
subdomainsnustexist. This requirementanbeexpressedisingtheinternaldistance
functiond; (A4) [8, 9] definedas:

0 AgQ;

A4 = { p(4,7) A€ (11:3)
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wherep(4, v;) standsfor the distancebetweenpoint A andthe interfacev;. The
characteristisizeof the overlapstructures definedas

d:= ;lxrét;z d(A) := ;{relf(; j:rlrﬁ}c’K d;(A) (11.4)

The overlappingis called uniform if J is strictly positive. In the presentstudy
non-uniformoverlappings alsoconsideredin suchcases!(A) is allowedto vanishat
isolatedpointson the physicalboundary(atthe cornerpointsof I') remainingpositive
in thewholeinterior of 2. Theinternaldistancefunctiond; (A) is subsequentlysed
to definethe blendingfunctions.

In practicethesubdomainarecreatecautomaticallyby thesuitablegrid generation
algorithm. In thefirst stepcurvilineargrids aregeneratedvhich fully surroundthe
physicalboundary(in the presentasetheinnerphysicalboundanyis formedby each
airfoil, theshapeof outerboundaryis arbitrary). In the secondstepfar-field gridsare
createdxtendingupto 15-50airfoil chordsfrom theprofile. Thesegridsare,asarule,
distantfrom eachairfoil. Theremainingvoid spaceis filled with rectangulagrids.
Duringthis procedurghesizeandtheshapeof eachsubdomainmustbechosersothat
(i) thissubdomairdoesnotoverlaptheprofileitself, and(ii) eachpointof thephysical
domainis sufliciently overlappedoy at leastoneof the local grids. An exampleof a
grid systemgeneratedy this procedurds presentedn Fig. 11.1 (the far-field grids
areonly partially visible).

11.3.2 Identification and interpolation procedures

As canbeobseredin Fig. 11.1partof eachgrid boundarymay coincidewith the

physicaboundarywhile theremainingpartformstheinterfaceonwhichtheexchange
of informationbetweenthe subdomaingakesplace. However, the grid pointsin the

overlapregion do not necessarilyoincide(e.g. seepoint A in Fig. 11.1). As aresult
eachinterfacialgrid pointC' € ~; hasto belocalizedin thereferencdérameof eachgrid

in the system.This procedurds performedonceat the beginning of the calculations;
the computationatostis notsignificantin comparisorwith the computationatostof

asinglesweepof the Eulersolwer.

Oncetheinterfacialpointsareproperlyidentifiedtheinterpolationproceduremust
be definedin orderto prolongatethe local solution onto the whole subdomain. In
contrastto [9] wherehigh-orderinterpolationwas employed,in the presentstudy
bilinearor atmostbiquadratt interpolatonformulaswerefoundto providesatisfactory
results.

11.3.3 Blending functions.

The seconddifficulty is relatedto the fact thatthe solutionobtainedon varioussub-
domainsremainsdifferentin the overlappingregions. This is dueto eitherdifferent
discretizationor the fact that the solution procedurehasreacheda differentstagein
varioussubdomains.
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Despitethe aborve, new boundarycondition on the interfacesmustbe generated
usingsomekind of averaging(e.g. atpoint B of Fig.11.1).

For this purposeweightfunctionsy, aredefined(hencefortttalledblendingfunc-
tions), and subsequenthare usedto constructthe global solution. The blending
functiony, associateavith the p-th subdomair(2, is definedas

() = 2 S(C) = id»(C) p=1,2,....K.  (115)
Xp : S(C), : p 5 y gLy eeey . .
whered,, . .. ,dx aretheinternal distanceslescribecearlier(Eq. 11.3).

The blendingfunctionsare non-ngative and continuousforming the partition of
unity (x1 + ...+ xxg=1 on Q). Otherpropertiesaredescribedn [9]. Oneshould
noticethatequationg11.3)and(11.5)have asimplealgebraidorm andasaresultthe
blendingfunctionscanbe easilyevaluatednumerically Their valuecanbe computed
oncetheoverlappingstructureis identifiedat the beginningof all calculations.

11.3.4 Global solution and full algorithm

Letusassumehatly,) isthesolutionvectordefinedonthesubdomai®, andextended
to thewhole Q by assigningl,) (C') = 0 for C' ¢ Q, (hencel,) hasdiscontinuityat

’)‘p)-
TheglobalsolutionU (C) is definedthenas

UC)=> x(C)Uy(C), Ceq. (11.6)

It shouldbe notedthatU (C') remainscontinuouson all interfacesdespitethefactthat
eachUp,; is discontinuousn the correspondingnterfacey,. Onthe otherhand,the
discontinuitiessuchasshockwaveswill remainintactin theglobalsolution.

Thefull algorithmencompassedbefollowing steps:

1. Giventhegrid in eachsubdomain,,, localizeinterfacialgrid pointsin the cells
of remaininggridsandevaluateall blendingfunctionson theinterfaces.

2. Initialize boundaryconditionsat theinterfacesy, (p = 1.... , K).

3. Performa few iterationsusingthe Eulersolver on eachlocal grid to obtainnew
localsolutionsUp,;, (p = 1,... , K).

4. Interpolateeachlocal solutionon the prescribednterfaces.
5. EvaluatetheglobalfunctionU (-) on eachinterfaceusingEg. (11.6).

6. Checkthe convergenceon all interfacesandif thereis no convergencereturnto
step3.
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It isimportantto pointoutthatthestep5 cannotbeperformedn parallel. It requires
interprocessocommunicationf differentsubdomainsresened by differentproces-
sors. However the computationatostassociateavith the steps4 and5 is negligible
comparedo the costfor step3. The numberof floating point numberstransferred
betweerprocessor§f differentsubdomainaresenedby differentprocessors pro-
portionalto the numberof boundarypoints, while the costof step4 is oneorder of
magnitudehigher As aresultoneshouldexpectthatthebenefitsof parallelismwould
increasevhenincreasinggrid size.

11.4 NUMERICAL RESULTS

Thefinite volumemethodpresentedh Section2 hasbeentestedn thepastfor various
steady(seee.g. [2, 3, 4]) andunsteady(seee.g. [13]) compressibldlows. In this
paper threetestcaseshave beenselectedio assesshe numericalpropertiesof the
overlappingmesh-technique conjunctionwith theimplicit Riemannsolver.

Thefirst caseis the compressibldlow over a 10% circulararc airfoil. This case
wasselectedfor testingthe influenceof the overlap size on the convergenceof the
iterative procedureVariousgrid systemsvereusedn thenumericalexperimentswith
theoverlapsized rangingfrom 1% (case8b) to 26% (case8e). Theinfluenceof § on
thenumberof iterationsrequiredto reacha prescribedaccurag is shovn in Fig. 11.2
(detailscanbefoundin [7]).

Oneexpectsthatthenumbeiof iterationswill increasavhend isreduced However,
the presennumericalexperimentseveal thatthe influenceof the overlapsizeon the
numericalcorvergenceis not significant,thoughasmalleroverlapresultsin aslightly
largernumberof iterations.For thetransoniacasgse€[7]) thecornvemenceis affected
at low corvergencelevels, but the resulting numberof iterationscannotbe fully
correlatedwith the overlapsize. It, however, seemgshatthe critical factormaybethe
proximity of the shockwave to the interface(thereforesuchconfigurationshouldbe
avoided). Theaborve holdsalsofor casesvheremoregridsareemployed.

The secondcasels the subsonidlow aroundthe GA(W)-1 airfoil with a29% flap
deflectedby 40°. Thefree-streanMachnumberis equalto 0.2andtheangleof attack
is 0°. Two differentgrid system$1 andB2 werechoserhereto prove thatsolution
corvergeswhengrids are refined(grid systemB2 containedroughly twice as mary
grid pointsasB1). Thetotal numberof gridswas22 with 17 gridsactuallyin contact
with oneof theairfoil profiles(Fig. 11.1shovsthegrid systemB1).

TheMachnumberdistributionobtainedonthe grid systemB2 is shavn aroundthe
flap region in Fig. 11.3. Thesolid linesin the flowfield correspondo the interfaces
of the overlappinggrids. The smoothtransitionof Machvaluesbetweerthe various
subdomainganeasilybeobseredin Fig. 11.3.

Quantitatively, the accurag of the algorithmcanbe assessetly comparing(Fig.
11.4)the experimentakesultsof [12] with the computedoressureoeficient distribu-
tions. The C, valuesarevery similarly predictedon bothgridsandbothsolutionsare
in very goodagreementvith the experiment. In all caseghe iterationscorverge to
almostthemachineaccurag.
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Figure11.2 Corvemencehistoryfor varioustwo-grid partitionsof the flow domain.

Figure 11.3 Mach numberdistribution aroundthe GA(W)-1 airfoil for M., = 0.2, (zoom
neartheflap); solid linesdenotenterfaces.
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Figure 11.4 Pressurecoeficient distribution C,, on the main airfoil and on the flap of the
GA(W)-1 airfoil (M = 0.2).
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Figure 11.6 Machnumberdistribution aroundthe SKF-1.1airfoil for M., = 0.60, @ = 2°
(caseB3).
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Figure11.7 Grid corvergencestudyfor the SKF-1.1airfoil for M., = 0.60, o = 2°.
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Figure 11.8 SKF-1.1airfoil - comparisorwith experiment[10], flow for M., = 0.60, o =
—0.6° (caseB3).

Thethird caseis the transonicflow aroundthe supercriticalSKF-1.1airfoil with
the deflectednaneuerflap [10]. The free-streanMachnumberis M., = 0.60 and
the angleof attackis o = 2°. Hereagainthreegrid systemsB1, B2, and B3 with
increasingdegreesof refinementare chosento demonstratehe corvergenceof the
numericakolution. Thesystemsonsistof 20 grids(25 for B3) asshavnin Fig. 11.5.
Thenumberof grid pointsis 18410for B1, 42183for B2 and55304for B3.

TheMach-numbefield correspondingo thegrid systemB3 is shovn in Fig. 11.6.
The shockwave is well visible in the middle partof the main airfoil, while a second,
much weakershockappearsover the flap. Figure 11.7 presentghe comparisonof
the computedC), distributionson the main airfoil andon theflap for all grid systems
usedn thecomputationsAgain,theresultsshav thatthenumericakolutionsaregrid
independent.

Figurel1.8containscomparisonsvith the experimentakesultsof [10] for M, =
0.60, « = —0.6°. All in all, a fairly good agreemenbetweencomputationsand
experimenthasbeenobtainedor themainairfoil profile, but somediscrepancieexist
onthesuctionsideof theflap.

11.5 PARALLEL IMPLEMENT ATION

Parallelizationof the methodis basebn theassignmenof a singlegrid or a groupof
gridsto eachprocessorThereforethedecompositiomf theflowfield into subdomains
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determinesat the grid generatiorstage the granularityof the parallelproblem. As
a result, the numberof processord cannotexceedthe total numberof grids K.
Moreover, sincethe grids are of differentsize, the numberof processord mustbe
significantlylowerthan K, otherwisean unevenloaddistributionwill severely affect
theparallelperformance.

MASTER

1. Initializescalculations
2. Spawnsall processes

)

4>| Communicatiorbuffor |
[ [ [
SLAVE 1 SLAVE 2 SLAVE n
Performs few iterations Performs few iterations | (...) Performs few iterations
of the local solveron the of the local solveron the of the local solveron the
groupof grids groupof grids groupof grids
t ¥ ¥
| Communicatiorbuffor |
¥
MASTER
NO CONVERGENCE . collectssolutionfrom local grids

. evaluatesew boundaryconditions
. checkgor corvergence

END

Figure11.9 Parallelimplementatiorscheme

The parallelimplementationwasdoneusingthe PVM technique(seeFig. 11.9).
Themasterprocessvasresponsibldor initializing the calculationsandcontrollingall
slaveprocessesEachslavewasanindependentiow solver capableof advancingthe
iterative proceson a singlegrid or on a prescribedyroupof grids. After performing
a fixed numberof iterations,all slaveswere sendingupdatedboundarydatato the
masterprocess. The masterprocesswas subsequentlye-calculatingthe boundary
data,sendingthembackto the slaves This procedurewasrepeateduntil numerical
convergencewasobtained.

Theoverall computationaéffort andtotal numberof iterationsdoesnotdepencddn
the numberof processorsThey were,however, slightly dependenbn the numberof
gridsin thesystemandoverlapsize,etc. (severalresultsfrom numericalexperiments
canbefoundin [7], seealsoFig. 11.2).

Thenumberof inneriterationsof thelocal solverwasfixedequalto m = 2, eachof
themcontainingfour additionaliterationsfor solvingthefinal linearizedsystem3, 2].
Theincreasef m resultsin aslightdecreasef thenumberof outeriterations but the
totalworkloadincreases.
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Toestimateheparallelspeed-upve have measuretheexecutiontime 7, necessary
for performinga fixed numberof iterations(in our case100 iterations)on an L-
processosystem.The speed-ugactor«;, andthe correspondingfficiencgy nr were
definedas

1 ar 71

L= MET T Ty

11.5.1 Staticload balancing

Eachiterationof the overlapping-meslalgorithmconsistof a finite numberof fixed
workloadsassociateavith eachgrid. Eachworkloadis practicallydeterminedy the
numberof computationatellsin thecorrespondingrid. Thisnumbemayvary from
grid to grid even by two ordersof magnitudg(seeTable11.3,wherethe smallestand
largestgridshave 24 and1800 points,respectrely). Thereforegridsmustbecarefully
groupedn orderto balancaheloadbetweemrocessorsThis canbedonein advance
sinceneitherthe gridsnortheir interconnectiorthangeduringtheiterationprocess.

In orderto quantifytheload-balancingffectsthe coeficient 3 is definedby:

By

Wp _
5
wherew, standgor theworkloadassignedo thep-th processofw, is proportionako
the numberof grid pointsassignedo the p — ¢th processor).The denominatoin the
first formula describeghe workloadobtainedby theideal balancing. Therefore the
coeficient 3 is alwayslargerthanl andg = 1 correspondo anidealload-balancing
(thisanalysids correctfor homogeneousystemsnly). In particularit is evidentthat
thenumberof processord shouldnot significantlyexceed

L,:=int I:%]

Wk

wherew;,; andw, standfor the total workloadandthe workloadon the largestgrid
respectiely.

In orderto minimizethecoeficient 3, for agivensystenof grids,asimplegrouping
algorithmwasusedaccordingo whichgrids(in descendindpadorder)wereassigned
to processorsvith the lightestload. The resultsof this procedurewere satisfactory
ascanbe seenin Tables11.2and 11.4. Furtherimprovementcan be obtainedby
using a more time consumingalgorithm, in which consecutie 2, 3,4, ... -element
permutationf grids (betweenprocessorsare consideredo minimize the value of
the 3 coeficient.

11.5.2 Parallel tests

Variousparalleltestswereperformedor the flows aroundthe GA(W)-1 andSKF 1.1
airfoils usingthe 16-processo€S6400computer(for the GA(W)-1 airfoil), andthe
64-processo€RAY T3E (for the SKF 1.1airfoil).



172  PARALLELNUMERICALCOMPUTATION WITHAPPLICATIONS

FortheGA(W)-1 airfoil theflow domainwascoveredby asystenof 33 overlapping
grids. Thetotalworkloadwas18414 (in termsof grid cells)while thebiggestgrid had
anassociateavorkloadof 4000. As aresultthe maximumnumberof processorsvas
L, = 5. Theparallelcommunicatiorwasimplementedy usingconsecutie callsto
pvmfsenandpvmfiecvsubroutines.

Tablell.1presentsheacceleratioffactoray, , totalefficienoy 5z, andloadbalancing
coeficient 3 for computationsisingup to 5 processors.

Table11.1 Theacceleratiotiactora,, totalefficiency n;, andloadbalancingcoeficient 3 for
a 16-processo€S6400compute{ GA(W)-1 profile with 33 overlappinggrids).

L 1, [sec] ar, nL B
1 1185 — — —
2 640 1.85 0.93 1.02
3 448 2.65 0.88 1.08
4 367 3.23 0.81 1.04
5 311 3.81 0.76 1.09

Table11.2 Theacceleratiorfactor«, total efficiency nr, andloadbalancingcoeficient 3 for
a64-processoCRAY T3E (SKF-1.1profilewith 25 overlappinggrids).

L 1, [sec] ar, nL B

1 1148 — — —

2 585 1.96 0.98 1.0004
3 396 2.90 0.97 1.0005
4 303 3.80 0.95 1.0011
5 245 4.69 0.94 1.028
6 243 4.72 0.78 1.125

For the SKF 1.1 airfoil two differentgrid systemswvereused. Thefirst consisted
of 25 grids with the total workload of 53344 (grid B3 from previous Section). The
largestandthesmallesgridshadanassociatedorkloadof 10000 and35, respectiely,
allowing the useof upto 6 processors.
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Table11.3 Workloadassociateavith eachof 57 gridsfor the SKF-1.1airfoil.

No 0+ 10+ 204 304 404 504
1 504 24 400 440 120 1750
2 360 144 324 72 1350 75
3 468 360 192 42 1350 153
4 112 196 256 48 990 81
5 288 216 1750 64 1800 286
6 70 144 1800 80 1800 195
7 48 360 1350 84 1800 195
8 288 324 1200 1600 1800 —
9 30 224 1225 1600 1200 —

10 144 396 1225 1600 1750 —

Tablel1.2collectsthevaluesof ., 1, , 3 obtainedon a 64-processo€CRAY T3E
(L=1,...,6). ThecaseL = 6 is alreadypoorly balancedand,thereforeno further
acceleratiornis possible.

For L = 5 the communication-to-computatioperformanceratio can be easily
obseredin Fig. 11.10,which was obtainedwith the VAMPIR performanceanal-
ysistool [6]. Insteadof pvmfsent-pvmécyv this implementatiorused,as a variant,
callsto pvmfieduce-pvmfbcast-pvrafiv No significantperformancelifferencesvere
obseredthough.

The secondgrid systemcontaineds7 grids allowing the useof a larger number
of processors.Table11.3 shows the workload IV¢,, associateavith eachgrid in the
system. The total workloadis equalto 36747, andthe workload of the largestgrid
is 1800. Therefore the maximumnumberof processorsanbeupto L, = 20. The
parallelperformance®n CRAY T3Eis shavnin Table11.4. It is worth noticingthatin
this caseacceleratiory;, grows steadilywith growing L (upto L = 19). Thedropin
efficiengy for larger L canbe correlatedwith arelatively smallercomputationaload
of eachprocessofonly 2000grid cellsareassignedo eachprocessofor L = 19).

Thevariantwith callsto pvmfeduce-pvmfbcast-pvrefivresultechereinimproving
theaccelaratiorfactorby 5-10%(for L > 10).

11.6 CONCLUSIONS

Thepresentesultsrevealthatthe overlapping-mesitechniquecanbe efficiently used
onamulti-processosystemin conjunctionwith implicit methodsandcharacteristics-
basedschemesGrid-independergolutionswereachievedfor all thecasesonsidered
here. The efficiengy of suchan approachwill increasewith the compleity of the
problem, provided that the workload can be distributed betweenthe processorsas
evenly aspossible.This canbeachiezed by furthersubdvision of existing gridsor by
re-groupinggridsassignedo processors.
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Abstract: influid dynamicsthecornvection-difusionequationrmodelsfor example
theconcentrationf apollutantin theair. We presenaniterative, non-overlappingdomain
decompositiomethodfor solvingthis equation.Thedomainis dividedinto subdomains,
andthe physicalproblemis solved in eachsubdomainwith specificconditionsat the
interfaces. This permitsto solve very big problemswhich couldnt be solved on only
oneprocessar A reformulationof the problemleadsto an equivalentproblemwhere
theunknovnsareon the boundaryof the subdomaingl4]. The solvingof thisinterface
problemby aKrylov typealgorithm[15] is doneby the solvingof independanproblems
in eachsubdomainsoit permitsto useefficiently parallelcomputation.In orderto have
very fastconvergence we usedifferentialinterfaceconditionsof order1 in the normal
directionandof order2 in the tangentialdirectionto the interface which areoptimized
approximation®f AbsorbingBoundaryConditions(ABC) [13], [8]. We presensimula-
tionsperformedntheparagorintel at ONERA (100 processors)yhich shav averyfast
cornvergencenearlyindependanboth of the physicalandthe discretizatiorparameters.

12.1 THE OPTIMIZED ORDER 2 METHOD

We considerthe corvection-difusionproblem:

Ju _ vAu=f inQ (12.1)
dy

C(u) =g onoQ

7]
L(u) = cu + a(z, y)£ + b(z,y)

whereQ is aboundedpensetof R%, a = (a, b) is thevelocityfield, v is theviscosity
C is alinearoperatoy ¢ is aconstantvhich couldbec = 3 with At atime stepof a
backward-Euleschemdor solvingthetime dependentonvection-difusionproblem,
andf, g aregivenfunctions.

The O02 methodis basedon an extensionof the additive Schwarzalgorithmwith
non-overlappingsubdomains

LetQ=U;L; Q;, with Q; N Q; =0, i # j. WedenotebyT'; ; thecommoninterface
to Q; andQ;, ¢ # j. Theoutwardnormalfrom €; is n; andr; is atangentialunit
vector Let u be the solution of problem(12.1),and «? the approximationof u at
iterationp in eachsubdomairf?;, 1 < i < N. Theadditive Schwarzalgorithmwith
non-overlappingsubdomainss :

Ly = f ing,
Bi(u?*th) = Bi(ul) onTy;, i#j (12.2)
c(u?!™) = g ondQ;NoQ

whereB; is aninterfaceoperator The original additive Schwarzalgorithm[10], with
Dirichletinterfaceconditiong(B; = Id), corvergeonly with overlappingsubdomains.
In [11], theinterfaceconditionsareRobintypeconditiony5; = aini—i-ci, wherec; isa
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constant)whichleadso aconvergentalgorithmfor non-overlappingsubdomainsThe
choiceof the interfaceconditionsis fundamental.Many methodshasbeenproposed
(seefor example[4], [3], [2], [16] ).

TheOO2interfaceconditionsarebasedntheconcepof AbsorbingBoundaryCondi-
tions(ABC) [5], [6]. Thisconcepenablego understandhe mathematicammecanisms
ontheinterfacesandtherefordeadsto stableandefficientalgorithms.

We introducefirst the OO2 interfaceoperator3; basedon this conceptandthenthe
substructurindormulationof the method.

12.1.1 OOZ2interface conditions

It hasbeenprovedin [14] thatthe optimalinterfaceconditionsfor algorithm(12.1)are
theexact AbsorbingBoundaryConditions.Unfortunately astheseconditionsarenot
partialdifferentialoperatorsthey arenumericallycostly anddifficult to use. Then,it
hasbeenproposedn [13] to useTaylor approximation®f order0 or 2, for low wave
numberspf theseoptimalinterfaceconditions.

For example the"Taylororder0" interfaceoperatois: B; = ;- — w

(in [4] and[2], themterfacecondltlonscanbemterpretechsTaonrapprOX|mat|on$)f
order0).

Numericakestsonafinite differenceschemevith overlappingsubdomainsave shavn
thattheTaylor order2 interfaceconditionsleadto very fastcornvergence comparedo
theTaylororder0 or Dirichlet interfaceconditions gxceptin thecaseof a velocityfield
tangentiako theinterface,wherethe convergenceis very slow. So,insteadof taking
low wave numbersapproximationsit hasbeenproposedn [7], [8] to usedifferential
interfaceconditionsof order2 alongtheinterfacesvich are“good” approximation®f
the ABC, notonly for low wave numbersbut for agivenrangeof wave numbersThis
meanghatthe interfaceoperatoris chosenin orderto optimizethe corvergencerate
of algorithm(12.1). This“OptimizedOrder2” interfaceoperatois definedasfollows:

OO2interfaceopenator :

B — o a.n; —/(a.n;)? + 4ev 0 9?2
' Oy B 2v t e oty “or2 37’

wherec; = cz(a.ni, a.7;) andes = cs(a.ng, a.7;) minimize the convergencerate
of algorithm(12.1). The analyticanalysisin the caseof 2 subdomainsnd constant
coeficientsin (12.1)reduceghe minimizationproblemto a oneparameteminimiza-
tion problem. This techniqueis extendedin the caseof variable coeficients and
anarbitrarydecompositionthatis only oneparameteis computedandwith this pa-
rametemwegetc, andes (se€8]). SotheOO2conditionsareeasyto useandnotcostly.

In the caseof 2 subdomainsthe convegenceof algorithm (12.1) with the 002
interfaceconditionsis provedby computingexplicitely the corvergenceratep in term
of wave numbers: :
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Theorem12.1.1 LetQ = R? be decomposeth 2 subdomaing; = R~ x R and
Q =Rt xR. Then¥v >0,¢>0,a€R, beR,

VEke Ra |p(k,62,63)| <1

Moreover, whenthemeshsizetendgo 0, theconditionnumbelis asymptoticallynuch
betterfor OO2thanfor Taylor order0 or 2 interfaceconditions:

Theorem12.1.2 LetQ = R? be decomposeth 2 subdomaing; = R~ x R and
Qy =Rt xR.Leta € R, a#0,b=0andc > 0in (12.1).Leth bethemeskhsize,
andlet (pmaz ) 1c bethemaximumof pon0 < k& < 7 with theinterfacecondition/C'.
Leta = 1+ <. Thenwhenh — 0

(pmaz)Taylor order 0 N 1-— %a%(la,,lh)
1
(pmaz')Taylor order 2 N 1—- %a5(|¢1’/h)
1
(pmaz)OOZ ~1— Saé(ﬁ |a,/|h)§

An importantpointis thatin the caseof N subdomaingstrips)the convemgencerate
canbeestimatedn function of the corvergencerate of the 2 subdomaircaseandthe
decompositiorgeometry{12]. The corvergenceis provedby usingtechniquesssued
from formallanguageheory

12.1.2 Substructuring formulation

In [14], the non-overlappingalgorithm (12.1) is interpretedas a Jacobialgorithm
appliedto a problemwherethe unknavns are on the boundaryof the subdomains.
That s, the actualunknowns of the problemare the terms B;(u;) on the interface
T;;, ¢ # j. In thediscretecasethisinterfaceproblemcanbewrittenin theform:

DA=bh (12.3)

where ), restrictedto ;, representshe discretizationof the term B;(u;) on the
interfacel; ;, 7 # j, andD is aninterfacematrix.

Toaccelerateonvergenceagain theJacobalgorithmis replacedy aKrylov algorithm
(GMRES,BICG-STAB, ...) [15]. As we usean iterative method,we needonly to
computeat eachstepthe product DX, which restrictionto €2; is the discretizatiorof
thejump B; (u;) — Bi(u;) ontheinterfacerl; ;, 1 # j, wherethew;, 1 <i < N, are
solutionof thelocal problem:

[,(Uz) = 0 in Q;
Bi(u;) = Xij onTy;, i#j
C(Uz) = 0 onaoQ; NN
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with }; ; the restrictionof A on the interfaceT’; ;. So the solving of the interface
problem(12.3) by a Krylov methodis doneby the solving of independanproblems
in eachsubdomainthatis we useefficiently parallelcomputatiort eachsubdomain
is assignto a processowhich solve his problemindependently The interactions
betweersubdomainsreprocessetty thecommunicationbetweerprocessorsOnce
wehavecomputedinapproximateolution of problem(12.3),wegettheapproximate
solutionu; of thesolutionu of problem(12.1)in eachsubdomainf?;, 1 < i < N, by

solvingthelocal problem:

L(uz) = f in Q;
Bi(ui) = )\,’J onl“i,j, Z;é_]
C(uz) = g o0na; NN

12.2 NUMERICAL RESULTS

The convection-difusion equationis discretizedby a finite volumeschemd1] (col-
laborationwith Matra BAe DynamicsFrance).The globaldomain is decomposed
in N non-overlappingsubdomainsTheinterfaceproblem(12.3)is solvedby aBICG-
STAB algorithm. Thisinvolvessolving,ateachiteration,NV independangubproblems
(onepersubdomainwhich canbeperformedn parallel.

Eachsubproblemnis solvedby a directmethod.We denoteby h the meshsize. We
compardheresultsobtainedwvith theOO2interfaceconditionsandthe Taylor orderO
or 2 interfaceconditions.

Remark: The optimizedcoeficientsin the OO2 methodare computedin an ini-

tialisationstep,thatis in the computatiorof thelocal matrix. They arenot computed
againin theiterationsof BICG-STAB. Moreover, eachiterationof BICG-STAB has
the samecostfor all the interfaceconditions(Taylor order0, Taylor order2, 002),
becausehe useof order2 conditionsdoesnot increasethe bandwidthof the local

matrix. So,in theBICG-STAB algorithm,the CPUtimeis proportionato thenumber
of iterations.

12.2.1 Flow in a square

We solve thefollowing problem:

Lu) = 0, 0<e<1,0<y<1
3}
u(077):07 %(177) = 0, 0<y<1 (12.4)
J
u(z,0) = 1, a—Z(:b,l) =0, 0<z<1

Weconsidemcartesiameshwith constanmestsizeh. Theunit squareés decomposed
in Ny x N, subdomainsyhereN, (resp.lV,) is the numberof subdomaing the z
(respy) direction. Weconsidetwo typesof corvectionvelocityfield : asheawelocity
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(a = y, b = 0) andarotatingvelocity (e = —sin (7(y — 3)) cos (7(z — 3)), b =
cos (m(y — 1)) sin (7(2 — 3))). Theisovaluesof the solutionof problem(12.3)with
the shearvelocity are representedn Figure 12.5, andwith the rotating velocity in
Figurel2.1.

In Table 12.4, we take a decompositiorin stripsin orderto obsere the influence
onthecorvergenceof the corvectionvelocity angleto theinterfaces We obsene that
the OO2interfaceconditionsgive a significantlybettercorvergencewhichis indepen-
dantof the corvectionvelocity angleto the interfaces.Oneof the advantagess that
for agivennumberof subdomainsthe decompositiorof thedomaindoesnt affectthe
convergence.Particularlyhere for 16 subdomainghedecompositionin strips(Table
12.4)or in squaregFigure12.2)doesnt affectthe convergence.

Figure 12.3 shaws that the corvergencewith the OO2 interfaceconditionsis sig-
nificantly betterfor a more generalconvection velocity (the rotating velocity) and
decompositiorfin 4 x 8 subdomains).

The convergencewith the OO2interfaceconditions,for the studiednumericalcases,
is also nearly independantf the meshsize (seeTable 12.1 and Table 12.2). We
practicallyfit to thetheoreticakstimate®of theoreml.2.

The convergencewith the OO2 interfaceconditionsis alsovery little sensibleto the
variationsof the CFL, asit shovn on Table12.3. _

Figure 12.4 shows the speed-up= CP%Pg,;Z'ZV(iUd;’;Zﬁ;LS of the method. Let
imaz (F€SP.Jmaz) Dethe numberof grid pointsin the z (resp.y) direction,for the
global domain. We note V;; the numberof BICG-STAB iterations. For a decom-
positionof the domainin N, x N, subdomainsthe total costcanbe estimatecy :
al(’%”)“m” + azN”(’m”)“m” wherea; anda, areconstants.Figure12.4
shaws that foyr a small numberof subdomainsthe first term (arisingfrom the LU
factorizationof thelocal matrix) is predominant.Then,theseconderm (arisingfrom
the BICG-STAB algorithm)becomepredominantAfter 32 subdomainsthe estimate
is nomorevalid, becaus®f the communicatiorcostswhich cannot be neglected.

12.2.2 Flow around a cylinder, issuedfr om a Navier-Stokes
computation

The corvectionvelocity field is the oneof a Navier-Stokesincompressibldlow, with
Reynolds number Re = 10000, arounda cylinder. This velocity field is issued
from a computationperformedwith the AEROLOG softwareof the aerodynamic
departmenat MatraBAe DynamicsFrance.The computationatiomainis definedby
Q= {(z,y) = (rcos(8),rsin(F)), 1 <r < R, 0 <6 < 2r} with R > 0 given.
We solve thefollowing problem:

Lu) = 0 inQ
u = 1 on{(z,y) = (cos(8),sin(6)), 0 <6 < 2r} (12.5)
u = 0 on{(z,y) = (Rcos(h), Rsm( )), 0<6 <27}
The grid is {(z, y;) = (75 cos (8;), r;sin (6;)), i,j < 65}, andis refined

aroundthecylinderandin thedirectionof theflow (seeFlgure12.5). Theisovaluesof
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| Decompositiorof thedomain | OO2 | Taylororder2 | TaylororderO |

normalvelocity to theinterface 15 123 141
16 x 1 subdomains
tangentialelocityto theinterface| 21 not 86
1 x 16 subdomains convemgent

Table12.1 Numberof iterationsversusthe corvectionvelocity’s anglea = y,b = 0,v =
1.d—2,CFL = 1.d9,h = 57 ,log,o(Error) < 1.d —6

| grid | 65 x 65 | 129 x 129 | 241 x 241 |
| o002 | 15 | 15 | 15 |
| Taylororder2 | 49 | 69 | 123 |
| Taylororder0 | 49 | 82 | 141 |

Table12.2 Numberof iterationsversushemeshsize,16 x 1 subdomainsg = y, b =0,v =
0.01,CFL = 1.d9,log,,(Error) < 1.d — 6

the solutionof problem(12.4)arerepresenteth Figure12.5(withoutthegrid) andin
Figurel2.6(with thegrid). We note V.., thenumberof pointson the boundaryof a
subdomaimultiply by the numberof subdomainsTheOO2interfaceconditionsgive
alsosignificantlybettercorvergencein thatcase(Figure12.7). We obsere in Table
12.4thatthe corvergenceis practicallyindependantf theviscosityv.

12.3 REMARK

Numerically the corvergenceratio of the methodis nearlylinear uponthe number
of subdomains.Soit is necessarlyo sendglobalinformationbetweensubdomains,
in orderto have a corvergenceratio independanbf the numberof subdomains.To
tacklethis problem,in [9], a“low wave number’preconditioners appliedto the 002
method.

12.4 CONCLUSION

The O02 methodappliedto corvection-difusion problemsappeargo be a very ef-
ficient method. Its main adwantageis that it is a generaldomain decomposition
techniquewith noapriori knowledgeof theboundarnyjayersor therecirculatiorzones
location. Thecornvergenceratiois numericallynearlyindependarihothof thephysical
parameterandthediscretizatiorparameters.
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| grid | 65 x 65 | 129 x 129 | 241 x 241 |
| o002 | 25 | 26 | 30 |
| Taylororder0 | 76 | 130 | 224 |

Table 12.3 Numberof iterationsversusthe meshsize, 4 x 4 subdomainsyotating ve-
locity, a = —sin (7(y — %)) cos (m(z — %)), b = cos(m(y — %)) sin (m(z — %)), v =
1.d—2, CFL =1.d9, log,,(Error) <1.d—6

| | CFL=1.d0 | CFL=1.d3 | CFL=1.d5 | CFL=1.d9 |

| 002 | 3 | 12 | 15 | 15 |
| Taylorordre2 | 2 | 21 | 58 | 123 |
| Taylorordre0 | 3 | 18 | 48 | 141 |

Table12.4 Numberof iterationsversusthe CFL, 16 x 1 subdomainsg = y, b =0, v =
1.d—2, CFL =1.d9, h = 5=, log,o(Error) < 1.d — 6

2417

| | 002 | Taylororder2 | Taylor order0 |
|v=1d—5| 56 | 41 | 119 |
|v=1d—4]| 43 | 121 | 374 |

v=1d-3 32 Npaz = 768 Npaz = 768
logi0(Error) = —5.52 | logio(Error) = —2.44

Table12.5 Numberof iterationsversustheviscosity 4 x 2 subdomainsNavier-Stokesflow
velocity, v = 1.d — 4, CFL = 1.d9, log,,(Error) < 1.d—6



THEOPTIMIZEDORDER2 METHOD 185

‘isovalues’ ----

0O 01 02 03 04 05 06 07 08 09

X

Figure12.1 Isovaluesof thesolutionu, sheawelocity,a =y, b=0, v =1.d -2, CFL =

— 1
1.d9, h = ;-

‘isovalues’

0 01 02 03 04 05 06 07 08 09 0.0769 -----

X

Figure 12.2 Isovalues of the solution u, rotating  velocity, a
—sin (7(y — %)) cos (m(z — %))7 b= cos (m(y — ;—)) sin (m(z — %)), v=1d-2, CFL =
1.d9, h = 5+
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Taylor order 2

by

Log_10 (Error)

Taylor order 0

0 100 200 300 400 500 600 700 800
Number of iterations (BICG-STAB)

Figure 12.3 Error versusthe numberof iterations,4 x 4 subdomainsshearvelocity, a =

y, b=0,v=1d—-2, CFL=1d9, h= 3

Taylor order 2
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Number of iterations (BICG-STAB)

Figure12.4 Error versusthe numberof iterations,4 x 8 subdomainstotatingvelocity, a
—sin (7(y — %)) cos (m(z — %)), b= cos (m(y — ;—)) sin (m(z — %)), v=1d-2, CFL
1.d9, h = 5+
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Figure12.5 Speed-upersushe numberof subdomainsfor decompositiongn 2 x 1, 2 x 2,
4x2,4x 4,8 x4 and8 x 8 subdomainssheawelocity,a =y, b=0, v =1.d—2, CFL =

1.d9, h = 2
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Figure12.6 Isovaluesof the solutionu, Navier-Stokesflow velocity, v = 1.d — 4, CFL =

1.d9
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Figure 12.7 Grid andisovaluesof the solutionu, Navier-Stokesflow velocity, v = 1.d —
4, CFL=1.d9

Log_10 (Error)

Taylor order 0

6 002 ' Taylor order 2 h

7 ! ! ! ! ! ! !

0 50 100 150 200 250 300 350 400
Number of iterations (BICG-STAB)

Figure 12.8 Error versusthe numberof iterations,4 x 2 subdomainsNavier-Stokesflow
velocity, ¥ = 1.d — 4, CFL = 1.d9
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Abstract: Thiswork presents parallelversionof a complex numericalalgorithm
to solve a lubrication problemstudiedin Tribology. The executionof the sequential
algorithmon a workstationrequiresa hugeamountof CPUtime andmemoryresources.
So,in orderto reducethecomputationatost,we have appliedparallelizatiortechniques
to the mostcostly partsof the original sourcecode. Someblocksof the sequentiatode
werealsoredesignedor theexecutiononamultiprocessarln this paperwe describeour
parallelversion,we shav somerunningtime measureshatillustrateits efficiency, and
we presensomenumericakresultsthatrepresenthe solutionof our lubricationproblem.
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Intr oduction

Our work is concernedvith the analysisof the lubricantbehaiour of an industrial
device thatarisesn MechanicaEngineering.For awide rangeof thesedevices,such
asthejournalbearingdevice, the maintaskis to calculate for a givenimposedoad,
the pressurdlistribution of the lubricantfluid andthe gapbetweentwo surfacesn

contact2].

Most of the lubricateddevices appearingin industrial applicationscan be rep-
resentedoy meansof a ball-bearinggeometry(Figure13.1). In this geometry the
industrialdevice surfacesarerepresentetly a sphereandaplane.In orderto perform
arealisticnumericakimulationof thedevice, theproblemis describedy amathemat-
ical model(Section13.1)of thedisplacemenof thefluid betweerarigid planeandan
elasticandloadedsphere An approximatiorio thesolutionof themathematicainodel
is calculatedusinga numericalalgorithm(Section13.2)thatincludesfixed pointand
finite elementechniques andduality methodgsee[4] for furtherdetails).

SR

ament

Figure13.1 Ball-bearinggeometry

In this work, we focus on the parallelizationof the algorithm (Section13.3) on
the Fujitsu AP3000multiprocessousing MPI asmessage-passiriprary. We also
presentunningtime measureshatillustrate the efficiengy of the parallelcode,and
some numericalresultscorrespondingo an approximationof the solution of the
lubricationproblem(Section13.4). Finally, conclusionsindfuturework arediscussed
(Sectionl3.5).

13.1 DESCRIPTION OF THE PROBLEM

In orderto perform a realistic numericalsimulation of the device, an appropriate
mathematicamodelmustbe considered Our modelis posedover a two-dimensional
domain (Figure 13.2) which representshe meanplaneof contactbetweenthe two
surfacesn contactin theball-bearinggeometry(Figure13.1).

In our mathematicaformulation, the goal is to determinethe pressurep andthe
saturationd of the lubricant, the gap h betweenthe ball and the plane, and the
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minimum referencegap ho. The model consistsof the following setof nonlinear
partialdifferentialequations:

9 3} 7] 9 7] :
—(e_aph3 p)—}——(_o‘phS p>_12sya h,p>0,6=1in QT
T

oz 7] Ay 1
(13.1)
d :
a—(ah):O,p:0,0gﬁgl in Qo (13.2)
T
—apy3 OD - .
e “Ph = 12sv(1 — 6) h cos(,7), p=0 in I (13.3)
il
h = h(z,y, ho + = / dtd 134
(z,y,p) = ho \/m—t n y—u) u )
6 = 6y onTy (135)
p=0onTl (13.6)
w = / p(z,y) dedy (13.7)
Q

wherethe unknown vectoris (p, 8, h, hg) andthe two-dimensionaldomain,the lu-
bricatedregion, the cavitatedregion, the free boundarythe supplyboundaryandthe
boundaryatatmospheripressurare,respectrely (seeFigure13.2):

Q = (—Ml,Mz) X (—N,N)
at = {(x,y) € 2/p(z,y) > 0}
Q = {(z,y) €Q/p(x,y) =0}

Y = 80tnNQ
{(z,y) €9Q/z=—-M}
a0\ To

—
I
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beingM;, M2 andN positiveconstantsTheinputdataareshavnin Table13.1. These
arethevelocity field (s, 0), the piezoviscositycoeficientsyy andea, theunit vectori
normalto X pointingto 2, theunit vectorin the z—directionz;, the Youngequialent
modulusE, the sphereradius R, andthe loadw imposedon the device in a normal
to the planedirection. Equations13.1-13.3modelthe lubricant pressurébehaiour,
assuminghe Baruspressure-viscositielation. Equationl3.4establishe¢herelation
betweerthegapandthelubricantpressureEquationl3.7balanceshehydrodynamic
andtheexternalloads. Consult[3] for awider explanationof the physicalmotivation
andthemathematicaiodelling.

Table13.1 Inputdataof thenumericallgorithm.

Symbol Physicalparameter

(s,0) Velocity field
Piezwiscositycoeficient
Piezwiscositycoeficient
Normalunit vector
X-axisunitvector
Minimum referencegap
Youngequialentmodulus
Spheraadius
Imposedoad

EmmI~iaue s

13.2 THE NUMERICAL ALGORITHM

Thenumericalalgorithmcorrespondingo the mathematicamodelmainly combines
fixed point techniques finite elementsandduality methoddq4]. The structureof the
numericalalgorithmis depictedn Figure13.3.

In orderto obtain a more accurateapproachof differentreal magnitudesit is
interestingto handlefiner meshesThis meshrefinemeninvolvesa greatincreasen
storagecostandexecutiontime. So,theuseof highperformanceomputingechniques
is requiredin orderto reducetheimpactof this computationatostproblem.

As we canseein Figure 13.3,the algorithm consistsof four nestedoops called
load, gap, characteristicand multipliers loops, respectiely. The executionbegins
usinga predefinedralueof thegapparametehq. In thetwo innermostoops,namely
characteristicandmultipliers,thepressure andthesaturatiord of thelubricantfluid
are computed(Blocks 5 and 8, respectrely). The computationsn thesetwo loops
mainly involve the recursve finite elementsolution of linearizedpartial differential
equationspbtainedfrom the applicationof a transport-difusiontechniqguecombined
with a multiplier methodfor the saturatiorvariable. In gaploop, the gaph between
the sphereand the planeis updated(Block 10) in termsof the pressurefollowing
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PROGRAM tribology

load_loop: DO i =1, mazp
gapJloop: DO 7 = 1, maxq
Computefinite elementmatrix C' | %% Block 1 ***
Computesecondnembeffixed in characteristics ! *** Block 2 ***
characteristicdoop: DOk = 1, mazxr
Computesecondnembeifixedin multipliers ! *** Block 3 ***
multipliers.loop: DO! = 1, mazs
Computefinal secondmemberb | *** Block 4 ***
LinearsystemsolutionCp = b | *** Block 5 ***
Computemultiplier | *** Block 6 ***
IF (multiplier_corvergerce) EXIT | *¥xx Block 7 ***
END DO multipliersloop
Computefluid saturatiord | *** Block 8 ***
IF (pressue_corvergerce) EXIT | *#xx Block 9 ***

END DO characteristicdoop
IF (k == mazr + 1) EXIT load.loop
Updategaph | *** Block 10 ***
IF (gapcorvergerce) EXIT | *#xx Block 11 ***
END DO gap.loop
IF ( == ma=zq + 1) EXIT load_loop
Computehydrodynamidoad | **% Block 12 ***
IF (load_corvergenc@ EXIT | *#xx Block 13 ***
END DO load_loop
END PROGRAM tribology

Figure13.3 Pseudocodef thenumericahlgorithmin Fortran90-styleTheparameterswazp,
mazq, mazr andmazs representhe maximumnumberof iterationsfor load, gap,characte-
risticsandmultipliersloops,respectiely.

Equationl13.4. This costly processequiresheintegrationover thewholedomainfor

eachfinite elemeninode.Finally, thehydrodynamidoadgeneratedby the pressuref

thefluid iscomputedBlock 12) by meanf numericaintegrationin Equationl3.7. If

thecomputedntegral is closeto theimposedoad,thealgorithmfinishes.Otherwise,
a new value hq is determinedby a bisectiontechniqueand the algorithm performs
a new iterationin load loop. For awider explanationof this complex algorithmwe

addresshereadetrto [4].

13.3 THE PARALLELIZA TION PROCESS

In this section,we presenta versionof the algorithmfor a distributed-memorymul-
tiprocessar We have focussedon the most costly partsof the algorithmin terms
of executiontime. So, firstly, we have performedan analysisof the distribution of
the executiontime, which led us to the conclusionthat approximately96% of this
time concentratesn multipliers loop and on the updategap h functionalblock (see
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Figure13.3). In spiteof that, aswe will seelaterin this section,it is necessaryo
parallelizemorepartsof thealgorithm. Hereafterwe will describethe parallelization
procesf themostinterestingblocks.

First, in the computationof the final secondmemberb (Block 4 in Figure 13.3),
finite elementdiscretizationallows to obtainit in two differentways: by traversing
the setof finite elementor by traversingthe setof nodesof the mesh.Thedifference
betweerbothmethoddiesin theorderin whichthe contributionsof all finite elements
to thefinal valueof b aresummedup. In thefirst method,jmplementedn the original
sequentiatode vectorb is computedasfollows:

V triangular finite elementpy,
b[v(ok,1)] = > Contrib(¢g,7) , i =1,2,3

wherey(¢y, 7) representthenumbeiof thenodeof themeshthatis associatedith the
i*" vertex of theelementsy,, andContrib(¢, ) is the contribution of the elements,,
to thenodenumberedis~(¢x, i). Notethatvectorb is referencedhroughanindirect
index. Theparallelizatiorof this algorithmintroducessommunicationsverheadhat
reducesheefficieng/ of the parallelprogram.

The secondmethodoverridesthe problemdescribedn the previous paragraptby
usingthefollowing algorithm:

V nodej of themesh
b[j] = Y Contrib(¢, ) Ytriangularfiniteelementy , i = 1,2,3

Theadwantageof this methodliesin thefactthatit is cross-iterationndependenthat
is, the calculationof the valueassociatedo any nhodedoesnot dependon the value
correspondingo ary othernode. Therefore,computationganbe distributedin the
mostappropriatevay for the subsequerdgtagef our program.

In orderto solvethe symmetricpositivedefinitesystemCp = b (Block 5 in Fig-
ure 13.3) at eachstepof the innermostloop, we have experimentedwith a parallel
sparseconjugategradientmethod[1, Chap.2],andwith a parallel sparseCholesly
method[6], combinedwith reorderingstratgiesto reducethefill-in in matrix C [5,
Chap.8]. Although we have checkedthat both methodsare highly scalablefor the
characteristicsf ouralgorithm,we have choserthesecontnebecausé wasproved
tobelesscostlyin termsof executiontime. Notethatb variesateachstepof multipliers
loop, andthatthefinite elementmatrix C is thesamein eachiterationof gaploop (see
Figure13.3).

Thecomputatiorof themultiplier (Block 6 in Figure13.3)consistof aloopwhere
therearetrue dependencef8] amongthe valuesof the multiplier on the last nodes
(thosebelongingo therightboundaryof thedomains?). Thisblockcanbeparallelized
efficiently by performingthe calculationscorrespondingo thelastnodesonthesame
processorSo,we have useda standardlock distribution satisfyingthis constraint.
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At thispoint, multipliersloopis parallelizedout characteristickoopis executedn a
sequentiamannerwhich makesnecessaryo performtwo gatheroperationdor each
iterationin thelatterloop. Thiscommunicationsverheadvasreducedy parallelizing
the blocksincludedin characteristicsoop asfollows. First, the computationof the
secondnemberfixedin multipliers (Block 3 in Figure 13.3) hasbeenimplemented,
on the onehand,by usinga cross-iteratiorindependenalgorithmthat traversesthe
setof nodesof the meshand,on the otherhand,by imposinga constrainton the data
distribution sothatthe computationgorrespondingo the nodedocatedat the supply
boundany’y areassignedo the sameprocessarSecondthe computatiorof thefluid
saturation (Block 8 in Figure 13.3) andthe corveilgenceteston pressue (Block 9
in Figure13.3)arealsocross-iterationndependenalgorithms,sotheir computations
have beendistributedaccordingto the standardblock distribution subjectto the two
previously describedconstraints.

Regardingthe updatingof the gap (Block 10 in Figure13.3),it is oneof the most
costly stagesof the original sequentiallgorithm. For eachnodeof the mesh,the
gap is calculatedaccordingto Equation13.4. This computationis cross-iteration
independentywhich makeghe efficiengy of the parallelizatiorprocessndependentf
the datadistribution scheme.So,in orderto avoid dataredistributions,we have used
thesamedistributionasin the alreadydescribedunctionalblocks.

13.4 EXPERIMENTAL RESULTS

In this sectionwe presentesultsin termsof executiontimes(Table13.2)for different
architecturesaswell as approximatechumericalresults(Figures13.4-13.7)for the
solutionof ourlubricationproblem thatis, for thepressurethe saturatiorandthegap.
In ourtests we have usedauniform meshcomposeaf 38400 triangularelementsand
19521 nodesto discreticizethe domainof the problemQ. Thenodesareorderedup
anddown, left andright so that the first nodescorrespondo the boundaryl'g. The
dimensionof the sparsematrix C' are 19521 x 19521, andthe numberof non-zero
entriesis 96961.

In apreviouswork[7], wedescribednefficientversionof thealgorithmspecifically
developedfor the Fujitsu VP2400vectorcomputer This versionproved to be very
suitablefor a vector architecture,as demonstrateshe fact that the percentageof
vectorizationof the sourcecodewas approximatelyd6%. The runningtime of the
whole programusing the meshdescribedabore was43h : 38m : 38s, from which
33h : 45m : 50s wereexecutedon thevectorunit of the VP2400.

In orderto reducethe computationatostof thealgorithm,we developeda parallel
versionfor theFujitsuAP3000distributed-memorynultiprocessarThismachinecon-
sistsof UltraSparc-limicroprocessorat 300MHzinterconnecteth atwo-dimensional
torustopology Theparallelprogramwaswrittenin Fortran77usingMPl asmessage-
passindibrary. Table13.2showvs executiontime measurefor themostcostly partsof
thealgorithm,andfor upto eightprocessorgthislimit wasimposedoy the configura-
tion of our parallelmachine). The lasttwo rows makereferenceo the runningtime
of the whole programandto the correspondingpeedupstespectiely. The results
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Table13.2 ExecutiontimesandspeedupsTimesaredisplayedn hoursminutesandseconds
(hh : mm : ss).

Numberof PEs 1 2 4 8

Characteristictoop 10:02 6:45 4:10 2:58
Multipliers loop 124:38:18 71:25:16 38:01:34 23:34:51
Updategaph block 8:33:59 4:36:08 2:21:15 1:12:47
Wholealgorithm 133:23:53 76:09:04 40:27:48 24:51:18
Speedup 1.00 1.75 3.30 5.37

for one processoiare estimationshasedon the executiontimes of one iteration of

characteristicanultipliersandgaploops. Thetotal numberof iterationsn multipliers
loopwas1640221. We disposedf coarsemesheshutit is notworth executingthose
testson a multiprocessobecauséheir computationatostis not high enough.

Thereductionin the executiontime of the programis significant. As we cansee,
good speedupsvere achiezed by restructuringthe sequentiaktodeand applyingan
adequatelatadistributionto reduceghecommunicationgverheadhatarisefrom the
describedlependences.

The aim of this work wasnot only to reducecomputingtime, but alsoto testin
practicethe cornvergenceof thefinite elementspacediscretization.Next, we present
somenumericalresultscorrespondingo the uniform meshdescribedatthe baginning
of thissection(38400 triangularelementsand19521 nodes).Therealparametethatis
relevantin ourtestdstheloadw thatisimposedntheindustrialdevice. In Figuresl 3.4
and 13.6, approximatiorprofilesfor the pressurep (setof curveswith a maximum)
andthe gap h (setof curveswith a minimum) are depictedfor w = 3 andw = 5,
respectiely. In Figures13.5and13.7,the saturatiors profile is shovn, respectiely,
for the samevaluesof w. In thefigures,the z-axisrepresentthelongitudinal section
of thedomain.Eachcurverepresenttheapproximatedaluesof aphysicalmagnitude
(p, h or ) in thenodesof themeshthathave the samey-coordenatebeingthe highest
curve theonecorrespondingo the centralline.

Although the analysisof the numericalresultsis beyond the scopeof this paper
we briefly commenthe mostoutstandingaspectof the graphspresentedefore. In
Figure 13.4, we canseethatthe sphereandthe planeare more closeto eachother
aroundthe contactpoint. For this reason,in that region, the gap curves have their
minimumwhile thepressur@neshave theirmaximum.Besidesthereis no cavitation
wherethe pressures positive. Therefore,the saturationis equalto the unit (see
Figure13.5).

13.5 CONCLUSIONS AND FUTURE WORK

In this work, we have describedhe parallelizationof a numericalcodeto solve an
elastohydrodynamigiezosiscoudubricationproblem. Theparallelalgorithmreduces
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the executiontime significantly which will allow usto obtainnew numericalresults
for sometestswhoseCPU costis extremelyhigh to be run on astandardvorkstation.

As futurework, wewantto checkthescalabilityof our parallelalgorithmby running
it onahighernumberof processorsTo dothat,weintendto adaptthe parallelcodeto
thearchitectureof the Cray T3E multiprocessarThis way, numericalresultsfor even
finerfinite elementmeshegouldbe computed.
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PARALLEL COMPUTING OF CAVITY FLOW

14 PARALLEL COMPUTING OF CAVITY FLOW BY
FINITE ELEMENT METHOD’

Hui Wan, Shanwu Wang, Yanxing Wang,
Xiyun Lu, Lixian Zhuang

Department of Modern Mechanics,
University of Science and Technology of China
Hefei, Anhui, 230026, P. R. China

Abstract: A numerica agorithm applying equal order linear finite element and
fractional four step methods is used for the analyses of incompressible fluid. The pardlel
computing is involved and the computation speed and precision are largely improved.

14.1 INTRODUCTION

It's reported in the literature that Finite Element Method (FEM) can be successfully
applied to solving the Navier-Stokes equations, which is the key problem of
Computational Fluid Dynamics (CFD). The major advantages of FEM are its ease in
handling arbitrary or complex geometries, the ability to naturally incorporate
differential -type boundary conditions and that any unstructured meshes can be treated
without additional efforts. In particular, the solution of incompressible fluid flow can
be performed efficiently in many practical cases. Many approaches have been
proposed in the last decade to solve the incompressible Navier-Stokes equations.
Among these approaches, stream function—vorticity formulation and velocity-pressure
(primitive variable) formulation are often used. The former can not be extended to 3-d
problem, so its use is largely limited. The methods by using the primitive variables are
considered to be most important and are widely studied because the variables have
obvious physical meaning and the form of equation provides a direct extension to
three dimensions.

However, the primitive variable formulations have difficulties in the calculation of
pressure, which is implicitly coupled with the divergence-free constraint on the
velocity. Comparing with calculation of compressible flow, the continuity constraint

" Thiswork is supported by the National Natural Science Fund No. 19982009, by Fluid Mechanics Parallel
Station of Department of Modern Mechanics of University of Science and Technology of China.
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of incompressible Navier-Stokes equations prohibits time integration in a
straightforward manner. So the numerical simulation of incompressible flow is a
mathematically complex problem.

Moreover, for the large amount of matrix operation in the Finite Element Method,
it needs far more computer resources then Finite Difference Method does.
Consequently, requirements of larger computer memory and computing time by FEM
overshadowed its advantages mentioned above.

Since the practical application of the first Array computer ILLIAC IV in 1975,
Vector Computers and Parallel Computers have played a more and more important
role in the scientific and engineering computations. In this work, MPI computation is
performed in the simulation on the incompressible 3-d cavity flow, which is solved by
a four step fractional method, in order to lower the computation time. The three-
dimensional, time-dependent Navier-Stokes are numerically integrated by a time-split
Galerkin Finite Element Method.

142 MATHEMATICAL FORMULATION
AND NUMERICAL METHODS

14.2.1 Governing Equations

Unsteady three-dimensional viscous incompressible flow is described by the Navies-
Stokes equations written in the tensor notation and dimensionless form as

ou,

—=0 (14.1)

OX;

aui +U aui ——a_p+iai

ot Wi ox, Reox;

(14.2)

In the above equations, t is the time, x; is the Cartesian coordinate, U, is the
corresponding velocity component, pis the pressure, the viscous stress tensor
€ =U ;+U;;, and Reis the Reynolds number.

14.2.2 Boundary Condition and Initial
Condition

The boundary conditions are:
ulr, =b;, Tihr, =1 (14.3)
in which, I'; and ', are two subsets of the piecewise smooth domain boundary I

with I, UL, =T and T, NI, =0; b is the velocity component on the Dirichlet
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boundary Iy, and t; is the traction vector on the Neumann boundary I',, both of

which are given data; 1, isthe outward unit vector normal to the boundary.

In the computation of a 3-d cavity problem, the top surface is a plane driven by lid
so that u| gt = J,v|y:1 = M 4= =0, on the bottom and side walls, we have

u=v=w=0.
The nitial conditionsis G(X,0) = G, (X) , which satisfies
OlG, =0. (14.4)

In computation of this paper, i, is set to be 0, that is, the driving lid moves suddenly
at initial.

14.2.3 Fractional Method

Unlike most fractional methods mentioned in the previous literature, in which the
pressure gradient term is de-coupled from the Navier-Stokes equation, In this paper,
the pressure is still coupled with convection and diffusion. In this case, the velocity at
the intermediate steps does not necessarily satisfy the continuity equation. Then, the
new pressure is obtained by incorporating the continuity equation and the velocity at
the new step is finally corrected by the pressure gradient to meet the requirement of
mass conservation. The explicit fractional method is used for the convenience of
transferring the information between sub-domains, which is decomposed from overall
zone for parallel computation.
The fractional steps are written as follows:

@ _yn
u; L4; n) . (n) — n 1 _n
— 7 M§ )“i(, j‘) =P TRt (14.5)
@ _,0
W —uw” _ oa
TRy (14.6)
nHl _ “i(f) (14.7)
p;i~ = _%t) )
I“.n+l — 2 .
i i — _pntt 14.
At Py R

14.2 4 Finite Element Formulation of Pressure

Equation

Pressure Poisson Equation will be solved in conventional fractional methods in which
an artificial pressure boundary condition is needed. Thus the difficulty of the

computation is raised. H.G.Choi, H.Choi and J.Y.Yoo [1] proposed a method to
overcome this disadvantage in which, the pressure is determined by another pressure
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equation, which can be derived from the Pressure Poisson equation and the
incompressible constraint.
The Galerkin Formulation of continuity equation is:

IQ¢ ;ulttdQ =0 (14.9)
On account of (Uid) ; )i =@ ;,;U; +¢;U;; and the condition of divergence free, we

can rewrite (14.9) as

IQ¢ Q= Ircp i dr (14.10)
From (14.6) and (14.8) we get,

ut =u® - o(Atz) (14.12)

Substituting Eq. (14.8) and (14.11) into (14.10) we obtain the following pressure
equation, which takes the place of pressure Poisson equation

Atf ©;p] “dQ =[,04 uPda -J0 ju®ndr (14.12¢)

14.2.5 Finite Element Formulation of Motion
Equations by Fractional M ethods

Here Galerkin method is used. The weak formulation of the momentum equation
resulted from multiplying a weight function and integrating over the spatial domain
can be written as follows:

IQE) (“ TUl; k+P T,J(I),JgQ Izti¢idr2:0
where ¢ ; isthe weighting function, which has the following shape:

= % (1+§,-§ X1+n in X1+Z i ) where j =18 for a hexahedron element.

The Galerkin formulation of four step fractional methods can be written as:

iy
E, E‘_w ul(';)+p| e <">¢,”§m ——J' tM,dr, =0 (14.12a)

N deQ J'¢kp dQ (14.12b)

AtI ¢ p -*1dQ:I ¢“ui )do - Irq)jui(l)nidr (14.12c)
n+1 (2) "

J'¢k ————dQ = J'¢ PTTQ (14.12d)
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By solving Eq. (14.12a), (14.12b), (14.12c), the intermediate velocity and the pressure
are obtained. Then, using Eq. (14.12d), one can find the velocity of the next time step.

14.3 PARALLEL IMPLEMENTATON

The parallel computation is implemented on Fluid Dynamics MPI| Parallel Station
(FDMPS) in the Department of Modern Mechanics of USTC. It is a small-scale
parallel station, which contains following technical features.

14.3.1 Hardware of FDMPS

The FDMPS is a distributed memory, loosely coupled message passing parallel
processing system. It is made up of 6 nodes (Pl PCs). All the nodes are connected by
SuperStack |1 Switch 3000 TX 8 port. The topology of this LAN is star type. The
LAN obeys TCP/IP protocol, and its data transferring speed is 100 Mb/s. Each
computing node is a PIT PC, the frequency of the chip is 266M HZ. It has 128M
SDRAM

The system service nodes are provided for managing the system resources. Two
system service nodes charge the system initialization and the hardware failure
diagnosis and 1/0.

14 .3.2 Software of FDM PS

The operating system of FDMPS is based on LINUX (Version RedHat 5.1). The
parallel programming tool is MPI (Message Passing interface). Both Fortran and C
can be used in this environment.

14.3.3 Par allel Computation of 3-D Cavity

The program is written in Fortran77 with Message Passing Interface (MPI) and
implemented on 4 Processors of the Fluid Dynamics Parallel Station of USTC. The
flow field domain is divided into 4 sub-domains by Y and Z directions. In
computation, SIMD model is used, that is, each node calculates in one domain. The
data of the domain boundary are exchanged by Message Passing. Overlapped cell in
each sub-domain is needed to store inner-boundary information of sub-domains
(Fig.14.1, 14.2). The overlapped zone has two layers meshes in this work. The
number of overlapped layers is decided by the dissociation formulation of equations.
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Inner Zone:

\— Overlapped
Zore

Figure 14.1 One Sub-domain (X-Y direction)

* * * *
Qn,, lo=Q3LEQN _1lo= Q2 s

* * * *
Qo heQn,, 3l0EQ1he=Qn -1l

Figure 14.2 Sketch map of data communication and mesh overlap

14.4 RESULTS AND DISCUSSIONS ON 3D
CAVITY FLOW

Here we calculated the lid-driven cavity flow, which is a fundamental problem of
Fluid Dynamics and is often used as a benchmark The Reynolds numbers are 1000
and 5000 respectively. The results are correspondence with that of computed by
C.Nonino and G.Comini, [2]). The computational grid employed in this simulation
consists of 28x28x28 linear elements, with smaller size near the boundary walls.
Time step 0.01 is used.

Graphical results concerning the three mutually orthogonal mid-planes are show in
Figure 14.3. We showed three pseudo-streamlines, which are plotted by the velocity
components of the mid-plane. They have no much physical meaning, but they maybe
helpful in analysis of the flow structure. Figure 14.4 shows the velocity vectors of
mid-planes. A main vortex is generated on the symmetry plane. For the existence of
the transversal vortices in the other two directions, the intensity of this main vortex is
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lower than that of the vortex of 2d-cavity lid driven problem in the same Reynolds
numbers.

The pressure contours of the three mid-planes are showed in Figure 14.5. It's
reported that the oscillation occurs in the pressure contour when Reynolds number
high to 1000 and when the calculation is executed by Galerkin finite element method.
This is because the Galerkin FEM bears a resemblance to the central difference in the
property of negative dissipation. In this paper, the oscillation of pressure doesn’t
occur when Reynolds number is 1000. This maybe because in the calculation of the
inner flow, the peripheral boundaries can limit the numerical dissipation to some
extent. In the calculation of Reynolds number 5000, pressure oscillation occurs, as
showed in Figure 14.8. In Figure 14.6, we can see the pseudo-streamlines of the
different planes that are parallel to the symmetry plane. This Figure shows largely
different flow structures lengthways. Figure 14.7 shows the three dimensional
streamline of the cavity.

Figure 14.3 Pseudo-Streamline, Re=1000, t=15s, (1) x-y mid-plane; (2) x-z mid-plane; (3) z-y
mid-plane
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Figure 14.4 Velocity vectors on three mid-planes

Figure 14.5 Pressure contours on three mid-planes.
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Figure 14.6 Pseudo-streamline on different x-y plane, t=15, Re=1000

Figure 14.7 Three-dimensional streamlines on t=15s.
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(1) (2)

3 (4)

Figure 14.8 Re=5000, t=15s, velocity vectors and pressure contours.
(a)x-y mid-plane; (b) x-z mid-plane; (c) z-y mid-plane;
(d) x-y mid-plane pressure contour.

145 CONCLUDING REMARKSON MPI

Solving the Navier-Stokes Equations for the incompressible flow, by parallel
computational methods, we simulated the three-dimensional cavity lid-driven problem
successfully and the speedup is almost linear.

It has been confirmed that MPI parallel tools can be readily realized on PC system.
It doesn't need too much investment on hardware to gain high performances of
computation. It's not only suitable for the massively parallel environment, but also
can be used in some small-scale system. Such kind of system can meet the needs of
different users. According to the international standard, MPI is a portable and scalable
tool could be easily used in different cases such as different operating system and
different machines.
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The debugging of parallel program is relatively more difficult than serial program.
Though there are already a lot of debug tools, it seems that they are not very robust.
So developing more practical debugging tools is an task for both users and
developers.

When breaking up one task into small tasks by Data Decomposition (Domain
Decomposition) method, one should think the directions of the decomposition over.
For example, for 4 processors, the domain can be delimited to be 1x4, or 2x2, the
efficiency may be different. How to decompose a domain effectively depends on the
parallel architecture, the parallel program and the task itself.

In the computation of this paper, for the convenience of transferring data of
overlapped zone, the explicit formulation of the equations is applied, which needs
small time step for advancing. So the advantage brought by parallel computation is
impaired to some extent. To solve this problem, the new functional parallel
formulation should be investigated further. This Decomposition method would take
the characteristic of Computational Fluid Dynamics into account, especially should
make full use the large amount of implicit stable formulation of CFD.
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ADbstract: Thischapter dealswith parallel computation in electromagnetics. It is first
demonstrated that electrical engineering is far behind other engineering disciplines in
terms of use of parallel computers. Parallel numerical methods for field calculation are
then briefly reviewed. The parallel implementation of a boundary integral formulation is
then presented. It is used to model electromagnetic scattering by perfect electric
conducting or perfect dielectric bodies. Because this method requires large memory
storage, it is implemented on a distributed memory parallel machine. The assembling is
performed by nodal contribution, and the BiCGStab solver is used for solving. Parallel
performances are finally analyzed with severa |arge problems.
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15.1 INTRODUCTION

Numerical computation is more and more used by scientists to modelize
physical phenomena or to optimize existing systems. Nowadays, only
parallel computers are able to provide the required power to solve today’s
realistic problems. There are two reasons : large memory is required because
of alarge amount of data, or speed isrequired to obtain the solution.

In this paper, we are interested in the frequency domain boundary
element method (BEM) in order to compute electromagnetic scattering
problems: the objective is to show how the BEM has been implemented
efficiently on a distributed memory parallel computer.

The appearance of parallel computers has caused a revolution in all
scientific domains. However, electrical engineering seems to be far behind
other computational disciplines: this is shown in the first section. A brief
review of several parallel implementations of the numerical methods used in
computational electromagnetics is then given. It is also shown that only a
few attempts to parallelize the boundary element method have been made.
This method shows however several advantages. only the material interfaces
have to be discretized, and the decrease of the field at infinity is implicitly
taken into account. On the other hand, it generates a full non-Hermitian
matrix which requires large memory capabilities. In the next sections, the
formulation that we use and the way that we have implemented it are
described.

15.2 IMPACT OF THE PARALLEL COMPUTING IN THE
ELECTRICAL ENGINEERING

In recent years, several works in parallel computational electromagnetics
have been reported, especially since new distributed memory architectures
appeared. It seems however that electrical engineering is far behind other
domains in parallel computation, in the same manner than computational
electromagnetics was behind computational mechanics in early 70's. For
example, 3D optimization using genetic algorithms for Navier-Stokes
computations is today currently performed in fluid dynamics [1]. The reason
for this delay is certainly due to the fact that field problems are generally
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neither confined to a structure nor set in very regular domains. The
geometries involve substantial detail and the domains of study have often to
be considered to infinity.

As proof, table 15.1 shows the evolution since 1993 of the number of
papers dedicated to parallel computation in two reference conferences
dealing with the computation of electromagnetic fields COMPUMAG
(Conference on the Computation of Electromagnetic Fields) and CEFC
(IEEE Conference on Electromagnetic Field Computation). In the same table
the number of papers on parallel computation is given for ECCOMAS 96,
which is the European Conference on Numerical Methods in Engineering
(Paris, 9/9/96 — 9/13/96). In this last one, papers are divided into two classes:
Fluid Mechanics, and other Engineering sciences. Obvioudy a great effort
has to be done in our domain in order to hoist parallel computation to its real
place. Consequently, one can predict a wide expansion of the use of parallel
computation in electrical engineering.

Table 15.1 Comparison of number of papers on parallel computation in different conferences
on numerical methods (Eng. Sciences : Engineering Sciences).

Conference COMPUMAG'93 CEFC'94 COMPUMAG' 95 CEFC' 96

number of 302 344 366 420

papers

paperson 4 4 3 6

parallel

computation

ratio 1.3% 1.2% 0.8% 1.4%

Conference COMPUMAG'97 CEFC'98 ECCOMAS 96 ECCOMAS 96
Fluid Mechanics  Eng. Sciences

number of 419 394 168 160

papers

paperson 9 4 25 12

parallel

computation

ratio 2.1% 1.0% 15.0% 8.0%

Numerical methods which are the most widely used in electromagnetic
field computation are the Finite Difference Time Domain (FDTD) and the
Finite Volume Time Domain (FVTD) methods, which have been developed
especially for aeronautics. Yee first proposed to solve the Maxwell’'s
equations by using the finite-difference method with a discretization in time
and in space [2]. The FDTD is well adapted to electromagnetic wave
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phenomena, including scattering, penetration, coupling and interaction
studies. The Maxwell’ s equations are solved in a volume region of space that
fully contains the structure being modeled. The studied domain is bounded
by a surface that absorbs the waves spreading at infinity. Several types of
condition may be applied on this boundary surface : absorbing boundary
condition (ABC) or perfect matching layers (PML). Several examples of
implementation of FDTD have been reported in the literature [3,4]. All show
that the FDTD is easily implementable on distributed memory parallel
computers. To obtain good parallel efficiency, it is however necessary to
adapt the number of processors to the size of the computed problem: in other
words, there is an optimum to be found in the number of FDTD cells per
processor.

The potential of the FVTD method comes from the fact that it is based on
proven computational fluid dynamics techniques early developed. It allows
to study scattering, radiation, electromagnetic compatibility, shielding and
interference problems. The FVTD method casts the Maxwell’s curl
equations in a conservation form. In [5, 6] an explicit time discretization that
is based on the Lax-Wendroff upwind scheme is developed. A domain
decomposition technique is used: each processor has to compute the solution
on a specific sub-region. Complex problems, such as the scattering of a full
scale fighter geometry at 500 MHz frequency, may be computed, showing
the efficiency of such an approach.

The finite element method (FEM) is attractive to model 2D and 3D
problems because of its adaptability for designing complex problems. But
the modeling of realistic devices requires the solution of large problems
which can afforded only by parallel computation. Several examples of
parallelization of the finite element method for electromagnetics have been
recently reported [7, §].

15.3INTEGRAL EQUATION METHOD IN THE
PARALLEL COMPUTATION

There is no significant distinction between Laplace and Helmholtz problems
for the parallelization of frequency-domain integral equation methods: both
involve the formation of a dense matrix, followed by the solution of the
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matrix equation which is cost dominant. The two first parts of this section
are dedicated to such frequency-domain problems. the method of moments
for high frequency, and the boundary equation method for electrostatics. In a
third part, the parallel implementation of a time-domain integral equation is
described.

15.3.1 Parallel implementation of the method of moments

The method of moments (Mom) has been proposed by Harrington in the mid
1960’s [9]. It may be applied to electrostatics or high frequency problems
and mainly to scattering and penetration problems. The prediction of the
scattering of 3D arbitrarily shaped electrically large targets is an important
problem, especially for aeronautics. For such applications, the parallel
computation is essential.

In [10], the dense matrix is distributed over the processors and is factored
into lower and upper triangular matrices. The efficiency of the LU
factorization decreases with the size of the problem because of the
communications between the processors. It is shown that the total
computation time reaches a saturation when the number of processors
exceeds a limit related the problem size. It tends to prove that there is an
optimum to find between the number of processors and the problem size.

Large problems, such as those computed with the FVTD method, can be
modeled, showing that the Mom is also powerful.

15.3.2 Example of the boundary element method for static
problems

In [11], a method to compute in parallel the coupling capacitances of multi-
conductor 3D structures on a network of SPARC workstations connected by
an Ethernet network is presented. The formulation results in a set of two
integral equations which is solved for the unknown surface charge density.
Applying the boundary element method (BEM) for discretizing both of these
integral equations with constant basis functions leads to a linear equation
system which is dense. The implementation on the cluster of workstations is
made using PVM, and the algorithm works using the master-slave principle.
The geometry and material information is transported to each workstation.
Because each row and column respectively is completely independent of all
others, the matrix filling is performed in a column block oriented way.
Hence it is done without any communication. The solving of the non-
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symmetric dense matrix is performed with a GMRES algorithm with Jacobi
preconditioning. This algorithm has been chosen because it has a minimal
communication for vector updates (only one per iteration) and a good
convergence rate. A load balancing algorithm is used in order to get a better
digtribution of load along the workstations. the master holds information on
the physical memory of all involved workstations and only schedules new
tasks to a requesting Slave if it is not in a heavy load state. The
inhomogeneous structure of the workstation cluster can be better exploited,
resulting in an improved speedup.

15.3.3 Time-domain integral equation

If parallel computation of frequency-domain integral equation methods has
received some attention, only one attempt has been made to parallelize a
time-domain integral equation approach [12]. In this paper, the magnetic
field integral equation is addressed. The magnetic field at a point and at time
t depends on all the points on the boundary of objects from the time 0 to the
timet. Thisyields a matrix equation of the form:

[aliH*} = [oRH 4R 2| - |H°

where {H"} is the list of historical values of the field at the nodes on the
surface. Matrix b is very sparse, since it is constituted of historical boundary
field values which contribute in each case to the field at a particular field
node. Once b has been computed, the right hand side (RHS) is then
calculated at each time step by alarge matrix-vector multiplication. The final
matrix equation is then solved at each time step. Preliminary tests on a scalar
workstation show that the RHS formation is the dominant cost in
computation time, and it tends to increase when the size of the problem
increases. Consequently, the strategy for parallelizing the code has been
guided by this observation, and the most parallelization effort has been
devoted to this stage. The formation of the matrix a has been implemented in
parallel : each processor computes a part of the matrix. Concerning the RHS
formation, a set of field nodes is allocated to each processor and the right
hand side is evaluated partially by each processor from its set of boundary
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nodes. The matrix solution is performed in parallel using the conjugate
gradient algorithm. Good parallel efficiency is obtained for both the matrix
formation and the RHS formation. On the other hand, the parallelization of
the matrix solution is poor.

15.4 BOUNDARY INTEGRAL FORMULATION FOR
ELECTROMAGNETIC SCATTERING PROBLEMS

It has been shown that only a few attempts to parallelize the boundary
element method have been made. The objective of this paper is to describe
how we have implemented the BEM on a distributed memory parallel
computer in order to model electromagnetic scattering problems.

Let's assume that an incident wave (frequency f, pulsation w) is
perturbed by the object of boundary .

Fig.15.1 Description of the problem. The electromagnetic properties of the materia are its
conductivity (o), its permittivity (€) and its permeability (p).

15.4.1 Perfect electric conducting body (o=c0, £,=¢)

Since the skin depth is very small compared to the dimensions of the perfect
electric conducting (PEC) body, the fields H et E are null inside the region
I';. By applying the Green’s theorem to Maxwell’s equations into the region
Iy, the following equation is obtained [13]:

i n
J) =2nxH'MC(x) + — x I x O ds
2m : 0

where @y(x, y) = €™V /x-yO is the Green's function, J is vector
current density, and n is the exterior normal vector. This formulation |eads to
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three complex degrees of freedom per node, corresponding to three rows in
the matrix.

15.4.2 Perfect dielectric body (0=0, £,%€0, M1%Ho)

By applying Green’s theorem in the inner and outer regions and by using the
boundary conditions at infinity and at material interfaces, the following
equations may be obtained [14]:

1+p inc B
——J=nxH +—xfk K(® - ped ) +pH, (0P, — 0P,) +J x (b, — pid, )ds
2 4m T 0 0 1

1+ i
2Ry —ppine

n
> # 7 KO -60) + Hy (TP = [0 +3 x (00 ~ 0, )ds

l+e inc N
—K=anxE "~ +— xffk J(@ -ped ) +€E, (0, —0d,) +K x (b, — P, )ds
2 4o s O 0 1

1+¢ i
—ZE =an.e™

n
> En +—f Kk J(@ - pd ) +E, (€0P, — OD,) +K x (O, — O, )ds
4 s 0 1

where p=pi/lo, E=€/E,, O =j4/€/Hy, J=nXxH, Hy=Hun,
K = an x E; and E, = aE;.n. @, and ©, are Green's function of respective
wave number ko and k;. These variables and the coefficients of the matrix are
of the same order, leading to a better conditioning of the matrix. This
formulation leads to eight complex degrees of freedom per node.

15.4.3 Numerical implementation

The boundary of the objet is meshed with second order surface finite
elements. Ten nodes per wavelength are required for a good accuracy (A =
2k, for a perfect electrical conducting body, A = 2wk, for a dielectric
body). If this condition is not respected, it may cause convergence problems
during the solving stage. Surface integrals are computed using Gauss
integration. The function to be integrated varies in 1/r* where r is the
distance between the calculation node and the integration point. The
singularity isthen computed analytically[15].
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Half-discontinuous finite elements allow to treat geometrical
discontinuities [16] : the points on the edges are separated and moved
towards the interior of the elements.

155 PARALLEL COMPUTATION

For a n-nodes meshing, the storage of the matrix should require 18n° real
data for a PEC body et 128n” real data for a perfect dielectric body. Parallel
computation is then essential to compute realistic devices.

15.5.1 Assembling

The global system matrix is computed by node: each processor captures data
(mesh and physical data) and computes a part of the lines of the matrix
relative to the nodes. For the node i on a perfect electric conductor, three
rows of the global matrix are computed. The contribution of the node j on
the node i may be put on the following form :

[l - []
0 ajyny ajznz ajynx ajznx 0
] a'jxny _ajxnx _ajznz a'jzny O
[l _ _ [
3D, a1, AN~ a0y

where the vector (nx, ny, nz) is the normal vector at node i. The 3x3
submatrix corresponding to the contribution of node i on itself is a scalar
matrix and is located on the diagonal of the global matrix. For each node,
only the coefficients (ay, a,, &) are stored, such as the diagonal coefficient
and the normal vector. This allows to reduce the storage by three, leading to
6n° real data. By using the same trick for a dielectric body, the storage may
be reduced by eight, leading to 16n° real data.

Since the matrix is row-distributed, no communication between the
processors is required during the assembling stage, and the speedup relative
to this stage is optimal.

15.5.2 Solver

An iterative method is used because allowing to reduce the storage.
Consequently, the minimal number of processors which is required to
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compute a problem and the communication humbers are smaller than for a
direct method.

15.5.3 Preconditioning

A diagonal preconditioning is used. The right preconditioning requires the
broadcast and the storage of the diagonal, the computing of a intermediate
vector by each processor after each multiplication matrix-vector. This
intermediate vector has also to be kept in memory. On the other hand, the
left preconditioning can be carried out in the same time as the multiplication
matrix-vector. It requires less memory. Hence the left preconditioning is
more efficient, and is preferably used.

15.5.4 Parallel algorithm of BiCGStab

We use the algorithm BiCGStab of H. Van der Vorst [17] to solve the
problem Kax = Kb, where K is the preconditioning. At each iteration, two
multiplications matrix-vector are required. The solution vector is distributed
on each processor. The algorithm has been parallelized by minimizing the
communications between processors:

Table 15.2 Parallelized version of the algorithm BiCGStab -B: sequentia part, O: parallel
part.

0
Po=ro=Kb
1

e X
non

p = <q1 r0>
Broadcast of vector g and p
while(g > €)
ov;= KA f
od;=<q, v; >
Broadcast of vector v; and of the local inner product
Boa=pw/
| §=r-ay
o tj =KA S
op=-<(q, tj>
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op = <S;, tj>

om= <t;, t;>

oP;=<s,S>

Broadcast of vector t; and of 4 local inner products

BO=¢/ P

OX=X+0UpP+WT

Wra=5-w

BpR=p/w

WP =ttt B(p-0v)

me= 050 P,

Before and after each broadcast performed using PVM, a synchronization
between processors is carried out. For a perfect dielectric body, when the
frequency increases, it is necessary to increase the mesh discretization.
Because the algorithm BiCGStab shows some difficulty to converge,
especially when using half-discontinuous elements, the algorithm
BiCGStab(1)[18] is preferably used. When | increases, the algorithm is more
robust. On the other hand, it requires more memory and it is less
parallelizable than the BiCGStab. 2xI message passing are then required at
each iteration, corresponding to the 2x1 matrix-vector multiplications.

15.6 NUMERICAL RESULTS

The first test problem is the scattering of a 3 GHz plane wave by a PEC
cylinder (fig. 15.2). The length of the cylinder goes from A to 6 A, and its
radiusis equal to 0.5 A (where A is the wavelength).

fig. 15.2. Scattering by a perfect electric conducting cylinder (L = 4A) - visudization of the
surface current density J - 4662 degrees of freedom.
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The second example is the scattering of a 900 MHz plane wave by a
dielectric cylinder (1 = 1 and € = 2) of same dimension (fig. 15.3).

Fig. 15.3. Scattering by a dielectric cylinder (u=1, e=2) — Left: visualization of the electric
field E — Right: visualization of the magnetic field H - 12432 degrees of freedom.

Both examples are computed on the Cray T3E of the IDRIS (Institut du
Développement et des Ressources en Informatiques Scientifiques, CNRS).
Results are presented in terms of parallel efficiency, since some problems
cannot be computed on one processor: if the minimal number of processors
which can be used is p, the reference computation time obtained on these p
processors leads to aparallel efficiency equal to p.

Several computation times are presented in the table 15.2. As shown in
fig. 15.4 and fig 15.5, the parallel efficiency remains high when the number
of processors increases. Two reasons may be underlined. First the
assembling stage remains dominating (from 70% to 85% of total time), with
a speedup nearly optimal since no passage of message is required and the
computing load is well distributed over the processors. Second, the main
stage of the solver is the matrix-vector multiplication, which is parallelized.
During this stage, the computing load is also well-balanced because each
processor performs the same number of operations.
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Table 15.2. Computation times (in s.) /number of iterations of BiCGStab(4) for the PEC

cylinder and of BiCGStab(2) for the dielectric cylinder.

PEC cylinder

Degrees of freedom 4662 6966 9846

12 processors 553s./11it. 1224 s./ 28 it. 2735s./26it.
20 processors 558 s./11it. 1263 s./ 29 it. 2795s./ 26 it.
32 processors 569s./11it. 1266 s./ 28 it. 2912s./ 28 it.
48 processors 585s./11it. 1317 s./ 301t. 3006s./29it.
64 processors 607 s./11it. 1349s./30it. 3122s./30it.
Dielectric cylinder

Degrees of freedom 12432 18576 26256

12 processors 1083 s./ 4 t. 2344 s,/ 41it. 4784 s./5it.
20 processors 1086 s./ 4 it. 2396 s./ 41it. 4852 s./5it.
32 processors 1095s./ 4 t. 2397 s./ 4it. 4862 s./5it.
48 processors 1111s./4it. 2423s./ 4it. 4921 s./5it.
64 processors 1127 s/ 4it. 2451 s./ 4it. 4956 s. / 5it.

15.7 CONCLUSION

A parallel version of the Boundary Element Method to solve electromagnetic
scattering is presented. The mesh is distributed equally over the processors
and the assembling of the full matrix is carried out by node. This allows to
avoid message passing between processors during this stage. A parallel
version of the BiCGStab(l) algorithm is used for the matrix solving. It is
shown that this iterative solver is efficient. This is due to the fact that the
matrix-vector multiplication is parallelized and congtitutes its main stage.
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